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Abstract A reduction of friction by vibrations has been observed in various experiments. This effect can be
applied to actively control frictional forces by modulating vibrations. Moreover, common methods of con-
trolling friction rely on lubricants and suitable material combinations. The superimposition of vibrations can
further reduce the friction force. This study presents a theoretical approach based on the Dahl friction model
that describes the friction reduction observed in the presence of the tangential vibrations at an arbitrary angle.
Analysis results indicated that the tangential compliance should be considered in modeling the effect of vibra-
tions in reducing friction. At any vibration angle, the tangential compliance of the contacts reduces the friction
reduction effect. The vibrations parallel to the macroscopic velocity are most effective for friction reduction.

Keywords Friction · Vibration · Modeling · Dahl

1 Introduction

A reduction of friction by vibrations has been observed in various experiments. The vibration direction can
be either normal [11–14,16,23,24] or tangential [3,15,17–20] with respect to the contact surface. This effect
can be used for the reduction of process force in manufacturing processes, such as ultrasonic machining and
ultrasonic-vibration drawing [9], or solving the problem of position control in high vacuum environments,
such as electron microscopes, where friction can be controlled through the variation of the vibration amplitude
only.

To explore the origin of ultrasound-induced friction reduction, Hesjedal and Behme [10] experimentally
studied the friction reduction phenomena in microscopic mechanical contacts. They concluded that the fric-
tion reduction effect results entirely from the vertical oscillation component. However, previous experimental
investigations on tangential vibration showed friction reduction [17–20]. Quantitative analytical models based
on the rigid Coulomb friction show the same tendency as the experimental data, but these models have lower
values. For these types of contacts, with small amplitude of sliding displacement, Tani [22] showed that the
rigid Coulomb friction model was insufficient to describe the friction behavior.

On the microscopic level, apparently smooth surfaces are still “rough.” The surface topography plays an
important role in surface interactions. When these surfaces are pressed against each other, the true contact
area usually is from 1/400 to 1/10,000 of the apparent area observed by the naked eye, as shown in Fig. 1.
The protuberant features are called asperities. One of the oldest and simplest microcontact models is the
Greenwood–Williamson model [7], which assumed that surfaces were composed of hemispherically tipped
asperities. The asperities have a uniform sphere radius and a symmetrical Gaussian distribution of asperity
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Ai Ai+1 A i+2 A i+3

Fig. 1 True contact between surfaces

heights. The Hertz equations governing elastic contact of spheres and half spaces are used to compute the load,
contact area, and contact pressure acting on a deformed asperity.

Experiments have observed that when two contacting surfaces slide against each other, a motion of one
surface over the other occurs before actual body sliding begins. This effect occurs with the tangential com-
pliance of the asperities. The movement caused by the applied force below the breakaway force is called the
presliding displacement or microslip [8,21].

Dahl [4] formulated a mathematical model of the presliding displacement by incorporating tangential
compliance. The model acts as a nonlinear spring with a nearly linear elastic response for small deflections,
which yields and approaches an asymptotic value for large deflections. Bliman [2] studied the existence and
uniqueness of solutions and hysteresis effects of the model.

This study combines the approach proposed by Matunaga and Onoda with the Dahl friction model to
analyze the effect of friction reduction by tangential vibrations at any angle.

2 Sliding of rigid body

First, the approach proposed by Matunaga and Onoda is outlined here. The friction system under investigation
comprises a rigid body sliding over a rigid and flat plane at a prescribed velocity under constant normal force,
as shown in Fig. 2. The prescribed velocity consists of two components. The first component is a macroscopic
constant velocity vb, and the second is a harmonic velocity (vv cos ωt) representing the vibration.

Let θ denote the angle of the harmonic velocity (vv cos ωt) with constant velocity vb that is parallel to the
x-axis. The velocity of the rigid body can be expressed as the vector

⇀
v = (vb + vv cos(ωt) cos θ)

⇀

i +vv cos(ωt) sin θ
⇀

j . (1)

Since the Coulomb friction works on the body in the opposite direction to the relative sliding velocity, the
instantaneous Coulomb friction becomes

x

y
m vb

vvcos(w t)

q

Fig. 2 An analytical model for sliding with tangential vibrations
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Fig. 3 Friction and velocities

⇀

F = −µFN

⇀
v

∣
∣
∣
⇀
v

∣
∣
∣

= F̃x

⇀

i +F̃y

⇀

j , (2)

where FN represents the normal force, as shown in Fig. 3. The components of the friction are given by

F̃x(τ ) = −ζ − cos θ cos τ
√

ζ 2 + 2ζ cos θ cos τ + cos2 τ
µFN, (3)

F̃y(τ ) = − sin θ cos τ
√

ζ 2 + 2ζ cos θ cos τ + cos2 τ
µFN, (4)

where τ is the normalized time defined as

τ = ωt (5)

and ζ denotes the velocity ratio defined as

ζ = vb

vv

. (6)

The mechanism of friction reduction by tangential vibrations is illustrated in Fig. 4. The velocity of the sliding
body frequently changes its direction in accordance with the vibration component, and the direction of the
Coulomb friction also changes. Because the amplitude of the Coulomb friction remains constant, the friction
force in the direction of vb reduces on time-average.

The effective friction force that is observed macroscopically is the time-averaged friction force. The time-
averaged friction force in the direction of x (macroscopic velocity vb) is defined as

F̄x = 1

2π

2π∫

0

F̃x(τ )dτ . (7)

The effect of friction reduction by superposed vibrations can be described quantitatively by the ratio

r = F̄

F
(8)

x

y

F
~

F
~

F
~

vb

vvcos(w t)

q

Fig. 4 Mechanism of time-average friction reduction
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of the time-averaged friction force F̄ to the friction force F = −µFN observed in the absence of vibrations.
The friction ratio in the direction of x becomes

rx(ζ, θ) = 1

2π

2π∫

0

ζ + cos θ cos τ
√

ζ 2 + 2ζ cos θ cos τ + cos2 τ
dτ . (9)

It can be calculated explicitly if θ = 0 and θ = π
/

2 as follows:

rx(ζ, 0) =
{

2
π

sin−1 ζ , 0 ≤ ζ ≤ 1,

1, ζ > 1 ,
(10)

rx(ζ,
π

2
) = 2

π

ζ
√

1 + ζ 2
K

(
1

1 + ζ 2

)

, (11)

where K(m) is the complete elliptic integral of the first kind. The friction ratio rx for different angles is plotted
in Fig. 5. The friction ratio decreases with decreasing velocity ratio ζ . A significant friction reduction effect
is observed whenever the macroscopic velocity is smaller than the velocity amplitude of the vibration compo-
nent. For velocity ratio ζ < 0.95, the vibration parallel to the direction of the macroscopic velocity (θ = 0)
exerts the greatest effect on the friction reduction. For velocity ratio ζ > 1, the vibration perpendicular to the
direction of the macroscopic velocity (θ = π/2) has a larger effect on the friction reduction, but this effect
is not significant. It is important to recognize that the superposed vibrations reduce the time-averaged friction
force, not the real friction.

3 Sliding with tangential compliance

Surfaces are very irregular at the microscopic level. Therefore, two surfaces contact at a number of asperities.
When a tangential force is applied, the asperities will deflect like springs giving rise to the friction force. If
the strain of any particular asperity exceeds a certain level, the bond will be broken and a new bond having
a smaller strain will be established. Dahl modeled the average stress–strain curve by a differential equation.
Let x be the displacement of the sliding body, F the friction force, and Fc the Coulomb friction force. Then
Dahl’s model has the form

dF

dx
= σ0

(

1 − F

Fc

sgn(v)

)i

, (12)
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Fig. 5 Friction ratio rx for different angles
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Fig. 6 Friction–displacement curves for v > 0

where σ0 is the contact stiffness or slope of the force–deflection curve at F̃ = 0 and i is a parameter that
determines the shape of the stress–strain curve, as illustrated in Fig. 6. The average behavior of the asperities
can be represented by the physical analogy depicted in Fig. 7. Here, the sliding body experiences a friction
force due to the deformation of a single lumped asperity contact. Hence, the friction force can be defined as

F = σ0z , (13)

where z is the deflection of the lumped asperity that is defined as the horizontal distance between points
P and T . Then the Dahl model can be written as

dz

dt
= v

(

1 − σ0

Fc
sgn(v)z

)i

. (14)

Equation (14) claims that during the unidirectional sliding the deflection z approaches the magnitude

zss = Fc

σ0
, (15)

which is the steady-state deflection of the asperity. Thus (14) can be written as

dz

dt
= v

(

1 − z

zss
sgn(v)

)i

. (16)

The hypothesis of the Dahl model, including most friction models, is that the friction force is parallel to the
velocity of the sliding body. Some difficulties arise in modeling the asperity behavior in the friction system as
shown in Fig. 2, where the instantaneous friction force may not be parallel to the velocity of the sliding body.
In this friction system, the velocity of the sliding body frequently changes direction in accordance with the
vibrations. The vibration direction must be parallel to the direction of the macroscopic velocity (i.e., θ = 0)
for the instantaneous friction force to be parallel to the velocity of the sliding body, and the Dahl model can
then be applied without difficulty. However, the behavior of the lumped asperity becomes more complicated
when the direction of vibrations is not parallel to the direction of the macroscopic velocity (i.e., θ �= 0).

Figure 8 shows the behavior of the lumped asperity when the sliding body moves along a curve. This figure
is the top view of Fig. 7, and only points P and T are shown. The trajectory of point P of the sliding body

z

vrel vrel
Sliding body

Lumped elastic asperity

P

T

x

x

• P

y

Fig. 7 The friction interface between two surfaces is thought of as a lumped elastic asperity
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P(t)

P(t+D t)

T(t)

T(t+D t)

x

y

P(t+2D t)

T(t+2D t)

Asperity

Fig. 8 Behavior of lumped asperity (top view)

is known, and the trace of point T of the asperity needs to be determined to calculate the friction force. The
trace of point T can be approximated by the following procedure. At time t , point P of the sliding body is
in position P(t) and point T of the asperity is in position T (t). At time (t + �t), point P of the sliding body
moves to position P(t + �t). If the time increment �t is small, the asperity is pulled approximately along
line T (t)P (t + �t) to a new position T (t + �t). The length of line T (t + �t)P (t + �t), namely the new
deflection of the asperity, depends on the friction force and the elasticity of the asperity, which are discussed
below. Following this scheme and using a small time change �t can obtain the trace of point T , as shown in
Fig. 9.

3.1 Asperity slip without a stiction phase (Dahl model with i = 1)

Referring to the Dahl model, Eq. (14), the deflection change after a small time increase �t can be expressed as

�z ≈ v(t)

(

1 − σ0

Fc
sgn(v(t))z(t)

)

�t , (17)

where the value i = 1 is used. Obviously �z approaches zero as the deflection z(t) approaches the steady-state
deflection (zss = σ0/Fc). The deflection of the asperity at time t is given by

z(t) = T (t)P (t) =
√

(Px(t) − Tx(t))2 + (Py(t) − Ty(t))2 , (18)

y

x

Trajectory of point P

Asperity

Fig. 9 Behavior of lumped asperity over one steady-state period
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where P(t) = (Px(t), Py(t)) and T (t) = (Tx(t), Ty(t)). The velocity v(t) in (17) can be approximated by the
mean velocity of point P along line T (t)P (t + �t), namely

v(t) ≈ T (t)P (t + �t) − T (t)P (t)

�t

=
√

(Px(t + �t) − Tx(t))2 + (Py(t + �t) − Ty(t))2 − z(t)

�t
. (19)

According to (17), the deflection of the asperity at time (t + �t) is written as

z(t + �t) = z(t) + �z ≈ z(t) + v(t)

(

1 − σ0

Fc
sgn(v(t))z(t)

)

�t , (20)

which can be obtained by inserting (18) and (19). Once the new deflection of the asperity at time (t + �t) is
obtained, the new position of point T , T (t + �t), is given by

Tx(t + �t) = Px(t + �t) − z(t + �t)

T (t)P (t + �t)
(Px(t + �t) − Tx(t)), (21)

Ty(t + �t) = Py(t + �t) − z(t + �t)

T (t)P (t + �t)
(Py(t + �t) − Ty(t)). (22)

The friction force depends on the deflection and the direction of the asperity. The friction force at time (t +�t)
therefore can be expressed as [refer to (13)]

Fx(t + �t) = σ0(Px(t + �t) − Tx(t + �t)) , (23)

Fy(t + �t) = σ0(Py(t + �t) − Ty(t + �t)), (24)

which is the component form of the friction force. Following (18)–(24), the friction force at time (t +2�t) can
be obtained. Continuing this process, we can obtain the friction force during sliding with tangential vibrations.

3.2 Asperity slip with stiction phase (Dahl model with i = 0)

Equation (14) shows that in the Dahl model with i �= 0 the asperity can slip [i.e., dz �= v(t)dt], even when the
deflection is very small. Thus, when an oscillatory applied force that is far smaller than the Coulomb friction Fc
is applied to the sliding body, the position of the sliding body drifts. To minimize this drift, Dupont et al. [5,6]
proposed an elastoplastic friction model that possesses a stiction phase. The asperity sticks [i.e., dz = v(t)dt]
when its deflection is smaller than a breakaway deflection. Consequently, it is reasonable to assume that the
asperity as shown in Fig. 8 sticks when its deflection is smaller than the steady-state deflection. Here, the value
i = 0 is used in the Dahl model to render stiction. The Dahl model then reduces to

dz

dt
=

{

v(t) , z < zss ,

0 , z ≥ zss ,
(25)

F = σ0z, (26)

which is essentially an elastic Coulomb friction model. The asperity is modeled as a linear spring. When an
increasing tangential force is applied, the asperity does not slip until the force increases to the size of the
Coulomb friction Fc. Before slippage, the deflection of the asperity equals the displacement of the sliding
body. Thus, the deflection of the asperity at time (t + �t) in Fig. 8 can be written as

z(t + �t) =
{

T (t)P (t + �t), T (t)P (t + �t) < zss ,

zss, T (t)P (t + �t) ≥ zss .
(27)

Replacing (20) with (27) and following (18)–(24) can yield the friction force during sliding with tangential
vibrations.
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4 Friction ratio

In the friction system shown in Fig. 2, the trajectory of point P of the sliding body is given by

Px(t) = ζvvt + vv

ω
sin(ωt) cos θ , (28)

Py(t) = vv

ω
sin(ωt) sin θ . (29)

In the steady state, the time-averaged friction force in the directions of x and y are defined as

F̄x = ω

2π

n
∑

k=1

Fx(t + k�t)�t , (30)

F̄y = ω

2π

n
∑

k=1

Fy(t + k�t)�t , (31)

where

n = 2π

ω�t
. (32)

The effect of friction reduction by superposed vibrations can be described quantitatively by the friction
ratio in the direction of x, i.e., the direction of the macroscopic velocity, which is given by

rx = F̄x

Fc
= ω

2πFc

n
∑

k=1

Fx(t + k�t)�t . (33)

As stated, in the Dahl model the friction force is only a function of the displacement and the sign of the velocity.
For the values i = 1 or i = 0, this property leads to the relation in which the time-averaged friction force is a
function of the displacement ratio

rdisp = vvσ0

ωFc
= vv/ω

Fc/σ0
= xv

zss
, (34)

which is a ratio of the displacement amplitude of the vibration component to the steady-state deflection of the
asperity. The displacement ratio can be seen as an index of the influence of the tangential compliance on the
friction reduction.

Equations (18)–(24) can yield the friction force over one steady-state period. The friction ratios rx with
the value i = 1 (without a stiction phase) and i = 0 (with a stiction phase) for θ = π/2 (perpendicular
vibrations) are plotted in Figs. 10 and 11, respectively. The friction ratios for θ = 0 (parallel vibrations) are
plotted in Figs. 12 and 13. These figures show that a larger displacement ratio leads to a lower friction ratio.
With increasing displacement ratio, the friction ratio approaches that based on the rigid Coulomb friction mode
(Fig. 5). Comparing the curve for i = 1 with that for i = 0 clearly shows that for larger velocity ratios the
friction ratios are equal, while for smaller velocity ratios the former drops faster than the latter with decreasing
velocity ratio. This result can be explained by the asperity behaviors.

As the velocity ratio ζ decreases, the trajectory of point P of the sliding body is squeezed in the x-axis
direction, as shown in Fig. 14. When the sliding body travels along the trajectory with large curvature, the
asperity may relax due to the decrease in the horizontal distance between points P and T . Equation (14) shows
that during asperity relaxation and stretching, the Dahl model with i = 1 has a larger relaxing rate [where
sgn(v) = −1] and a lower stretching rate [where sgn(v) = 1] than the Dahl model with i = 0, for which
dz/dt = v(t). Consequently, over one steady-state period, the friction magnitude of the Dahl model with
i = 1 is lower that that of the Dahl model with i = 0, leading to a lower friction ratio (Figs. 15 and 16).

As the velocity ratio ζ increases, the trajectory of point P of the sliding body is lengthened in the direction
of the x-axis, as shown in Fig. 17. If the velocity ratio is sufficiently large, the curvature of the trajectory of
point P will be too small to cause a relaxation of asperity. In the steady state, the deflection of the asperity
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Fig. 10 Friction ratio with i = 1; θ = π/2
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Fig. 11 Friction ratio with i = 0; θ = π/2
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Fig. 12 Friction ratio with i = 1; θ = 0
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Fig. 13 Friction ratio with i = 0; θ = 0
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Fig. 14 Comparison of asperity behaviors over one steady-state period (rdisp = 2, ζ = 0.15, θ = π/2). a Dahl model without
stiction phase (i = 1). b Dahl model with stiction phase (i = 0)

-0.5

0

0.5

1

t

F
 /F

c

Fx

Fy

|F|

Fig. 15 Friction force over one steady-state period for Fig. 14 (a)

reaches the steady-state deflection zss, namely the magnitude of the friction force remains constant (Fc), as
shown in Fig. 18. Hence, the Dahl model predicts the same friction ratio in this condition whether i = 1 or
i = 0.
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Fig. 16 Friction force over one steady-state period for Fig. 14 (b)
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Fig. 17 Behavior of asperity over one steady-state period (rdisp = 2, ζ = 0.5, θ = π/2)
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Fig. 18 Friction force over one steady-state period for Fig. 17

Figure 19 shows the comparison of friction ratio between calculated values and experimental results by
Littmann et al. The results based on the Dahl model clearly display better agreement with the experimental
results than those based on the rigid Coulomb friction model. Additionally, for lower velocity ratios, the results
based on the Dahl model with a stiction phase exhibit closer agreement with the experimental results than
those without a stiction phase.

One important characteristic of sliding with vibrations is that the superposed vibrations may periodically
change the relative sliding direction, and the displacement amplitude of the harmonic component is generally
some micrometers (for example displacement amplitude of 0.7 µm at 60 kHz in the experiment by Littmann
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Fig. 19 Comparison of friction ratio between calculated values and experimental results (dot and circle) by Littmann et al. [18,
19]. a Perpendicular vibrations, θ = π/2. b Parallel vibrations, θ = 0

et al. [17–19]), which is in the same order as the presliding displacement (the presliding displacements of
the metals measured in the experiments [1,8,21] are about 0.3–10 µm, which is close to the typical asperity
dimension of the finished hard metals). Hence the tangential compliance should be considered in modeling
the effect of friction reduction by vibrations. Although the tangential compliance of the Dahl model results
from the small-scale asperities, the tangential compliance of the bulk material exerts a similar influence on the
friction reduction.

5 Conclusions

This study presents a theoretical approach based on the Dahl friction model that describes the friction reduction
observed in the presence of tangential vibrations at an arbitrary angle. The analysis results demonstrate that
the vibrations parallel to the macroscopic velocity most effectively reduce the friction. The friction reduction
effect is significant whenever the magnitude of macroscopic velocity is smaller than the velocity amplitude
of vibration. However, when the magnitude of macroscopic velocity is larger than the velocity amplitude of
vibration, the vibrations perpendicular to the macroscopic velocity still take effect and are most effective but the
friction reduction is not significant. At any vibration angle, the tangential compliance of the contacts reduces
the friction reduction effect. The results obtained using the proposed approach exhibit better agreement with
the experimental data than those based on the rigid Coulomb friction model.
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