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Abstract—Mobile location estimation has attracted a significant amount of attention in recent years. The network-based location

estimation schemes have been widely adopted based on the radio signals between the mobile device and the base stations. The two-

step Least-Squares (LS) method has been studied in related research to provide efficient location estimation of the mobile devices.

However, the algorithm results in insufficient accuracy for location estimation with the existence of Non-Line-Of-Sight (NLOS) errors. A

Geometry-Assisted Location Estimation (GALE) algorithm is proposed in this paper with the consideration of different geometric

layouts between the mobile device and its associated base stations. In order to enhance the precision of the location estimate, the

GALE scheme is designed to incorporate the geometric constraints within the formulation of the two-step LS method. The algorithm

can be utilized to estimate both the two-dimensional and the three-dimensional positions of a mobile device. The proposed GALE

scheme can both preserve the computational efficiency from the two-step LS algorithm and obtain a precise location estimation under

NLOS environments. Moreover, the Cramér-Rao Lower Bound (CRLB) for various types of measurement signals is derived to facilitate

the performance comparison between different location estimation schemes. Numerical results illustrate that the proposed GALE

algorithm can achieve better accuracy compared with other existing network-based location estimation schemes.

Index Terms—Wireless location estimation, two-step Least-Squares method, Non-Line-Of-Sight (NLOS) errors, Time-Of-Arrival

(TOA), Angle-Of-Arrival (AOA).

Ç

1 INTRODUCTION

WIRELESS location technologies, which are designated to
estimate the position of a Mobile Station (MS), have

drawn a lot of attention over the past few decades. Different
types of Location-Based Services (LBSs) have been pro-
posed and studied, including the emergency 911 (E-911)
subscriber safety services [1], location-based billing, the
navigation system, and applications for the Intelligent
Transportation System (ITS) [2]. Due to the emergent
interests in the LBSs, it is required to provide enhanced
precision in the location estimation of an MS under different
environments.

A variety of wireless location techniques have been
studied and investigated [3], [4], [5]. Network-based
location estimation schemes have been widely proposed
and employed in wireless communication systems. These
schemes locate the position of the MS based on the
measured radio signals from its neighborhood Base Stations
(BSs). The representative algorithms for the network-based
location estimation techniques are the Time-Of-Arrival
(TOA), the Time Difference-Of-Arrival (TDOA), and the
Angle-Of-Arrival (AOA). The TOA scheme estimates the
MS’s location by measuring the arrival time of the radio

signals coming from different wireless BSs, whereas the
TDOA method measures the time difference between the
arriving radio signals. The AOA technique is conducted
within the BS by observing the arriving angles of the signals
coming from the MS. The equations associated with the
network-based location estimation schemes are inherently
nonlinear. The uncertainties induced by the measurement
noises make it more difficult to acquire the estimated MS
position with tolerable precision. The two-step Least-
Squares (LS) scheme [6] has been studied to provide
reasonable accuracy for location estimation with its efficient
two-step calculation. However, the algorithms based on the
two-step LS method are primarily feasible for location
estimation under Line-Of-Sight (LOS) environments. Non-
Line-Of-Sight (NLOS) situations, which occur mostly under
urban or suburban areas, greatly affect the precision in most
location estimation schemes.

In this paper, an efficient Geometry-Assisted Location
Estimation (GALE) algorithm is proposed to obtain the
location estimation of the MS, especially under NLOS
environments. The proposed GALE scheme integrates
the geometric information from the cell layout into the
conventional two-step LS algorithm. The MS’s position is
obtained by confining the estimation based on the signal
variations and the geometric layout between the MS and the
BSs. Both the 2D and 3D locations of the MS can be
estimated using the proposed GALE scheme. A reasonable
location estimation can be acquired within two computing
iterations even with the existence of NLOS errors. Further-
more, the Cramér-Rao Lower Bound (CRLB) associated with
different distributions of measurement inputs is also
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derived. The CRLB will be utilized as a lower bound to
compare the performance of the location estimation algo-
rithms. Different cases are illustrated in simulations in order
to demonstrate the effectiveness of the GALE algorithm.
Compared with other existing schemes, the numerical
results show that the GALE approach can acquire higher
accuracy for the location estimation of the MS.

The remainder of this paper is organized as follows:
Section 2 describes related work for wireless location
estimation. The proposed GALE algorithm is explained in
Section 3 for both the 2D and the 3D location estimation.
The performance evaluation of the proposed scheme is
conducted in Section 4 via simulations. Section 5 draws the
conclusions.

2 RELATED WORK

Different location estimation schemes have been proposed
to acquire the MS’s position. Various types of information
(for example, the signal traveling distance, the received
angle of the signal, and the Receiving Signal Strength
(RSS)) are involved to facilitate the algorithm design for
location estimation. The primary objective in most location
estimation algorithms is to obtain higher estimation
accuracy with promoted computational efficiency. Super-
resolution (or high-resolution) schemes are proposed in [7],
[8], [9], and [10]. The scheme studied in [7] considers
arbitrarily located antennas and a particular covariance
matrix within a noisy environment. The covariance matrix
is composed of various types of properties, including gain,
phase, frequency, polarization, and AOA information. The
subspace method utilized in the superresolution schemes
estimates the components of the covariance matrix based
on an eigenanalysis. A well-known superresolution algo-
rithm is the MUltiple SIgnal Classification (MUSIC) [8]. It is
experimentally illustrated to be a robust solution for
location estimation, especially for a near-far environment.
However, it has also been shown in [9] and [10] that the
drawbacks of the MUSIC approach include 1) its compar-
ably high sensitivity to large noise and 2) its complexity in
computation.

The beamforming system is a space-time processor that
operates on the output of a sensor array. It provides a
spatial filtering capability that enhances the amplitude of a
coherent signal associated with the surrounding noises.
Since the conventional beamforming technique is sensitive
to the estimation error for the MS’s position, a combination
of localization and beamforming is proposed as in [11]. It
increases the robustness to location errors without sacrifi-
cing the computation efficiency. An enhanced algorithm for
simultaneous multisource beamforming and adaptive mul-
titarget tracking is studied in [12]. The correlation between
the adaptive minimum variance beamforming and the
optimal MS localization is investigated in [13]. However,
the complication of the beamforming system makes the
associated location estimation techniques difficult to be
practically realized.

Instead of exploiting the spatial and temporal informa-
tion of the signal, the RSS measurements can be utilized for
the estimation of the MS’s position [14], [15], [16], [17], [18].

The location fingerprinting technique [14], [15] involves
both the offline and online phases. A location grid that is
related to a signal signature database for a specific service
area is developed in the offline phase, whereas a measured
RSS vector at the MS is delivered to the central server to
compare with the location grid in the online phase.
Moreover, a hybrid algorithm that combines the radio
frequency (RF) propagation loss model is proposed both to
mitigate the requirement of the training data and to adjust
the configuration changes [16]. The scheme proposed in [17]
considers one-to-one mapping between the RSS measure-
ment and the MS’s location. The location of the MS can be
estimated by adopting the LS method with the minimiza-
tion of a predefined cost function. The hybrid RSS method
[18] identifies the location of the indoor users by exploiting
the distribution of the RSS Aggregate (RSSA) measured
from both the indoor and the outdoor handsets. The
location information can therefore be recorded into a
database with different signal levels. However, it is obvious
to recognize that a considerable size of the database is, in
general, required for the location techniques based on the
RSS signals.

On the other hand, the ray-tracing and ray-launching
techniques are the two ray optical approaches for location
estimation. The radio signals that are launched from a
transmitter and reflected or diffracted by various objects are
aggregated in a receiver. The field strength and the signal
propagation can therefore be predicted [19], and Chang and
Kim [20] further proposed an efficient algorithm for
prediction. Three-dimensional indoor radio propagation
models are developed in [21] and [22]. Experimental
formulas from extensive measurements of both urban and
suburban propagation losses are studied in [23] and [24].
However, tremendous computation of the field strength is
involved at the receiver as the numbers of the reflective and
the diffractive signals are increased. Moreover, the well-
adopted discrete launching angle may result in unattainable
radio signals to the receiver.

There are also different approaches exploiting linearized
methods to achieve computing efficiency while obtaining
an approximate estimation of the MS’s position. The Taylor
Series Expansion (TSE) method was utilized in [25] to
acquire the location estimation from the TDOA measure-
ments. Moreover, an enhanced TSE technique [26] has been
proposed to explicitly consider the NLOS errors within its
formulation. This approach estimates the MS’s position by
minimizing a cost function constructed by the intersecting
points based on the cell layout. Both of these methods
require iterative processes to obtain the location estimate
from a linearized system. The major drawback of TSE-based
schemes is that they may suffer from the convergence
problem due to an incorrect initial guess of the MS’s
position. The two-step LS method was adopted to solve the
location estimation problem from the TOA [6], the TDOA
[27], and the TDOA/AOA measurements [28]. It is an
approximate realization of the Maximum Likelihood (ML)
estimator and does not require iterative processes. The two-
step LS scheme is advantageous in its computational
efficiency with adequate accuracy for location estimation.
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However, the scheme is demonstrated to be feasible only for
acquiring the position of the MS under LOS circumstances.

Instead of utilizing Circular-Line-Of-Position (CLOP)
methods (for example, the TSE and the two-step LS
schemes), the Linear-Line-Of-Position (LLOP) approach is
presented as a different interpretation for the cell geometry
from the TOA measurements. Since two TOA measure-
ments that intersect at two points will generate a connecting
line, two independent lines will be created by using three
BSs in the scenario of 2D location estimation. Therefore, the
LS method can be adopted to estimate the location of the
MS. The detailed algorithm of the LLOP approach can be
obtained by using the TOA measurements in [29] and the
hybrid TOA/AOA measurements in [30]. On the other
hand, the Kalman-based Interacting Multiple Model (IMM)
smoother [31] is proposed for the location estimation based
on the TOA measurements. The technique employed the
three-stage Kalman filters, which can discriminate the
NLOS error from its LOS signal. However, an appropriate
selection of the parameters within the Kalman models is
required to preserve the precision for location estimation.
The Range Scaling Algorithm (RSA) proposed in [32]
alleviates the NLOS errors by considering the cell layout
between the MS and its associated BSs. A constrained
nonlinear optimization approach is adopted to obtain an
improved location estimate for the MS. However, the RSA
approach involves the requirement of solving an optimiza-
tion problem based on a nonlinear objective function. The
inefficiency incurred by the algorithm may not be feasible to
be applied in practical systems.

It can be found from previous work that some location
estimation algorithms involve complicated computation or
additional database and infrastructures, whereas others are
only suitable for specific situations (for example, LOS
environments or special areas). Not much effort has been
dedicated in the estimation of a 3D MS’s position, which
can be essential for scenarios within a metropolitan valley
or inside a building. The GALE algorithm proposed in this
paper preserves the computational efficiency from the two-
step LS method, whereas the integrated information from
the cell geometry extends the estimation capability under
NLOS environments. In addition to the 2D setting of the
GALE scheme, the extended 3D GALE algorithm will also
be validated in this paper to provide sufficient precision for
location estimation.

3 THE PROPOSED GALE ALGORITHM

In this section, the proposed GALE scheme is described in
detail. The mathematical modeling of the signal measure-
ments are formulated in Section 3.1. Section 3.2 briefly
summarizes the concept of the conventional two-step LS
method. The proposed GALE algorithm in the form of 2D
and 3D formulations is presented in Sections 3.3 and 3.4
with two different cases, that is, the TOA and the hybrid
TOA/AOA measurements.

3.1 Modeling of Signal Measurements

In order to facilitate the design of the proposed GALE
algorithm, the signal models for the TOA and the AOA

measurements are presented in this section. The TOA

measurement t‘ from the ‘th BS is obtained by

t‘ ¼
r‘
c
¼ 1

c
ð�‘ þ n‘Þ ¼

1

c
ð�‘ þ n‘;m þ n‘;nlÞ; ð1Þ

where ‘ ¼ 1; 2; . . . ; N . Parameter c is the speed of light, and
r‘ represents the measured relative distance between the
MS and the ‘th BS. r‘ is contaminated with noises n‘ from
the TOA measurement, which includes the measurement
noise n‘;m and the NLOS error n‘;nl. It is noted that the
NLOS error n‘;nl is a positive value due to the larger
distance traversed by the NLOS effect. The noiseless
relative distance �‘ between the MS and the ‘th BS is
denoted as

�‘ ¼ kxx� xx‘k; ð2Þ

where xx ¼ ðx; yÞ represents the MS’s position, and xx‘ ¼
ðx‘; y‘Þ is the location of the ‘th BS in the 2D setting, whereas
xx ¼ ðx; y; zÞ and xx‘ ¼ ðx‘; y‘; z‘Þ within the 3D formulation.
On the other hand, the horizontal AOA measurement �
and the vertical AOA measurement � can be obtained by

� ¼ �t þ n� ¼ tan�1 y� y1

x� x1

� �
þ n�; ð3Þ

� ¼ �t þ n�

¼ tan�1 z� z1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x1Þ2 þ ðy� y1Þ2

q
2
64

3
75þ n�; ð4Þ

where � and � represent the measured horizontal and
vertical angles between the MS and its home BS, that is, BS1.
It is noted that ðx1; y1; z1Þ corresponds to the coordinate of
BS1. �t and �t are the corresponding noiseless angles,
whereas n� and n� are the measurement noises associated
with � and �. It is suggested [28] that the AOA measure-
ment should only be adopted with respect to the home BS
due to the unreliable angle measurements with respect to
the other BSs (that is, the signal degradation due to the near-
far effect). Both the TOA and the AOA measurement
models will be applied in the design of the proposed GALE
algorithm under different scenarios.

3.2 The Two-Step Least Square (LS) Method

The two-step LS scheme is utilized as the baseline
formulation for the proposed GALE algorithm. In this
paper, the two-step LS method is extended from its original
2D setting [6], [27], [28] to the 3D formulation to facilitate the
design of the proposed algorithm. The concept of the two-
step LS method is to acquire an intermediate location
estimate in the first step with the definition of a new variable
�, which is mathematically related to the MS’s position (that
is, � ¼ x2 þ y2 in the 2D case and � ¼ x2 þ y2 þ z2 in the
3D case). At this stage, the variable � is assumed to be
uncorrelated to the MS’s position. This assumption effec-
tively transforms the nonlinear equations for location
estimation into a set of linear equations which can be
directly solved by the LS method. Moreover, the elements
within the associated covariance matrix are selected based
on the standard deviation from the measurements. The
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variations within the corresponding signal paths are there-
fore considered to be within the problem formulation.

The second step of the method primarily considers the
relationship that the variable � is equal to x2 þ y2 (in the
2D case) or x2 þ y2 þ z2 (in the 3D case), which was
originally assumed to be uncorrelated in the first step. An
improved location estimation can be obtained after the
adjustment from the second step. The detail algorithm of
the two-step LS method for location estimation can be found
by using the TOA measurements [6], the TDOA measure-
ments [27], and the hybrid TDOA/AOA measurements [28].

3.3 The Proposed 2D GALE Algorithm

The proposed 2D GALE algorithm associated with the
applications within two different scenarios are described in
this section. The concept of the GALE algorithm is to
consider the geometric constraints between the MS and the
BSs within the formulation of the two-step LS method. It is
recognized that the range measurements are in general
corrupted by both the measurement noises and the NLOS
errors. The conventional two-step LS algorithm obtains a
location estimate primarily by considering the measure-
ment noises with gentle NLOS errors. The proposed GALE
scheme, on the other hand, can manage the cases with the
existence of considerable NLOS errors. The following two
different cases (that is, the three-TOA measurements and
the two TOA and one AOA measurements) are considered.

3.3.1 Three TOA Measurements

The TOA-based location estimation in the 2D setting is
illustrated in Fig. 1. The measured distances between the
BSs and the MS are denoted as r‘ for ‘ ¼ 1, 2, and 3. It is
noted that the three circles that define the TOA measure-
ments will intersect to a single point (that is, the MS’s
position) if the measurements are LOS and are free of the
measurement noises. The overlap region confined within
points A, B, and C (as shown in Fig. 1) is primarily incurred
by the NLOS errors. It was observed that the location
estimation by using the conventional two-step LS method
may fall around the boundaries of the three arcs, AB, BC,
and CA, that is, either inside or outside of these arcs. Since
the overlap region (that is, constrained by points A, B, and

C) grows as the NLOS errors are increased, the location
estimation of the MS acquired by the two-step LS method
will result in deficient accuracy (that is, the location
estimate will fall around the boundaries of the enlarged
arcs AB, BC, and CA).

Based on extensive field experiments [33], [34], it has
been acquired that the mean and the standard deviation of
the NLOS range error are in the order of 513 m and 436 m,
respectively. Meanwhile, depending on the precision of the
measuring facilities from both the BS and the MS sides, the
measurement noise is considered at least one order less
than that from the NLOS error. Therefore, it is generally
assumed that the NLOS error is larger than the measure-
ment noise in mobile location estimation [31]. The following
proposition proves that the location of the MS should
always fall inside the overlap region under an environment
with large NLOS errors, that is, while the NLOS error is
comparably larger than the absolute value of the measure-
ment noise.

Proposition 1. �‘ 2 <þ [ f0g is denoted as the noiseless relative
distance between the MS and the ‘th BS for ‘ ¼ 1; 2; . . . ; N .
n‘;m 2 < represents the measurement noise, and n‘;nl 2
<þ [ f0g is denoted as the NLOS error with respect to the
‘th BS. The measured relative distance between the MS and the
‘th BS is r‘ ¼ �‘ þ n‘;m þ n‘;nl. C‘ ¼ fpp 2 <j kpp� xx‘k < r‘g
denotes the set of points within the circular region centered at
the location of the BS‘ with radius r‘. If n‘;nl > jn‘;mj, the MS’s
position xx will fall within the set I ¼ C1 \ C2 \ . . . \ CN using
N ’s TOA measurements.

Proof. Since n‘;nl > jn‘;mj, it can be obtained that
n‘;nl � jn‘;mj > 0. With the substitution of the inequality,
the measured relative distance becomes r‘ ¼ �‘ þ n‘;nl þ
n‘;m � �‘ þ n‘;nl � jn‘;mj ¼ �‘ þ ðn‘;nl � jn‘;mjÞ > �‘. This
inequality (that is, �‘ < r‘) indicates that the noiseless
distance from the MS’s position xx to the location of BS‘ is
less than the measured relative distance r‘. It corre-
sponds to the case that xx should lie within the set C‘, that
is, xx 2 C‘. By using N ’s TOA measurements for the
location estimation of the MS, xx will be located within
the intersecting set I , that is, xx 2 I ¼ C1 \ C2 \ . . . \ CN .tu

Based on the proposition above, the primary objective of
the proposed 2D GALE algorithm is to confine the location
estimate within the overlap region by including the
geometric constraints into the two-step LS method. As
illustrated in Fig. 1, three BSs associated with the three TOA
measurements are required for the location estimation of
the MS. Since the objective of the proposed 2D GALE
scheme is to confine the estimated MS’s position within the
region of ABC, the following constraint is defined:

Definition 1 (Virtual Distance). The parameter � is defined as
a virtual distance between the MS’s position and the three
intersecting points A, B, and C:

� ¼
X
�

1

m
kxx� xx�k2

" #1=2

; ð5Þ

where xx is the MS’s location, xx� represents the intersecting
points around the overlap region, that is, xx� ¼ xxa, xxb, and xxc
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in this case, where xxa ¼ ðxa; yaÞ, xxb ¼ ðxb; ybÞ, and xxc ¼
ðxc; ycÞ are the corresponding coordinates of points A, B, and
C. m denotes the number of the intersecting points around the
overlap region, that is, m ¼ 3 in this case.

It is noted that the value of � varies as the three
coordinates xxa, xxb, and xxc are changed. On the other hand,
an expected MS’s position xxe is chosen to be located within
the triangular area ABC in order to fulfill the constraints
from the geometric layout. The corresponding expected
virtual distance �e can be defined as follows:

Definition 2 (Expected Virtual Distance). The parameter �e
is defined as the expected virtual distance, which is
represented as

�e ¼
X
�

1

m
kxxe � xx�k2

" #1=2

¼ � þ n�; ð6Þ

where xxe is the expected position of the MS and n� denotes the
error induced by the computed deviation between �e and �.

The major objective of adapting the geometric constraint
in the GALE algorithm is to minimize the cost function f ¼
k� � �ek with constraints as in (6), that is, to minimize the
deviation between the virtual distance � and the expected
virtual distance �e. The selection of the expected MS’s
position xxe is obtained by considering the signal variations
from the three TOA measurements. The coordinates of xxe ¼
ðxe; yeÞ are chosen with different weights ðw1; w2; w3Þ with
respect to the A, B, and C points of the triangle as follows:

xxe ¼
Xm
k¼1

wkIk; ð7Þ

where Ik denotes the intersecting points from the TOA
measurements, that is, I1 ¼ xxa, I2 ¼ xxb, and I3 ¼ xxc. The
weighting coefficients wk are defined as

wk ¼
�2
k=dkPm

i¼1ð�2
i =diÞ

ð8Þ

for k ¼ 1, 2, and 3. The selection criterion for the weight wk
in (8) relies on the effects from both the standard deviations
�k and the relative distance dk, which are explained as
follows:

1. �1, �2, and �3 are denoted as the corresponding
standard deviations obtained from the three TOA
measurements, that is, �1¼ �r1

, �2¼ �r2
, and �3¼ �r3

.
For the measurement r1 (as shown in Fig. 1), the
MS’s position should be located around the bound-
ary of the circle with the radius r1 without the
existence of the NLOS errors. If the standard
deviation �r1

of the measurement r1 is comparably
large, it indicates that the true position of the MS
should move toward the inside of the circle
boundary of the radius r1 due to the NLOS errors.
Consequently, the weight w1 is assigned with a
larger value, which specifies that the position of the
MS should move toward the endpoint A of the
triangle. The design concept can be applied to the
selection of the other two weights, w2 and w3, in the
same manner.

2. dk is utilized to denote the summed relative
distances, that is,

dk ¼
Xm

j¼1; j6¼k
kIk � Ijk ð9Þ

represents the summation of the relative distances
from the kth intersecting point to the other points
(for example, d1 corresponds to the relative distances
from point A to points B and C). The weight dk is
utilized to consider the influence from the geome-
trical shape of the triangular area ABC. For example,
point A is located at a longer distance away from
points B and C as the value of d1 is comparably
larger; it will be difficult for the expected MS’s
position xxe to move from the circular boundary of
the radius r1 toward endpoint A. As a result, the
weighting coefficient w1 in (8) will be assigned with
a smaller value since it is inversely proportional to
d1. On the other hand, if the relative distance
between points A, B, and C are comparably similar,
distances d1, d2, and d3 will result in similar values.
The distance effect on the weights wk is considered
neglected.

Based on the appropriate selection of the weighting
coefficients, the expected MS’s position xxe is obtained. The
expected virtual distance �e can therefore be computed from
(6). The proposed 2D GALE algorithm is formulated by
solving the two-step LS problem with the additional
geometric constraint. The solution is obtained by minimiz-
ing both 1) the errors coming from the three TOA
measurements (as in (1)) and 2) the deviation between the
expected virtual distance and the virtual distance (as in (6)). By
rearranging and combining (1) and (6) in a matrix format,
the following equation can be obtained:

Hzz ¼ Jþ  ; ð10Þ

where

zz ¼ x y �½ �T ; ð11Þ

H ¼
H3�3
TOA

H1�3
�

" #
¼

�2x1 �2y1 1

�2x2 �2y2 1

�2x3 �2y3 1

�2x� �2y� 1

2
6664

3
7775; ð12Þ

J ¼
J3�1
TOA

J1�1
�

" #
¼

r2
1 � 	1

r2
2 � 	2

r2
3 � 	3

�2
e � 	�

2
6664

3
7775: ð13Þ

The corresponding coefficients are given by

� ¼ x2 þ y2;

	‘ ¼ x2
‘ þ y2

‘ for ‘ ¼ 1; 2; 3;

x� ¼
1

3
ðxa þ xb þ xcÞ;

y� ¼
1

3
ðya þ yb þ ycÞ;

	� ¼
1

3
ðx2

a þ x2
b þ x2

c þ y2
a þ y2

b þ y2
cÞ:
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It can be observed from (13) that the expected virtual
distance �e is served as a virtual measurement, compared
with those true measurements r‘ for ‘ ¼ 1, 2, and 3. The
noise matrix  in (10) can be obtained by

 ¼ 2 c Bnnþ c2nn2; ð14Þ

where

B ¼ diag �1; �2; �3; �f g;
nn ¼ n1 n2 n3 n�=c½ �T :

Based on the two-step LS scheme, an intermediate
location estimate ẑz after the first step can be obtained by

ẑz ¼ x̂i ŷi �̂
� �T¼ ðHT��1HÞ�1HT��1J; ð15Þ

where ðx̂i; ŷiÞ is denoted as the intermediate location
estimation of the MS after the first step of the algorithm.
The weighting matrix � is obtained by

� ¼ EE½  T � ¼ 4 c2 BQB: ð16Þ

It is noted that � is obtained by neglecting the second
term in (14). The matrix Q can be acquired as

Q ¼ diag �2
r1
; �2

r2
; �2

r3
; �2

�e
=c2

� �
:

It can be observed that Q represents the covariance matrix
for both the TOA measurements and the expected virtual
distance, where ��e corresponds to the standard deviation of
�e. The final location estimation after the second step of the
two-step LS algorithm can be obtained by [6]

x̂x ¼ x̂ ŷ½ �T¼ ðH0T�0�1H0Þ�1H0T�0�1J0
h i1=2

; ð17Þ

where

H0 ¼
1 0 1

0 1 1

� �T
J0 ¼ x̂2

i ŷ2
i �̂

� �T
;

�0 ¼ EE½ 0 0T � ¼ 4 B0 covðẑzÞ B0;

¼ 4 B0 ðHT��1HÞ�1 B0;

B0 ¼ diag x̂i; ŷi; 1=2f g:

3.3.2 Two TOA and One AOA Measurements

Due to the weak incoming signals or the shortage of signal
sources (for example, at the rural area), there is great
possibility that the MS may not be able to acquire enough
signal sources from the environment, that is, only two TOA
measurements are available from BS1 and BS2. In order to
employ the proposed 2D GALE algorithm within this
circumstance, an additional horizontal AOA measurement
(that is, � in (3)) from the home BS is adopted. As mentioned
in the Third Generation Partnership Project (3GPP) stan-
dard [35], [36], each BS should be equipped with antenna
arrays for adaptive beam steering in order to facilitate the
AOA measurements. It is also noted that only the AOA
measurement from the home BS is applied to avoid the
signal degradation due to the near-far effect.

The geometric layout of the two TOA and the one
AOA measurements is illustrated in Fig. 2. The proposed
2D GALE algorithm can be applied in this case with some

modifications from the three-TOA case. The region enclosed
by points A, B, and C (as in Fig. 1) is replaced by the area
defined from points M, N , O, and P . The intersecting points
defined in (5) become xx� ¼ xxm, xxn, xxo, and xxp, where
xxm ¼ ðxm; ymÞ, xxn ¼ ðxn; ynÞ, xxo ¼ ðxo; yoÞ, and xxp ¼ ðxp; ypÞ.
The number of intersecting points m equals 4 in this case.
The coordinates of the MS’s expected position xxe ¼ ðxe; yeÞ
is determined by (7) and (8) with I1 ¼ xxm, I2 ¼ xxn, I3 ¼ xxo,
and I4 ¼ xxp. The standard deviations �1 and �2 are obtained
from the TOA measurements, that is, �1 ¼ �r1

and �2 ¼ �r2
,

whereas �3 and �4 correspond to the same value, which is
referred to as the signal variations coming from the
horizontal AOA measurement �. The selection of �3 and
�4 is determined by �3 ¼ �4 ¼ r1 � ��=c, where �� corre-
sponds to the standard deviation of the measurement noise
n� in (3). For instance, as the value of �3 (or �4) increases, the
expected MS’s position xxe should move away from the line
that connects points M and N . The resulting location of xxe is
expected to move toward either point O or P . The effect is
coincident with the selection criterion of the weighting
coefficient (that is, (8)), which results in larger values of w3

and w4. The distance effect dk (as in (9)), which represents
the relative distances between the intersecting points, is also
considered for the determination of the expected virtual
distance xxe. The matrices associated in (10), (14), and (16) for
the two TOA and one AOA measurements are listed as in
Appendix.

3.4 The Proposed 3D Gale Algorithm

In this section, the proposed GALE algorithm is applied for
the estimation of a 3D MS position. The design concept of
the 3D GALE scheme can be extended from the 2D cases
described in Section 3.3. The 3D geometric constraints from
the cell layouts are adopted within the problem formulation
of the two-step LS method. The following two cases are
taken into account based on different scenarios.

3.4.1 Four TOA Measurements

Four BSs (that is, BS1, BS2, BS3, and BS4) associated with
four TOA measurements are required for the estimation of a
3D MS’s position. As illustrated in Fig. 3, every three of the
four TOA measurements will form an enclosed rugbylike
region with the existence of NLOS errors. The three TOA
measurements will intersect at two points and the remain-
der, that is, the fourth TOA measurement, will decide which
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Fig. 2. The schematic diagram of the TOA/AOA-based location

estimation for NLOS environments.



one of the intersecting points will be chosen. These selected
points (that is, points A, B, C, and D in Fig. 3) will then be
adopted within the 3D GALE algorithm. These four points
will bring about an overlap region in which the expected
position of the MS should be located. Similarly, the
parameter xx�, as defined in (5), becomes xxa ¼ ðxa; ya; zaÞ,
xxb ¼ ðxb; yb; zbÞ, xxc ¼ ðxc; yc; zcÞ, and xxd ¼ ðxd; yd; zdÞ. The
expected position of the MS xxe ¼ ðxe; ye; zeÞ is determined
with respect to points A, B, C, andD according to (7) and (8)
with I1 ¼ xxa, I2 ¼ xxb, I3 ¼ xxc, and I4 ¼ xxd. For the determi-
nation of the weighting coefficients wk, standard deviations
�1, �2, �3, and �4 are obtained from the TOA measurements,
that is, �1 ¼ �r1

, �2 ¼ �r2
, �3 ¼ �r3

, and �4 ¼ �r4
. Moreover,

the state vector zz (as in (11)) is enlarged to incorporate the
z direction of the MS’s position, that is, zz ¼ ½x y z ��T .
The corresponding matrices are listed in Appendix B.
Therefore, the GALE algorithm can be applied to solve for
the 3D location estimation problem.

3.4.2 Three TOA and One AOA Measurements

With the shortage of incoming signals (that is, only three
TOA measurements) from the BSs, the additional AOA
measurement from the home BS can be adopted for the
estimation of a 3D MS’s location. As illustrated in Fig. 4, the
three TOA measurements form a rugbylike region with two
endpoints, O and P . The AOA measurement from the BS1

will intersect the region at two points, M and N . The region
enclosed by these four points will be utilized as the
constrained area for the exploitation of the 3D GALE scheme.
Similar to Section 3.3.2, the intersecting points defined in (5)
can also be obtained by xx� ¼ xxm, xxn, xxo, and xxp, where
xxm ¼ ðxm; ym; zmÞ, xxn ¼ ðxn; yn; znÞ, xxo ¼ ðxo; yo; zoÞ, and
xxp ¼ ðxp; yp; zpÞ. The MS’s expected position xxe ¼ ðxe; ye; zeÞ
can therefore be determined based on (7) and (8).

Both �1 and �2 are obtained from the average standard
deviations of the two TOA measurements where the
intersecting point is not located, that is, if point M is
located on the spherical surface created from the TOA
measurement with radius r3, �1 will be equal to the average
of the standard deviations of measurements r1 and r2, that
is, �1 ¼ ð�r1

þ �r2
Þ=2. This indicates that the weighting

coefficient w1 will be influenced by the combined effect
from the standard deviations of the r1 and r2 measure-
ments, that is, �r1

and �r2
. The standard deviations �3 and �4

correspond to the same value, which indicate the average
value of the signal variations coming from both the
horizontal and the vertical AOA measurements (that is, �
and �). The selection of �3 and �4 is determined by
�3 ¼ �4 ¼ r1 � ð�� þ ��Þ=2c, where �� and �� correspond to
the standard deviations of the measurement noises n� and
n� in (3) and (4). As the value of �3 increases, the expected
MS’s position xxe should move away from the line that
connects points M and N . On the other hand, the weighting
coefficients wk are also affected by the distance effect dk (as
in (9)), which considers the relative capability of the
expected MS’s position to approach these four endpoints.
The matrices associated in (10), (14), and (16) can be found
in Appendix C. In the next section, the performance of both
the proposed 2D and 3D GALE algorithms under different
cases will be evaluated and compared via simulations.

4 PERFORMANCE EVALUATION

Simulations are performed to show the effectiveness of the
proposed 2D and 3D GALE schemes under different
scenarios. The noise models and the computation of CRLB
are illustrated in Sections 4.1 and 4.2. The simulation
parameters are listed in Section 4.3. The performance
comparison between the proposed GALE algorithm and
other existing location estimation schemes are conducted in
Section 4.4.

4.1 The Noise Models

Different noise models [31], [33], [34], [37], [38] for the TOA
and the AOA measurements are considered in the simula-
tions. It is noticed that the statistical models suggested from
the previous studies are primarily based on extensive field
experiments and observations. The model for the measure-
ment noise of the TOA signal is assumed to be Gaussian
distributed with its probability density function defined as

fn‘;mð
Þ ¼ fnmð
Þ ¼
1ffiffiffiffiffiffi

2�
p

�m
exp � 
2

2�2
m

	 

; ð18Þ

where all the TOA measurements are considered to share
the same distribution. The mean value nm is assumed to be
zero, whereas the standard deviation �m ¼ 10 m. It is noted
that the mean of the measurement noise is chosen to be zero
since the value is considered as the noiseless distance �‘. On
the other hand, an exponential distribution fn‘;nlð
Þ is
assumed for the NLOS noise model of the TOA measure-
ments [37]:
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Fig. 3. The schematic diagram of the TOA-based location estimation for

NLOS environments.

Fig. 4. The schematic diagram of the TOA/AOA-based location

estimation for NLOS environments.



fn‘;nlð
Þ ¼
1
�‘

exp � 

�‘

� �

 > 0

0 
 � 0;

(
ð19Þ

where �‘ ¼ c � ‘ ¼ c � m�"‘ � for ‘ ¼ 1, 2, 3, and 4. ‘ is the
root-mean-square (RMS) delay spread from the ‘th BS to the
MS, and m is the median value of ‘, whose value depends
on various environments. The performance of the location
schemes will be evaluated under different m values in
Section 4.2. " is the path loss exponent, which is assumed to
be 0.5, and the factor for shadow fading � is set to 1 in the
simulations. It is noted that parameter �‘ also depends on
the relative distance between the MS and BS‘, that is, �‘.
Moreover, the probability density functions of the noise
models for the horizontal AOA measurement ðfn�ð
ÞÞ and
the vertical AOA measurement ðfn�ð
ÞÞ are assumed to be
uniformly distributed [38]:

fn�ð
Þ ¼ fn�ð
Þ ¼
1

2�a
��a � 
 � �a

0 
 < ��a or 
 > �a;


ð20Þ

where �a is chosen to be 10, which indicates that the
measurement noise associated with the AOA signal varies
between �10o and 10o in both the horizontal and the vertical
directions. It is noticed that the parameters for the noise
models listed in this section primarily fulfill the environ-
ment while the MS is located within the suburban area.

4.2 Computation of the Cramér-Rao Lower Bound
(CRLB)

In this section, the derivation of the Cramér-Rao Lower
Bound (CRLB) is acquired based on the noise models
described in Section 4.1. CRLB is a lower bound on the
variance of a statistical estimator [39]. It has been
investigated to provide a lower bound for the variance
of the location estimators based on Gaussian-distributed
measurement inputs [40]. However, the CRLB based on
different noise models has not been developed for
location estimation. In order to provide a variance lower
bound for the location estimation algorithms (that is, the
GALE, the two-step LS, and the LLOP schemes), the
CRLB based on various distributions of measurement
inputs is derived in this section. As was indicated in (1),
the measured distance from the TOA signal r‘ consists of
the noiseless distance �‘, the measurement noise n‘;m, and
the NLOS error n‘;nl. The probability density function for
the combined noiseless distance �‘ and the measurement
noise n‘;m can be obtained by

f�‘þn‘;mð
Þ ¼
1ffiffiffiffiffiffi

2�
p

�m
exp �ð
� �‘Þ

2

2�2
m

 !
; ð21Þ

which corresponds to a Gaussian-distributed model with a
mean equal to �‘ and �m as the standard deviation.
Therefore, the probability density function of the measured
distance from the TOA signal r‘ is considered as the
combination of a Gaussian-distributed signal (that is,
f�‘þn‘;mð
Þ) and an exponentially distributed signal (that is,
fn‘;nlð
Þ). It can be acquired by convoluting (19) and (21) as

fr‘ð
Þ ¼
Z 


�1
f�‘þn‘;mð!Þ fn‘;nlð
� !Þ d!

¼ 1

�‘
exp � 
� �‘

�‘
þ �2

m

2�2
‘

	 

�


� �‘
�m

� �m
�‘

	 

;

ð22Þ

where �ð
Þ ¼
R 

�1

1ffiffiffiffi
2�
p expð� !2

2 Þd!. Moreover, the probabil-
ity density functions for the AOA measurements f�ð
Þ and

f�ð
Þ can be obtained by (from (3), (4), and (20)):

f�ð
Þ ¼
1

2�a
��a þ �t � 
 � �a þ �t

0 otherwise;


ð23Þ

f�ð
Þ ¼
1

2�a
��a þ �t � 
 � �a þ �t

0 otherwise:


ð24Þ

It is assumed that all the measurements from different
BSs are independent, including both the TOA and the
AOA signals. By considering the case with TOA/AOA
measurements for the 3D location estimation, the joint
probability density function frr;��ð

; zzpÞ with respect to the
variable zzp ¼ ½xx; �t; �t�T ¼ ½x; y; z; �t; �t�T can be obtained by

frr;��ð

; zzpÞ¼
YN
‘¼1

fr‘ð
‘;xxÞ � f�ð
�;xx; �tÞ � f�ð
�;xx; �tÞ

¼ 1

4�2
a

YN
‘¼1

1

�‘
exp � 
‘ � �‘

�‘
þ �2

m

2�2
‘

	 

�� 
‘ � �‘

�m
� �m
�‘

	 

;

ð25Þ

where rr¼½r1; . . . ; rN �T, ��¼½�; ��T, and 

¼½
1; . . . ; 
N; 
�; 
��T.
From (25), the natural logarithm of frr;��ð

; zzpÞ can be
expressed as

ln frr;��ð

; zzpÞ ¼ � lnð4�2
aÞ þ

XN
‘¼1

ln �

‘ � �‘
�m

� �m
�‘

	 
�

� ln�‘ þ � 
‘ � �‘
�‘

þ �2
m

2�2
‘

	 
�
:

ð26Þ

The partial derivative of ln frr;��ð

; zzpÞ with respect to zzp can
be obtained by

@

@zzp
ln frr;��ð

; zzpÞ ¼

XN
‘¼1

1

�‘

@�‘
@zzp
þ��1 
‘ � �‘

�m
� �m
�‘

	 

� @
@zzp

�

‘ � �‘
�m

� �m
�‘

	 
� �
;

ð27Þ
where

@�‘
@zzp
¼ 1

�‘
ðx� x‘Þ ðy� y‘Þ ðz� z‘Þ½ �T ; ð28Þ

@

@zzp
�


‘ � �‘
�m

� �m
�‘

	 

¼
� exp

�ð�2
mþ�‘�‘��‘
‘Þ

2

2�2
‘
�2
m

h i
ffiffiffiffiffiffi
2�
p

�‘ �m
�

ðx� x‘Þ ðy� y‘Þ ðz� z‘Þ½ �T :

ð29Þ

By adopting (27)-(29), the CRLB ð�Þ based on various types
of measurement signals can be obtained:

� ¼

E
@

@zzp
ln frr;��ð

; zzpÞ �

@

@zzp
ln frr;��ð

; zzpÞ

	 
T" #
zzp¼zz0

p

8<
:

9=
;
�1

;
ð30Þ

where zz0
p denotes the true values in the zzp vector, which are

substituted into (30) for the computation of �. It is noted
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that (30) represents the CRLB with the TOA/AOA
measurements for 3D location estimation. The CRLB for
other scenarios (for example, the TOA/AOA measurements
for 2D location estimation or the TOA measurements for
3D location estimation) can easily be obtained by neglecting
several terms in (28) and (29). In the simulations, the CRLBs
for the various cases will be utilized to provide the lower
bounds for the estimation variances while comparing
different location estimation schemes.

4.3 Simulation Parameters

Each case is conducted with 1,000 runs of simulations. The
simulation parameters associated with the two cases in the
2D scenarios (as described in Section 3.3) are listed as
follows:

1. Three TOA case. The home BS, that is, BS1, is located
at (0, 0) in meters, whereas the positions of the other
two BSs, BS2 and BS3, are located at (1;000; 1;000

ffiffiffi
3
p

)
and (�1;000; 1;000

ffiffiffi
3
p

) in meters. The true position
of the MS is assumed to be at ð600 � Um � 300; 600 �
Um � 300Þ in meters, where Um represents a uniform
distribution function within the interval [0 1]. As a
result, the MS is selected to be uniformly distrib-
uted around the neighborhood of the home BS, that
is, BS1.

2. Two TOA with one AOA case. The signal from BS3 is
assumed unavailable in this case. The MS can only
receive the signals from both BS1 and BS2 with their
coordinates as indicated in the first case. The true
position of the MS is located at ð500 � Um; 500 � UmÞ in
meters.

The parameters for the 3D cases (as in Section 3.4) are listed

as follows:

1. Four TOA case. The home BS, that is, BS1, is located
at (0, 0, 260) in meters, whereas the positions of the
other three BSs, BS2, BS3, and BS4, are located at
(250

ffiffiffi
3
p

, 250
ffiffiffi
3
p

, 240), (�250
ffiffiffi
3
p

, 250
ffiffiffi
3
p

, 180), and (500,
0, 290) in meters. The true position of the MS is
assumed to be at ð160 � Um; 160 � Um; 220� 50 � UmÞ in
meters in this case.

2. Three TOA with one AOA case. The signal from BS4 is
assumed unavailable in this case. The MS can only
receive the signals from BS1, BS2, and BS3 with their
coordinates as indicated in the four TOA case. The
true position of the MS is located at ð160 � Um; 160 �
Um; 220� 50 � UmÞ in meters.

4.4 Simulation Results

Tables 1, 2, 3, and 4 and Figs. 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,

and 15 show the performance evaluation of the proposed

FENG ET AL.: GALE: AN ENHANCED GEOMETRY-ASSISTED LOCATION ESTIMATION ALGORITHM FOR NLOS ENVIRONMENTS 207

TABLE 1
Performance Comparison between the Location Estimation Algorithms
for the 2D Case with Three TOA Measurements (Estimation Error ðmÞ)

TABLE 2
Performance Comparison between the Location Estimation Algorithms for the
2D Case with Two TOA and One AOA Measurements (Estimation Error ðmÞ)

TABLE 3
Performance Comparison between the Location Estimation Algorithms
for the 3D Case with Four TOA Measurements (Estimation Error ðmÞ)

TABLE 4
Performance Comparison between the Location Estimation Algorithms for the

3D Case with Three TOA and One AOA Measurements (Estimation Error ðmÞ)



GALE algorithm. The GALE scheme is compared with the
two-step LS, the LLOP, and the RSA techniques under
different situations. It is noted that both the two-step LS

algorithm [6] and the LLOP scheme [29] are adopted from

the previous work for the 2D MS’s location estimation. The

3D location estimation using these two schemes are derived
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Fig. 5. Performance comparison between the location estimation
algorithms for the 2D case with three TOA measurements: average
estimation error versus NLOS noises.

Fig. 6. Location estimation using the GALE algorithm for the 2D case
with three TOA measurements: (top plot) x-direction error ðmÞ versus
percentage of position errors and the NLOS noises; (bottom plot)
y-direction error ðmÞ versus percentage of position errors and the NLOS
noises.

Fig. 7. Performance comparison between the location estimation

algorithms for the 2D case with three TOA measurements: MSE versus

NLOS noises (with 50 percent position error).

Fig. 8. Sensitivity analysis of the GALE algorithm for the 2D case with

three TOA measurements: average estimation error versus NLOS

noises (with 95 percent position error).

Fig. 9. Performance comparison between the location estimation

algorithms for the two TOA and one AOA case: average estimation

error versus NLOS noises.

Fig. 10. Performance comparison between the location estimation

algorithms for the two TOA and one AOA Case: MSE versus NLOS

noises (with 50 percent position error).



and extended in this paper in order to demonstrate the

performance comparison with the proposed 3D GALE

algorithm. However, the RSA scheme [32] was originally

formulated for the estimation of the 2D MS’s location under

three TOA measurements. Due to its intricate formulation

and difficulty for extension, it will only be utilized for

performance comparison for the 2D case with three TOA

measurements.

4.4.1 Simulation Results for the 2D Cases

Table 1 and Figs. 5, 6, and 7 illustrate the performance

comparison between the location estimation schemes for the

2D case with three TOA measurements. Table 1 illustrates

the comparison between these schemes under different

percentages of position errors, which is obtained by sorting

the entire set of estimation errors according to their

magnitudes. The enhanced 911 of the Federal Communica-

tions Commission (FCC) [1] defines the location accuracy

requirements for both 67 percent and 95 percent of position

errors for the network-based location systems. In order to
provide a more comprehensive comparison, the complete
set of the percentage of position errors is revealed in
Table 1.
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Fig. 11. Performance comparison between the location estimation
algorithms for the 3D case with four TOA measurements: average
estimation error versus NLOS noises.

Fig. 12. Location estimation using the GALE algorithm for the 3D case
with four TOA measurements: (top plot) x-direction error ðmÞ versus
percentage of position errors and the NLOS noises; (middle plot)
y-direction error ðmÞ versus percentage of position errors and the NLOS
noises; (bottom plot) z-direction error ðmÞ versus percentage of position
errors and the NLOS noises.

Fig. 13. Performance comparison between the location estimation
algorithms for the 3D case with four TOA measurements: MSE versus
NLOS noises (with 50 percent position error).

Fig. 14. Performance comparison between the location estimation
algorithms for the three TOA and one AOA case: average estimation
error versus NLOS noises.

Fig. 15. Performance comparison between the location estimation

algorithms for the three TOA and one AOA case: MSE versus NLOS

noises (with 50 percent position error).



It can be seen in Table 1 that the proposed 2D GALE
algorithm can achieve better estimation performance
compared with the other three approaches. It is noted that
the data are obtained under m ¼ 0:3 �s. The GALE scheme
can outperform the RSA, the LLOP, and the two-step LS
methods with around 47, 52, and 67 meters of estimation
errors under 90 percent of position errors. The sudden
increases in the percentage of position errors between
90 percent and 100 percent primarily resulted from the
larger noises (combination of the NLOS and the measure-
ment noises) due to the utilization of the probability
models, that is, those data are considered to have the
largest standard deviation from their noise models. It is also
noticed that the estimation error of the MS’s position is
represented as �x̂x ¼ kx̂x� xxk, where x̂x represents the final
location estimate from the location estimation algorithms.

Fig. 5 shows the comparison between these schemes

under different NLOS errors. It represents the average

position errors with variations on the m values, that is, m ¼
0.1, 0.2, 0.3, 0.4, and 0.5 �s. As can be seen from the figure, the

estimation errors are severely increased as the value of

the NLOS noise is raised. It can be found that the GALE

algorithm can still achieve better performance, especially

with larger NLOS noises. The GALE approach can provide

around 50m less in the estimation error compared to the two-

step LS scheme and around 25 m less in comparison with

the RSA and the LLOP methods (under m ¼ 0:5 �s). Fig. 6

shows the location estimation errors obtained from the

GALE algorithm in both the x and y-directions, that is, �x ¼
jx̂� xj and �y ¼ jŷ� yj. Both subplots are conducted under

different percentages of position errors and NLOS noises. It

can be observed that the estimation errors in both the x and

y-directions follow similar trends and values under the

various situations. Moreover, Fig. 7 shows the Mean Square

Error (MSE) of location estimation versus different m values.

The results are obtained at a specific location of the MS (that

is, xx ¼ ð107; 241Þ) due to the CRLB requirement in (30). It is

noted that MSE ¼ 10 � log½ 1N
PN

1 kx̂x� xxk
2� in decibels, where

N indicates the number of runs in the simulations. The four

location estimation schemes are illustrated with the asso-

ciated CRLB for three TOA measurements. It can be observed

that the CRLB provides the lower bound for this scenario,

which also increases as m is augmented. The proposed

GALE scheme can still offer the smallest MSE for location

estimation compared with the other three algorithms.

In order to illustrate the feasibility of the proposed GALE

algorithm, the sensitivity of the location estimation obtained

from the GALE scheme is analyzed according to the initial

estimate of the noise matrix  (as in (14)). As shown in

Fig. 8, the simulation results for the GALE-IDEAL case is

obtained by adopting the true values of 1) the weighting

matrix B ¼ diagf�1; �2; �3; �g, where the elements in B are

computed by assuming a known value of the MS’s position,

and 2) n ¼ fn1; n2; n3; n�=cg, where the noise values are

obtained directly from the noise models (as in (18) and (19))

for each simulation. On the other hand, the simulation

results for the GALE scheme is acquired by considering the

estimated value of B and n as B̂ ¼ diagfr1; r2; r3; �eg and

n̂ ¼ f�r1
; �r2

; �r3
; ��e=cg, where the elements in B̂ and n̂ are

computed from the measurement inputs. It can be observed

in Fig. 8 that the deviations between the GALE scheme and

the GALE-IDEAL line are considered not significant, that is,

around 8 to 10 m differences of estimation error under the

various values of m.

Table 2 and Figs. 9 and 10 illustrate the performance

comparison for the 2D case with two TOA and one AOA

measurements. It is noted that the Hybrid Line-Of-Position

(HLOP) scheme [30], which combines both the TOA and the

AOA measurements, is utilized for comparison purposes. It

can also be seen in Table 2 that the proposed 2D GALE

algorithm can obtain better estimation performance com-

pared with the other two methods under different

percentages of position errors (with m ¼ 0:3 �s). Compared

with the two-step LS method and the HLOP scheme,

around 7 m and 76 m fewer estimation errors under

80 percent of average position errors can be achieved using

the GALE scheme. Fig. 9 shows the average estimation

errors from these three algorithms under different NLOS

environments. It can also be seen that the proposed

2D GALE approach can provide around 25 m and 45 m

fewer estimation errors in comparison with the two-step LS

and the HLOP schemes (under m ¼ 0:5 �s). The MSE for

location estimation under different m is illustrated in

Fig. 10, which is conducted with xx ¼ ð358; 60Þ. The

proposed GALE scheme provides around 1 dB and 2 dB

less MSE compared with the two-step LS and the HLOP

methods.

4.4.2 Simulation Results for the 3D Cases

Table 3 and Figs. 11 and 13 illustrate the performance
comparison between the location estimation schemes for the
3D case with four TOA measurements. Table 3 shows the
estimation errors obtained from the three schemes under
different percentages of position errors (at m ¼ 0:3 �s). It
can be seen in Table 3 that the proposed 3D GALE
algorithm can acquire much better performance compared
with the other two schemes. The GALE scheme outper-
forms the two-step LS and the LLOP methods with around
252 m and 1,962 m of estimation errors, respectively, under
80 percent of average position errors. Fig. 11 shows the
average position errors by comparing the three schemes
under different NLOS noises. It is perceived that the
proposed 3D GALE algorithm can achieve better perfor-
mance with around 280 m less estimation error compared
with the two-step LS method (under m ¼ 0:5 �s).

Fig. 12 shows the location estimation errors acquired
from the GALE algorithm in the x, y, and z-coordinates
(that is, �x ¼ jx̂� xj, �y ¼ jŷ� yj, and �z ¼ jẑ� zj) for the
3D case with four TOA measurements. It can be found that
excessive numbers of estimation errors have been observed
in the z-direction compared with the other two directions in
most situations. The reason is due to the different orders of
magnitude between the vertical and the horizontal dis-
tances within the cell layouts [41]. The relative horizontal
distances between the MS and the BSs can reach around the
range of kilometers, whereas the MS’s heights obtained
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from the z-directions usually ranged in meters. It has also
been experimented and validated in our simulations that
the z-direction position errors of the MS can be reduced as
the horizontal relative distances between the BSs are
decreased (that is, lowered to the range of meter scale).
Based on the above findings, it can be suggested that the
3D GALE algorithm is especially feasible to be adopted in
the scenarios of microcell layouts.

Fig. 13 shows the MSE of the three schemes and the
associated CRLB under four TOA measurements (at
xx ¼ ð108; 103; 21Þ). It can be observed that the GALE
algorithm outperforms the two-step LS and the LLOP
schemes with 5 and 30 dB fewer MSE errors under
m ¼ 0:5 �s. Compared with the 2D cases, it is observed in
Table 3 and Figs. 11 and 13 that the effectiveness of the
proposed GALE scheme can be demonstrated especially in
the 3D case. The 3D GALE algorithm can still provide
reasonable precision for location estimation, whereas the
other two schemes result in excessive position errors.
Moreover, it can be found that the LLOP scheme within
the 3D scenarios suffers from severe estimation errors,
which does not happen in the 2D cases. The reasons can
be explained by observing the geometric intersection from
the LLOP algorithm. In the 3D case, the four planes
derived from the four TOA measurements may not
intersect with each other for location estimation, whereas
the definite intersections can be obtained between linear
lines for the 2D case. As a result, the LLOP scheme within
the 3D scenarios will induce poor accuracy for the location
estimation of the MS.

Table 4 and Figs. 14 and 15 illustrate the performance
comparison for the 3D case with three TOA and one AOA
measurements. As shown in Table 4 (with m ¼ 0:3), the
GALE algorithm can obtain better location estimation
accuracy compared with the other schemes. Under 80 per-
cent of position errors, the GALE algorithm can achieve
around 7 and 114 m fewer estimation errors compared with
the two-step LS and the HLOP methods. Fig. 14 shows the
comparison of the average estimation errors between these
three schemes under different NLOS noises. Compared
with the two-step LS and the HLOP schemes, the GALE
approach can provide around 10 m and 200 m fewer
estimation errors, respectively, in the position error under
m ¼ 0:5 �s. Fig. 15 illustrates the MSE of the location
estimate under different NLOS noises (at xx ¼ ð50; 75; 21Þ).
The proposed GALE scheme can achieve better perfor-
mance compared with the other two methods.

The merits of considering the geometric constraints within
the formulation of the proposed GALE scheme can be
observed from these simulation results. A feasible location
estimate of the MS, both in the 2D and 3D scenarios, can be
acquired within the efficient GALE scheme proposed.

5 CONCLUSION

An efficient GALE algorithm is proposed in this paper. The
proposed GALE algorithm can be utilized for the estimation
of either the 2D or the 3D position of the MS. The GALE
scheme enhances the conventional two-step LS algorithm
by imposing additional geometric constraints within its
formulation. By using the proposed GALE algorithm, the

computational efficiency acquired from the two-step LS

method is preserved. Moreover, higher location estimation

accuracy for the MS is also achieved, especially under

NLOS environments. Different types of geometric layouts

between the MS and its associated BSs are considered both

in the design of the GALE algorithm and in the perfor-

mance comparison. It is shown in the simulation results that

the proposed GALE algorithm provides a better position

location estimate compared with other existing methods.

APPENDIX A

A.1 Matrices for the 2D GALE Algorithm with Two
TOA and One AOA Measurements

For the case of two TOA and one AOA measurements,

matrices H and J in (10) are reformulated as

H ¼
H2�3
TOA

H1�3
AOA

H1�3
�

2
64

3
75 ¼

�2x1 �2y1 1
�2x2 �2y2 1
� sin � cos � 0
�2x� �2y� 1

2
664

3
775; ð31Þ

J ¼
J2�1
TOA

J1�1
AOA

J1�1
�

2
64

3
75 ¼

r2
1 � 	1

r2
2 � 	2

�x1 sin �þ y1 cos �
�2
e � 	�

2
664

3
775: ð32Þ

Matrices B, n, and Q associated with the noise matrix � (as

in (14) and (16)) can be obtained by

B ¼ diagf �1; �2; �1; � g;
n ¼ ½n1 n2 n� n�=c �T ;
Q ¼ diag �2

r1
; �2

r2
; �2

�; �2
�e
=c2

� �
:

It is noted that value in the third diagonal term within

matrix B, that is, the element �1, can be obtained as in [28]

based on the geometric approximation of the AOA

measurement.

A.2 Matrices for the 3D GALE Algorithm with Four
TOA Measurements

For the case of four TOA measurements, the corresponding

matrices, H and J, in (10) should be modified to

incorporate the additional z-dimension for location estima-

tion as follows:

H ¼
H4�4
TOA

H1�4
�

" #
¼

�2x1 �2y1 �2z1 1
�2x2 �2y2 �2z2 1
�2x3 �2y3 �2z3 1
�2x4 �2y4 �2z4 1
�2x� �2y� �2z� 1

2
66664

3
77775; ð33Þ

J ¼
J4�1
TOA

J1�1
�

" #
¼

r2
1 � 	1

r2
2 � 	2

r2
3 � 	3

r2
4 � 	4

�2
e � 	�

2
666664

3
777775; ð34Þ

where the coefficients within the matrices can be

obtained by
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� ¼x2 þ y2 þ z2;

	‘ ¼x2
‘ þ y2

‘ þ z2
‘ for ‘ ¼ 1; 2; 3; 4;

x� ¼
1

4
ðxa þ xb þ xc þ xdÞ;

y� ¼
1

4
ðya þ yb þ yc þ ydÞ;

z� ¼
1

4
ðza þ zb þ zc þ zdÞ;

	� ¼
1

4
x2
a þ x2

b þ x2
c þ x2

d þ y2
a þ y2

b þ y2
c þ y2

d

�
þz2

a þ z2
b þ z2

c þ z2
d

�
:

Matrices B, n, and Q associated with the noise matrix  , as

in (14) and (16), are adjusted as

B ¼diagf �1; �2; �3; �4; � g;
n ¼ ½n1 n2 n3 n4 n�=c �T ;
Q ¼diag �2

r1
; �2

r2
; �2

r3
; �2

r4
; �2

�e
=c2

� �
:

A.3 Matrices for the 3D GALE Algorithm with Three
TOA and One AOA Measurements

By incorporating the 3D AOA measurement (as defined in

(3) and (4)) and the z-dimensional position estimate, matrices

H and J in (10) can be augmented as

H ¼
H3�4
TOA

H2�4
AOA

H1�4
�

2
64

3
75 ¼

�2x1 �2y1 �2z1 1

�2x2 �2y2 �2z2 1

�2x3 �2y3 �2z3 1

� sin � cos � 0 0

0 0 cos� 0

�2x� �2y� �2z� 1

2
666666664

3
777777775
; ð35Þ

J ¼
J4�1
TOA

H2�1
AOA

J1�1
�

2
64

3
75 ¼

r2
1 � 	1

r2
2 � 	2

�x1 sin �þ y1 cos �

z1cos�þ r1 cos� sin�

�2
e � 	�

2
6666664

3
7777775
: ð36Þ

Matrices B, n, and Q associated with the noise matrix  

(as in (14)) can be obtained by

B ¼diagf �1; �2; �3; �1 cos�; �1; � g;
n ¼ ½n1 n2 n3 n� n� n�=c �T ;
Q ¼diag �2

r1
; �2

r2
; �2

r3
; �2

�; �2
�; �2

�e
=c2

� �
:
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