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Abstract 
 

In multiresolution image representation, the 

method of image pyramids is simple and 

powerful. Depending on the underlying 

operators, image pyramids are roughly 

classified as linear and nonlinear pyramids. 

In 2000, Goutsias and Heijmans proposed a 

general theory, called pyramid transform, to 

unify the notions of linear and nonlinear 

image pyramids. They implement the 

decomposition procedure in constructing an 

image pyramid by analysis operator and the 

approximation procedure by synthesis 

operator. In a pyramid transform, the analysis 

and synthesis operators possess some 

properties quite similar to those possessed by 

adjunctions in mathematical morphology. 

Indeed, many morphological operators can be 

employed to form pyramid transform. In such 

cases, the resulting image pyramids are called 

morphological pyramids. 

It is interesting that morphological 

skeletons are examples of morphological 

pyramids. Besides, image quantization, 

which is a frequently used technique in image 

compression, can also be used to form image 

pyramids. Therefore, it is our first purpose to 

investigate different morphological pyramids 

and their applications in image compression.. 

In order to represent detail images and 

reconstruct images from their pyramid 

transforms, subtraction and addition 

operators are essential. In this report, we 

suggest to define these two operators under 

the structure of a clc-monoid. 
 

Keywords: Multiresolution Image 
Decomposition, Image Pyramid, Pyramid 
Transform, Morphological Pyramid 
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1. INTRODUCTION 
 

Image pyramids are simple and powerful in 

multiresolution image representation [1, 2, 4, 

8, 9, 10, 11, 12, 13]. Depending on the filters 

used, they are classified as linear and 

nonlinear pyramids. In 2000, Goutsias and 

Heijmans [3, 5] proposed a general theory, 

called pyramid transform, to unify the 

notions of linear and nonlinear image 

pyramids. They implement the 

decomposition procedure in constructing an 

image pyramid by analysis operator and the 

approximation procedure by synthesis 

operator. If morphological operators are 

employed as the analysis and synthesis 

operators to form pyramid transforms, the 

resulting image pyramids are called 

morphological pyramids. 
In order to represent detail images and 

reconstruct images from their pyramid 
transforms, subtraction and addition 
operators are essential. However, the usual 
subtraction and addition operators on integers 
are not operators on gray scales, for instance 
the gray scale {0, 1, …, 255}. In this report, 
we suggest to define these two operators 
under the structure of a clc-monoid [6]. 

 
2. PYRAMID TRANSFORMS 
 

In the general framework of pyramidal 
image decomposition, there are given 
complete lattices 
 
        �,,, 210 LLL  

 
with the following analysis and synthesis 
operators: 
 
(1) analysis operators: 
 
    �,1,0,: 1 =→ + jLLU jjj  

 
(2) synthesis operators: 
 

    �,1,0,: 1 =→+ jLLS jjj  

 
The operators jU  and jS  are said to 

satisfied the pyramid condition if the 
composition jj SU  is the identity operator 

on 1+jL . 

For an image 0Lx ∈ , we define 

 
     xy =0  

     �,2,1,0),(1 ==+ jyUy jj  

     �,2,1,0),( 1 == + jySx jjj  

 
The image jy  is called the level j 

approximation of x and the image jx  is 

called the level j prediction of x. The 
approximation images �,,, 210 yyy  are 

used to form the image pyramid 
representation of x. 

Furthermore, suppose that there exit a 
subtraction operator j−  and an addition 

operator j+  on jL . Then the image jr  

given by jjjj xyr −=  is called the level j 

prediction residual of x. We will have a 
perfect reconstruction if jjjj yxr =+ . 

Under such perfect reconstruction conditions, 
the recursive analysis scheme 
 
   �→→→= },,{},{ 012010 rryryxy  

 
where )(1 jjj yUy =+ , )( 1+−= jjjjj ySyr , 

for each 0≥j , is called the pyramid 
transform of x. Moreover, the reconstruction 
procedure 
 
  jjjjj rySy += + )( 1 , 0≥j  and 0yx =  

 
is called the inverse pyramid transform of 
x. 
 
3. MORPHOLOGICAL PYRAMIDS 
 

Let jL  be the set of all digital images 

defined on 2Z  with gray scale G, where G 
is a complete lattice. Then the following 
analysis and synthesis operators are used to 
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form the morphological pyramid transform 
of an image x: 
 

     =))(( nxU ∧
∈ 2Zk

))((2 kxnk −ε  

     =))(( kxS ∨
∈ 2Zn

))((2 nxnk −δ  

 
if the following assumptions are made: 
 
(1) For each 2Zk ∈ , kε  is an erosion and 

kδ  is a dilation such that 

 
     yxk ≤)(δ  if and only if )( yx kε≤  

 
(2) Let A be the set of all 2Zk ∈  such that 

kε  and kδ  are nontrivial. Denote ][2 nZ  

as the set }2|{ 22 ZnkZk ∈−∈  and A[n] as 

the set ][2 nZA ∩ . Then there exists a pixel 

a such that A[a] = {a} and aδ  is injective. 

An interesting consequence of the above 
framework is that the morphological 
skeletonization is a special case of the 
morphological pyramid transformation. 

 
4. APPLICATIONS 
 

In the construction of a morphological 
pyramid transform, the following 
assumptions are made: 
(1) the underlying structure of the set of 
digital images is a complete lattice or a chain; 
(2) there exist subtraction and addition 
operators that satisfied the perfect 
reconstruction condition xyxy =−+ )(  if 

xy ≤ . 
     In most applications, the gray scale G 
is the set }255,,1,0{ �  and the subtraction 
and addition operations are the usual 
subtraction and addition operations on 
integers. However, it should be noted that the 
usual subtraction and addition operations are 
actually not operations on G. Therefore, we 
propose the following structure to make the 
construction of morphological pyramid 
transform more theoretically justifiable. 

In this report, we assume that the 
underlying structure of the gray scale G form 

a complete clc-monoid ),,,,( idG ∗∧∨ . In 
this structure, the element  
 
     }|{: abccba ≤∗∨=  
 
is called the residual of a by b. Then, the 
subtraction and addition operators on G are 
defined as 
 
     ddd baba )( ∗=+  

     ddd baba ):(=−  
 
For instance, if baba ∧=∗ , then 
 
     baba ∨=+  

     
�
�
�

≤
>

=−
baif

baifa
ba

0
 

 
Observe that abab =−+ )(  if ab ≤  in 
this instance. In some other instances, the 
perfect reconstruction condition might not be 
satisfied. Then, we can only obtain lossy 
compression results in those cases. 

 
5. CONCLUSIONS 
 

In this study we investigate the 
morphological approach to pyramid 
transform. This approach uses morphological 
operators to form the analysis and synthesis 
operators. In order to obtain detail images 
and to reconstruct the original image from 
pyramid transform, two additional operators 
subtraction and addition are defined. We 
propose the definitions of these two operators 
under the structure of a clc-monoid. 
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