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By the developed mathematical model of spherical gears from literature [16], conditions of
tooth undercutting of spherical gears with convex and concave teeth and tooth pointing
conditions of the proposed concave spherical gear are derived. Besides, tooth flank profile
deviations, limit curves of tooth undercutting and the beginning points of tooth undercutting
and tooth pointing of the proposed spherical gear can be obtained by applying the spherical
gear tooth mathematical model and the developed computer simulation programs, as
illustrated by five numerical examples.
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1. Introduction

A convex and concave spherical gear can be considered as a spur gear with continuous positive and negative profile-shiftings in
a quadric form beginning from both ends of the tooth face width to themiddle section. Therefore, tooth undercutting easily occurs
on the active tooth flank near both ends of the tooth facewidth of a convex spherical gear, while tooth pointing easily occurs on the
tooth top near both ends of the tooth face width of a concave spherical gear. It is well known that tooth undercutting of a gear may
decrease the gear strength and contact ratio of a gear pair, while tooth pointing of a gear may get wear near the tooth top.
Therefore, the conditions of tooth undercutting and pointing are important issues for gear design and manufacturing, and
literatures on the topics have received considerable attention. Some researchers [1,2] investigated the evolution in design theory
and gearing applications. In the pioneer work, Litvin [3], and Litvin and Fuentes [4] proposed a method for investigation on the
conditions of tooth pointing and tooth undercutting by considering the relative velocity and equation of meshing. Chang et al. [5]
developed a mathematical model and investigated the undercutting condition of elliptical gears generated by rack cutters. Liu and
Tsay [6] studied the tooth undercutting of beveloid gears, and proposed two practicable methods to avoid the tooth undercutting
on active tooth flanks. Chen et al. [7] studied the mathematical model and tooth undercutting of the modified helical gears with a
smaller number of teeth. The mathematical model and undercutting analysis of cylindrical gears with curvilinear shaped teeth
were investigated by Tseng and Tsay [8]. The tooth profile deviation of cylindrical gears with curvilinear shaped teeth was also
studied by Tseng and Tsay [9]. Furthermore, Yang [10,11] proposed a ring-involute-teeth spherical gear with double degrees of
freedom. Yang [12] applied the spherical gear with double degrees of freedom to the elbow mechanism. Tsai and Jehng [13]
applied a rapid prototyping to manufacture a spherical gear with skew axes. However, both spherical gears investigated by Yang
[10–12] and Tsai and Jehng [13] are different from that proposed in this study either in generation mechanism, teeth profiles,
transmission characteristics or meshing model of gear set. Moreover, Novikov [14] proposed a helical gear with circular tooth
profile, and it is the so-called Novikov gear. However, the spherical gear proposed here, having concave and convex tooth shapes
along its tooth width direction, is different from that of the Novikov gear.
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Nomenclature

a, b Design parameter of rack cutter (i=F, P) (Fig. 2 and Table 1)
‘i Profile parameter of rack cutter (i=F, P)
mn Normal module (Table 1)
Nj Number of teeth of spherical gear ( j=1, 2) (Table 1)
rtl Radius of tooth top circle (Fig. 2 and Eq. (12))
Rj Spherical radius ( j=1, 2) (Fig. 1 and Table 1)
Rf
(i) Position vector of surface Σi (i=F, P) expressed in coordinate system Sf (Eq. (5))

Rj Position vector of surface Σj ( j=1, 2) expressed in coordinate system Sj (Eqs. (1), (2) and (12))
Sf (Xf, Yf, Zf) Cartesian coordinate system f with three mutual perpendicular axes Xf, Yf and Zf
ttl Tooth thickness of tooth topland (Fig. 2)
T Tangent vector to the generated tooth flank
Vx
(ij),Vy

(ij),Vz
(ij) X, Y and Z components of relative velocity V(ij), between rack cutter i (i=F, P) and spherical gear j ( j=1, 2)
(Eqs. (6)–(9))

V(ij) Relative velocity (sliding velocity) of a point of rack cutter surface Σi (i=F, P) with respect to the same point of the
generated gear surface Σj ( j=1, 2)

Vr
( j) Relative velocity of a point of surface Σj ( j=1, 2) in its relative motion over the same surface Σj ( j=1, 2)

W Face width of the spherical gear (Figs. 1, 4, 5 and Table 1)
αn Normal pressure angle (Table 1)
θj Spherical angle of the spherical gear j ( j=1, 2)
ωh, ωj Angular velocities of hob cutter h and generated gear j ( j=1, 2) (Fig. 1)

Table 1
Major design parameters of external spherical and spur gears.

Type of gears Convex tooth Concave tooth Spur

Normal module mn (mm/teeth) 2 2 2
Design parameter a (mm) 2 2 2
Design parameter b (mm) 3.1416 3.1416 3.1416

Example 1
Normal pressure angle αn (deg.) 20 20 20
Number of teeth Nj 33 33 33
Face width W (mm) 15 15 15
Spherical gear radius Rj (mm) 33 33 –

Max. spherical angle θj (deg.) ±13.137 ±13.137 –

Example 2
Normal pressure angle αn (deg.) 14.5 14.5 –

Number of teeth Nj 33 28 –

Face width W (mm) 15 15 –

Spherical gear radius Rj (mm) 33 33 –

Max. spherical angle θj (deg.) ±13.137 ±15.537 –

Example 3
Normal pressure angle αn (deg.) 14.5 14.5 –

Number of teeth Nj 23/31/37/43 29/33/37/41 –

Face width W (mm) 15 15 –

Spherical gear radius Rj (mm) 23/31/37/43 29/33/37/41 –

Max. spherical angle θj (deg.) ±19.031/±14.001/±11.695/±10.045 ±14.988/±13.137/±11.695/±10.54 –

Example 4
Normal pressure angle αn (deg.) 14.5/20/25 – –

Number of teeth Nj 18–36 – –

Spherical gear radius Rj (mm) 18–36

Example 5
Normal pressure angle αn (deg.) – 14.5/20/25 –

Number of teeth N2 – 15–35 –

Spherical gear radius R2 (mm) – 15–35 –
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Fig. 1. Hobbing locus for spherical gears with (a) convex teeth and (b) concave teeth.
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Since the spherical gear is hobbed by a hob cutter, the convex and concave spherical gears can be considered as hobbing a spur
gear with its hobbing path of continuous positive-direction or negative-direction profile-shiftings in a quadric form, beginning
from both sides of the tooth face width to its middle section, respectively [15,16]. Where the positive-direction profile-shifting is
set as the direction outward the generated gear, whereas the negative-direction profile-shifting is set as the direction inward the
generated gear. Compared with the standard tooth profile of a spur gear, the tooth profiles at both ends of tooth face width of the
convex spherical gear have negative profile-shifting, whereas the same profiles of the concave spherical gear have positive profile-
shifting. Therefore, the occurrence of tooth undercuttings on both ends of the face width is easier than that at the middle section
for a convex spherical gear, whereas the inverse situation exists for the concave spherical gear tooth flanks.

Different from the conventional spur gear set, the spherical gear set allows variable shaft angles and larger axial misalignments
without gear interference in meshing. Besides, the spherical gear allows assembly errors of axial-misalignments, and its bearing
contact still located on the middle region of the tooth width. The spur gear and conical gear drives are sensitive to axial-
misalignments since thesemay result in edge contact of the gear drive. Moreover, the hobbing path of a spherical gear is generated
by hobbing a cylinder with a quadric form of continuous profile-shifting (i.e. an arc) along the gear rotation axis instead of a
straight line for conventional spur gear's generation.

Further, based on the spherical gear's mathematical model [16] and theory of gearing, the tooth undercutting and tooth
pointing of the proposed spherical gear, and the tooth flank profile deviations of the spur and proposed spherical gears are
investigated and demonstrated by five numerical examples. Moreover, the limit curves and the beginning points of tooth
undercutting and pointing are also studied.

2. Mathematical model representations of spherical gears developed in Ref. [16]

In this section, two hobbing loci of a hob cutter are considered to simulate the hobbing process for spherical gears with convex
teeth and concave teeth, as shown in Fig. 1. According to the theory of gearing and the gear hobbingmechanism, themathematical
model of spherical gears with convex and concave teeth has been developed in literature [16]. For brevity, the development of
Fig. 2. Tooth pointing of concave spherical gear.
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mathematical model for convex and concave spherical gears is not presented in detail here. Therefore, the locus equations of rack
cutter surfaces (ΣF and ΣP) for convex and concave spherical gears (Σ1 and Σ2) can be referred to the literature [16] and attained
respectively as follows [16]:
and

where
denote
positio
indica
cutter

F

R1 =
−a + ‘F cosαn + R1ð Þcosθ1−R1 + r1½ �cosϕ1− ∓b∓atanαn � ‘F sinαn−r1ϕ1½ �sinϕ1
−a + ‘F cosαn + R1ð Þcosθ1−R1 + r1½ �sinϕ1 + ∓b∓atanαn � ‘F sinαn−r1ϕ1½ �cosϕ1

a−‘F cosαn + R1ð Þsinθ1

2
4

3
5; ð1Þ

R2 =
−a + ‘P cosαn + R2ð Þcosθ2−R2−r2½ �cosϕ2 + ∓b∓atanαn � ‘P sinαn−r2ϕ2½ �sinϕ2

− −a + ‘P cosαn + R2ð Þcosθ2−R2−r2½ �sinϕ2 + ∓b∓atanαn � ‘P sinαn−r2ϕ2½ �cosϕ2
a−‘P cosαn + R2ð Þsinθ2

2
4

3
5; ð2Þ

symbols R1 and R2 represent the spherical radii of a convex tooth and a concave tooth, respectively, and symbols θ1 and θ2
the spherical angles of a convex tooth and a concave tooth, measured from the central section of the spherical gears to the
n of hob cutter's normal section at every rotation instant, in the gears hobbing process, respectively. Moreover, symbol αn

tes the pressure angle of the spherical gears. Parameters ‘i (i=F, P) and θj ( j=1, 2) are the surface coordinates of the rack
surfaces, respectively, where, superscripts i=F corresponds to j=1 while i=P corresponds to j=2 since rack cutter ΣF

tes gear Σ1 and rack cutter ΣP generates gear Σ2.
genera
Variant equations of meshing for the convex and concave spherical gears can be rewritten in terms of the design parameters of

the gears by applying the methods from literature [16] as
f ‘i; θj;ϕj

� �
= � a−‘i cosαn + Rj

� �
rjϕj � b� atanαn∓‘i sinαn

� �
cosθj sinαn

+ a−‘i cosαn + Rj cos2θj
� �

a−‘i cosαn−Rj

� �
cosθj + Rj

h i
cosαn = 0;

ð3Þ

, superscripts i=F corresponds to j=1while i=P corresponds to j=2 since rack cutterΣF generates gearΣ1 and rack cutter
where
ΣP generates gear Σ2. It is noted that the equation is in the quadric form with continuous profile-shifting (i.e. spherical radius Rj
shown in Fig. 3 of the literature [16]), as shown in Eq. (3). If the spherical radius Rj ( j=1, 2) approaches to infinite (i.e. hobbing
with a straight path), the spherical gear angle θj ( j=1, 2) will tend to zero. Therefore, the equation of meshing of the convex and
concave spherical gears becomes the same as that of the spur gear. Moreover, the upper and lower signs expressed in Eqs. (1)–(3)
represent the left and right sides of the rack cutter surfaces, respectively. The mathematical models of the spherical gears with
convex teeth and concave teeth can be determined by simultaneously considering Eqs. (1) and (3) (i=F and j=1), and Eqs. (2)
and (3) (i=P and j=2), respectively.

3. Tooth undercutting and pointing analyses

3.1. Tooth undercutting analysis

Mathematically, the phenomenon of tooth undercutting is the appearance of singular points on the active tooth flank. If the
active tooth flank is a regular surface, it means that there is no singular point on the surface. Moreover, the tooth undercutting
ig. 3. Tooth flank profiles of spherical and spur gears at cross-sections Z=0 mm and Z=±7.5 mm (gear data are given in Example 1 of Table 1).
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usually occurs near the tooth root. A method proposed by Litvin [3,4], which considers the relative velocity and equation of
meshing between the rack cutter and generated gear, is applied in this section to determine the limit curve of tooth undercutting
of the convex and concave spherical gears.

According to the general conditions of tooth undercutting [3,4], the tangent vector T to the generated tooth flank is collinear
with its relative velocity Vr

(j)( j=1, 2). The subscript “r” indicates the relative velocity of a point in its relative motion over a
surface. When tooth undercutting occurs, a singular point appears on the active tooth flank and the tangent vector becomes T=0
(Vr

(j)=0 ( j=1, 2)). Therefore, the relative velocity at a singular point on the active tooth flank equals zero as follows:
∂R ið Þ
f

∂‘i
d‘i
dt

+
∂R ið Þ

f

∂θj
dθj
dt

= −V ijð Þ i = F; P and j = 1;2ð Þ; ð4Þ

symbol Rf
(i)(i=F, P) indicates the position vector of rack cutter surface expressed in the coordinate system Sf (Xf, Yf, Zf),
where

while symbol V(ij) denotes the relative velocity (sliding velocity) of a point of rack cutter surface Σi (i=F, P) with respect to the
same point of the generated gear surface Σj ( j=1, 2) (see Eq. (6) and Fig. 4 of Ref. [16]).

Differentiating Eq. (3), the equation of meshing of the rack cutter and generated convex and concave spherical gear tooth
flanks, with respect to time yields
∂fj
∂‘i

d‘i
dt

+
∂fj
∂θj

dθj
dt

= −
∂fj
∂ϕj

dϕj

dt
i = F; P and j = 1;2ð Þ; ð5Þ

superscripts i=F corresponds to j=1while i=P corresponds to j=2 since rack cutter ΣF generates gear Σ1 and rack cutter
where
ΣP generates gear Σ2.

Eq. (5) forms a system of four linear equations with two unknowns
d‘i
dt

and
dθj
dt

, and provides a nontrivial solution if and only if

the rank of the matrix of coefficients for these equations is equal to two. Thus, the value of determinants of the third order must

equal zero, and it yields the following four equality equations:
Δ1 =

∂X ið Þ
f

∂‘i
∂X ið Þ

f

∂θj
−V ijð Þ

x

∂Y ið Þ
f

∂‘i
∂Y ið Þ

f

∂θj
−V ijð Þ

y

∂fj
∂‘i

∂fj
∂θj

−
∂fj
∂ϕj

dϕj

dt

�����������������

�����������������

= 0; ð6Þ
Fig. 4. Tooth undercutting of the convex spherical gear (gear data is given in Example 2 of Table 1).
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Δ2 =

∂X ið Þ
f

∂‘i
∂X ið Þ

f

∂θj
−V ijð Þ

x

∂Z ið Þ
f

∂‘i
∂Z ið Þ

f

∂θj
−V ijð Þ

z

∂fj
∂‘i

∂fj
∂θj

−
∂fj
∂ϕj

dϕj

dt

�����������������

�����������������

= 0; ð7Þ

Δ3 =

∂Y ið Þ
f

∂‘i
∂Y ið Þ

f

∂θj
−V ijð Þ

y

∂Z ið Þ
f

∂‘i
∂Z ið Þ

f

∂θj
−V ijð Þ

z

∂fj
∂‘i

∂fj
∂θj

−
∂fj
∂ϕj

dϕj

dt

�����������������

�����������������

= 0; ð8Þ

Δ4 =

∂X ið Þ
f

∂‘i
∂X ið Þ

f

∂θj
−V ijð Þ

x

∂Y ið Þ
f

∂‘i
∂Y ið Þ

f

∂θj
−V ijð Þ

y

∂Z ið Þ
f

∂‘i
∂Z ið Þ

f

∂θj
−V ijð Þ

z

�����������������

�����������������

= 0; ð9Þ

Eq. (9) is identical to the equation of meshing of the spherical gears [3,4]. Eqs. (6)–(8) can be used to determine the singular
on the generated tooth flanks, and it is called the condition of tooth undercutting. Therefore, the sufficient condition of
undercutting can be represented by

j;ϕj

�
= Δ2

1 + Δ2
2 + Δ2

3 = 0 i = F; P and j = 1;2ð Þ: ð10Þ
Again, superscripts i=F corresponds to j=1 while i=P corresponds to j=2 since rack cutter ΣF generates gear Σ1 and rack
cutter ΣP generates gear Σ2.

3.2. Tooth pointing analysis

Different from the phenomenon of tooth undercutting, the tooth pointing of a gear occurs near the tooth topland as shown in
Fig. 2. If the phenomenon of tooth pointing occurs, the tooth thickness of the gear on tooth topland becomes zero. When a mating
gear pair contacts with tooth pointing and locates near the tooth top, the load capacity of the mating gear pair may get weak in the
contact instant. Therefore, the tooth pointing is also an important issue for gear design and manufacturing. Moreover, the concave
spherical gear can be considered as hobbing a spur gear with its hobbing path of continuous negative-direction profile-shiftings in
a quadric form, beginning from both sides of the tooth face width to its middle section. Therefore, the occurrence of tooth pointing
on both ends of face width is easier than that at the middle section for a concave spherical gear.

Fig. 2 illustrates the tooth pointing of a concave spherical gear occurs on the tooth topland of the gear. Symbol ttl of Fig. 2
denotes the tooth thickness of the tooth topland at a Z2 cross-section of the face width of the concave spherical gear. Since tooth
pointing of a gear means that the tooth thickness of the tooth topland becomes zero (ttl=0 mm), the tooth pointing can also be
considered as the left-side and right-side tooth flank profiles of a gear are intersected as a point at its tooth topland in Z2 cross-
section of the face width. According to the concept of tooth pointing, the condition equations of tooth pointing at the Z2 cross-
section of the face width of the concave spherical gear can be considered as follows:
R2;left = R2;right ; ð11Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
2;left + Y2

2;left

q
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
2;right + Y2

2;right

q
= rtl; ð12Þ



where
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R2(1−
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subscripts “left” and “right” of Eqs. (11) and (12) denote the left-side and right-side tooth flanks profiles of the concave
cal gear, respectively. Symbol rtl of Eq. (12) indicates the radius of the tooth top circle, while symbols X2 and Y2 denote the X
components of position vector R2, respectively. Due to the radius of tooth top circle of the concave spherical gear is variable
ry Z2 cross section along its face width, the radius rtl of Eq. (12) can be designed by rtl=r2+mn+R2(1−cos θ2), where term,
cos θ2), is identical to the value of profile-shifting of the concave spherical at which corresponding to the spherical angle θ2.
4. Numerical examples

Based on the spherical gear's mathematical model and tooth undercutting conditions of the convex and concave spherical
gears, the tooth flank profile deviation, tooth undercutting analysis and tooth pointing of the proposed spherical gears are
investigated and illustrated by five numerical examples. It is noted that all the gears discussed in this study are external gears, and
the tooth lengths of the convex and concave spherical gears at the central section of the facewidth are designed as a standard tooth
(i.e. a=1.0×mn). Moreover, themajor design parameters of the proposed spherical gears for these five numerical examples are all
given in Table 1.

4.1. Example 1. Tooth flank profile deviations of spur, concave and convex spherical gears

Tooth flank profile deviations of convex and concave spherical gears with respect to the spur gear at different Z cross-sections
(e.g. Z=0 mm and Z=±7.5 mm) can be investigated by applying the developed mathematical model of the spherical gears.

Based on the gear data given in Example 1 of Table 1, Fig. 3 shows the tooth flank profile deviations of the spur gear and
spherical gears with convex and concave teeth at cross sections Z=0mm and Z=±7.5 mm, respectively. The tooth flank profiles
of Fig. 3 can be determined by utilizing Eqs. (1) and (3) and Eqs. (2) and (3) for the convex and concave spherical gears,
respectively. Since there is no profile-shifting at the central section (Z=0mm) of convex and concave spherical gear teeth, the
tooth flank profiles of spherical gears with convex and concave teeth at the central section are the same as that of the spur gear.
Compared with the tooth flank profile of spur gears, the convex spherical gear tooth flank profile at the sections of its both ends of
face width (Z=±7.5 mm) has a shorter tooth depth and a smaller tooth thickness while the concave spherical gear has a longer
tooth depth and a larger tooth thickness. It can be found that the convex spherical gear at the cross sections Z=±7.5 mmhave the
smallest tooth length. If the contact position of a spherical gear pair (with a convex spherical gear) is near the cross section Z=
±7.5 mm, the contact ratio of the gear pair will decrease, however, it can be improved by increasing the spherical radius R1 during
the convex spherical gear's manufacture process.

4.2. Example 2. Investigation on the tooth undercutting of spherical gears by checking along Z1 cross-sections

The 3-dimensional graphs of convex and concave spherical gears of Figs. 4 and 5 can be drawn by utilizing Eqs. (1) and (3) and
Eqs. (2) and (3), respectively. On the tooth surfaces of Figs. 4 and 5, the mesh guild lines along the tooth profile and face width
directions are the sets of surface coordinates of parameters ‘i and θj, respectively. It is noted that if a value of the Z cross-section of
the face width was given as a known parameter, then parameters θ1 and θ2 can be defined according to the generationmechanism
Fig. 5. Tooth undercutting of the concave spherical gear (gear data are given in Example 2 of Table 1).
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of the spherical gears (Fig. 3 of literature [16]), respectively. Therefore, other unknown design parameters ‘i and ϕj can also be
determined by solving Eqs. (10) and (3) for convex spherical gear (i=F and j=1), and Eqs. (10) and (3) for concave spherical gear
(i=P and j=2). Therefore, the coordinates of singular points on the generated tooth flanks can be calculated.

Since the convex spherical gear has negative profile-shiftings at both-end sections of the gear, the occurrence of tooth
undercutting of a convex spherical gear is much easier at both-end sections than other sections of the gear. According to the gear
data given in Example 2 of Table 1, tooth undercutting of the convex spherical gear can be obtained as shown in Figs. 4 and 5. The
value of the face width is related to the beginning points of tooth undercutting in the Z1 cross-section (refer to Fig. 4). Since the
design parameter ‘F = 0 is the first position of the generated tooth profile, therefore, the position corresponding to parameter
‘F = 0 is the easiest point to generate singular points on the tooth profile of the convex spherical gears. Based on the developed
conditions of tooth undercutting, the cross-section along Z1 coordinates, at which the tooth undercutting begins for a convex
spherical gear, can also be calculated by considering Eqs. (10) and (3) (i=F and j=1) with ‘F = 0. Similarly, according to the gear
data of the concave spherical gear given in Example 2 of Table 1, tooth undercutting curve can also be obtained as shown in Fig. 5.

4.3. Example 3. Limit curves of tooth undercutting of spherical gears on rack cutter surfaces

This example shows the positions of singular points appeared along the Zj-axes (refer to Figs. 4 and 5) of the convex and
concave spherical gears under different numbers of gear teeth. The positions of singular points are calculated and expressed in
terms of the design parameters of the rack cutter. Again, a set of singular points appeared on the generated gear tooth flank which
corresponds to a set of points located on rack cutter surface is called the limit curve of tooth undercutting.

Fig. 6(a) shows the locations of the singular points that appeared along the Z1-axis of the convex spherical gear in terms of rack
cutter's surface parameter ‘F under the conditions of pressure angle αn=14.5° and different numbers of gear teeth. The results are
obtained based on the gear data given in Example 3 of Table 1. When the number of gear teeth is 31 teeth and pressure angle
αn=14.5°, the generated convex spherical gear at its central section of the tooth face width still has a singular point within the
working interval of the design parameter ‘F . It means that tooth undercutting has occurred at the central section of the tooth face
width for the convex spherical gear. According to the theory of gearing, the minimum tooth numbers for a spur gear without tooth
undercutting under pressure angle αn=14.5° is 32 teeth.

Moreover, Fig. 6(b) shows the locations of singular points that appeared on the generated concave spherical gear in terms of
the rack cutter's surface parameter ‘P under the pressure angle αn=14.5° with different numbers of teeth. It is noted that both end
sections of the tooth face width of the concave spherical gear are positive profile-shiftings. According to the results of Fig. 6(a) and
(b), it is found that a spherical gear with a larger number of teeth results in its limit curve moves to the tooth root. This result also
matches the characteristics of the theory of gearing. Therefore, the analysis results shown in Fig. 6(a) and (b) are most useful for
the gear designers. Moreover, it is noted that the design parameter ‘i has the working interval with the starting point and end
point of the gear tooth flank at each Zj ( j=1, 2) cross-section and ‘i;S≤‘i≤‘i;E (i=F, P), where ‘i;S = 0:0mm and ‘i;E = 4:132mm.

4.4. Example 4. Z cross-section which tooth undercutting begins

Based on the concept of the checking of tooth undercutting, positions of the Zj cross-section (see Figs. 4 and 5), which tooth
undercutting begins, can be calculated.

Since the convex spherical gear has negative profile-shifting at both end sections of the tooth face width, the occurrence of
tooth undercutting at both end sections is easier than that of the central section. Therefore, the value of the tooth face width of a
convex spherical gear depends on its gear design parameters (see Fig. 4). Based on the gear data given in Example 4 of Table 1,
Fig. 7 illustrates each positive Z1 cross-section at which tooth undercutting begins for the convex spherical gear under different
pressure angles and number of teeth. It is found that the proposed convex spherical gear with a smaller pressure angle (i.e.
αn=14.5°) should design a smaller value of the face width, and the gear with a smaller number of teeth also should design a
smaller value of face width. Moreover, the value of the tooth face width is twice the value of the half face width, as shown in Fig. 7,
because the proposed spherical gear is in a symmetrical profile at the cross section of Z1=0 mm.
Fig. 6. Locations of limit curves of the spherical gears with the pressure angle αn=14.5 (gear data are given in Example 3 of Table 1).
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Fig. 8. Tooth pointing begins for the spherical gear with concave tooth (gear data are given in Example 5 of Table 1).

Fig. 7. Tooth undercutting begins for the spherical gears with convex tooth (gear data are given in Example 4 of Table 1).
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4.5. Example 5. Z2 cross-section which tooth pointing begins

Based on the conditions of tooth pointing of the concave spherical gear, positions of the Z2 cross-section (see Fig. 2), which
tooth pointing begins, can be calculated.

According to the data given in Example 5 of Table 1, Fig. 8(a) illustrates each positive Z2 cross-section at which tooth pointing
begins for the concave spherical gear under different pressure angles and number of teeth. It is found that to avoid tooth pointing
the proposed concave spherical gear with a larger pressure angle (i.e. αn=25°) should design a smaller value of the face width,
and the gear with a smaller number of teeth also should design a smaller value of face width. Furthermore, Fig. 8(b) shows each
positive Z2 cross-section at which tooth pointing begins for the proposed concave spherical gear under different pressure angles
and normal module. It is also found that the proposed concave spherical gear with a larger pressure angle (i.e. αn=25°) should
design a smaller value of the face width, and the gear with a smaller normal module also should design a smaller value of the face
width.Moreover, the value of the tooth facewidth is twice the value of the half facewidth, as shown in Fig. 8, because the proposed
spherical gear is in a symmetrical profile at the cross section of Z2=0 mm.

5. Conclusions

By utilizing the proposed mathematical model of spherical gears developed in Ref. [16], the condition equations of tooth
undercutting for the convex and concave spherical gears have been derived by considering the relative velocity and equation of
meshing between the rack cutter and generated gear. Moreover, the tooth pointing condition equations for the concave spherical
gear have also been derived. Therefore, the tooth profile variations, limit curves of tooth undercutting, and the beginning points of
tooth undercutting and pointing at the Z cross-section of spherical gears were studied and verified by five numerical examples. The
simulated results of this study are most helpful to the designers and manufacturers for their designs and choosing the proper
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parameters for the manufacturing of spherical gears without tooth undercutting and tooth pointing. The results lead to the
following conclusions:

(1) At the central section of the convex and concave spherical gears, the tooth profiles are the same as that of the spur gear, as
shown in Fig. 5. Besides, the profiles at both end sections of the convex spherical gear have a shorter tooth depth and a
smaller tooth thickness than those of the spur gear, whereas, the concave spherical gear has a longer tooth depth and a
larger tooth thickness at its both end sections.

(2) Due to hobbing with negative profile-shiftings at both-end sections of the tooth face width, regardless of the gear teeth
number, the limit curves at both ends of the convex spherical gear tend to upward, as shown in Fig. 8(a). In contrast, the
concave spherical gear has both ends of its limit curves tend to downward, as shown in Fig. 8(b).

(3) For a convex spherical gear, the easiest position to occur tooth undercutting is located at both ends of the tooth face width.
Whereas, the central section of the face width is the easiest position for tooth undercutting for a concave spherical gear to
occur.

(4) The Z1 cross-section, at which tooth undercutting begins, of a convex spherical gear depends on the number of teeth and
pressure angle. A larger pressure angle and a larger number of teeth result in a larger value of the tooth face width.Whereas,
a smaller pressure angle and a smaller number of teeth result in a smaller value of the face width.

(5) The Z2 cross-section, at which tooth pointing begins, of a concave spherical gear depends on the pressure angle, number of
teeth and normal module. A larger pressure angle, a smaller number of teeth and a smaller normal module result in a
smaller value of the tooth face width.
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