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Abstract—Self-consistently solving the Schrödinger and
Poisson’s equations in the six-band k · p context can yield the
valence-band structure in the inversion layers of pMOSFETs.
In this numerically demanding process, the central processing
unit (CPU) time is extraordinarily long. To overcome the hurdle,
we construct a novel computational accelerator to intrinsically
boost a self-consistent six-band k · p simulation. This accelerator
comprises a triangular-potential-based six-band k · p simulator,
a hole effective mass approximation (EMA) technique, and
an electron analogy version of the self-consistent Schrödinger
and Poisson’s equations solver. The outcome of the accelerator
furnishes the initial solution of the confining electrostatic potential
and is likely close to the realistic one, which is valid for different
temperatures, substrate doping concentrations, inversion hole
densities, and surface orientations. The results on (001) and (110)
substrates are supported by those published in the literature. The
overall CPU time is reduced down to around 8% of that without
the accelerator. This is the first successful demonstration of the
EMA in the self-consistent hole subband structure calculation.
The application of the proposed accelerator to more general
situations is projected as well.
Index Terms—Effective mass, hole, model, metal–oxide–
semiconductor field-effect transistors (MOSFETs), Schrödinger
and Poisson’s equations, simulation, two-dimensional hole gas
(2DHG), valence-band structure.

I. I NTRODUCTION

A

S WIDELY recognized, the merits of the effective mass
approximation (EMA) in the conduction-band valleys
[1] are twofold: First, the computation task to execute selfconsistent Schrödinger and Poisson’s equations solving in the
inversion layers of nMOSFETs is straightforward [1]. Second, the combination of the resulting subband energy levels
and the corresponding electron effective masses can constitute the conduction-band structure in the inversion layers of
nMOSFETs [1].
On the other hand, the valence-band structure in the inversion
layers of pMOSFETs is quite complicated in terms of the strong
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anisotropy and nonparabolicity of the hole subbands, as readily
described by a six-band k · p method [2]. To simplify the hole
subband structure calculation, a triangular-potential approximation can be employed [3]. While incorporating the six-band
k · p method into the Schrödinger and Poisson’s equations to
solve the more practical problems, the undertaken numerical
calculation becomes so demanding that the overall central
processing unit (CPU) time is extremely huge, which might
prohibit the valence-band structure calculation in a tolerable
time. Thus, reducing the CPU time as greatly as possible in the
self-consistent six-band k · p framework is absolutely a relevant
issue.
Recently, De Michielis et al. [4] exhibited one such effort in
terms of an analytical model for the in-plane energy dispersion,
followed by a sophisticated interpolation method by Pham et al.
[5]. However, to produce the hole subband structure as accurately as possible, a very fine discretization in the 2-D k-space
is essential, without accounting for the analytical model [4] or
the interpolation method [5]. It is also noticed that Low et al.
[6] explored the effectiveness of one-band EMA in capturing
the electrostatics property of six hole bands. In addition, the
energy dependence of the hole effective mass was also taken
into account in the development of the analytical model by De
Michielis et al. [4]. Until now, however, the superior ability of
the hole EMA to speed up the self-consistent six-band confined
k · p calculation was not yet demonstrated as a function of the
temperature, the substrate doping concentration, the inversion
hole density, and the surface orientation.
In this paper, we construct a new computational accelerator
to intrinsically boost a self-consistent six-band k · p simulator.
A very fine grid in the 2-D k-space is adopted, without the
use of the efficient discretization approach [4], [5]. The core
of the accelerator lies in the hole EMA whose formulation,
which is essentially different from those of [4] and [6], can
accommodate the use of an electron analogy version of the
self-consistent Schrödinger and Poisson’s equations solver. In
the following sections, we will systematically demonstrate the
establishment of the accelerator and its ability to overcome the
computational burden in the confined k · p simulation.

II. C OMPUTATIONAL ACCELERATION
The simulation methodology constructed in this paper, as
shown in Fig. 1 in terms of a flowchart, consists of the two
main blocks: 1) the new computational acceleration and 2) the
self-consistent simulation framework. The connection between
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Fig. 1. Flowchart of the simulation methodology in the inversion layer of pMOSFET. The methodology consists of two parts: 1) the computational acceleration
part in order to enhance the convergence speed and 2) the self-consistent part in order to certify the tolerable error. The green blocks refer to the simulation
methodology, and the turquoise blocks refer to the outputs from the upper level simulator.

the two is the confining potential profile, which is the outcome
of the computational accelerator and serves as the input to the
subsequent self-consistent simulator. Throughout the paper, the
energy reference point exactly falls on the classical valenceband edge at the SiO2 /Si interface, as illustrated in Fig. 1.
A. Triangular-Potential-Based Six-Band k · p Simulator
In the six-band k · p context, the in-plane wave equation
along the quantum confinement direction z can read as




d
−HLK kx , ky , kz = −i
+ qV (z)
dz
· ξkx ,ky (z) = E(kx , ky ) · ξkx ,ky (z) (1)
where V (z) is the confining electrostatic potential, ξkx ,ky (z) is
the wave function, and E is the energy of holes. The origin
z = 0 represents the SiO2 /Si interface. HLK in (1) is the
Luttinger–Kohn Hamiltonian [7] with the split-off energy Δ
of 44 meV in the absence of the quantum confinement and
with the Luttinger parameters of γ1 = 4.22, γ2 = 0.39, and
γ3 = 1.44 [8]. The computational accelerator starts with the
initial triangular-potential profile: V 0 (z) = Fso z, where Fso is
the initial surface field. The simulation range of interest in
the z-direction is divided into a mesh of Nz points in the
interval [0, Zmax ], where Zmax is equal to 6Emax /qFso for
Emax = 0.3 eV [3]. Then, (1) becomes a 6Nz × 6Nz eigenvalue problem. The grid number on kx − ky space is 101 ×
101 in a Cartesian coordinate system. In addition, a polar
coordinate system is employed where the grid number on k − θ
space is 101 × 101. The boundary conditions are ξkx ,ky (0) = 0

and ξkx ,ky (Zmax ) = 0. The solution of the eigenvalue problem
yields E(kx , ky ) and normalized ξkx ,ky (z). The Fermi level can
then be determined. To deal with the (110) case, a rotation
transformation from the original (001) k √
space to the (110)



k space is required: kx = −kz , ky = (1/ 2)(kx − ky ), and
√

kz = (1/ 2)(kx + ky ). The resulting hole subband energy
contours, subband level, and Fermi level on the (001) and (110)
surface orientations were found to be in good agreement with
those of Fischetti et al. [3] (not shown here).
B. Hole-EMA Technique
As shown in Fig. 1, the outcomes of the triangular-potentialbased six-band k · p simulator contain the constant-energy contours in the k plane, the subband energy levels, the surface
potential, and the Fermi level Ef of the system. At this point,
we demonstrate how to apply the EMA technique to create the
two important parameters in this paper: 1) hole quantization
effective mass and 2) hole density-of-states (DOS) effective
mass. First, the DOS function of subband ν can be determined
in the Cartesian coordinate system [2] by
DOSν (E) = U (E − Eν )
×

1
(2π)2

(E + dE) − Areak−space
(E)
Areak−space
ν
ν
dE

(2)

and in the polar coordinate system [3] by
1
DOSν (E) = U (E − Eν )
(2π)2

2π
0

K (E, θ)
 dEν
dθ.
 
dK Kν (E,θ)

(3)
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Fig. 2. Calculated hole quantization effective masses and DOS effective
masses versus the initial surface field in the simulation flowchart in Fig. 1.

Here, Areak−space
(E + dE) − Areak−space
(E) represents the
ν
ν
area between the E and E + dE lines of subband ν in the
k plane, Eν is the energy level of subband ν, U (E) represents
the unit step function of energy, and magnitude Kν is a function
of both energy E and angle θ. The DOS effective mass of
subband ν can be obtained accordingly: mνDOS (E) = 2π2 ×
DOSν (E). While averaging the DOS effective mass of subband
ν over the energy, the dependence on hole density distribution
must be taken into account as follows:
 ν
mDOS (E)f (E) · DOSν (E)dE
ν

mDOS  =
(4)
f (E) · DOSν (E)dE
where f (E) is the Fermi–Dirac distribution function including
the Fermi level Ef . Note that the formalism (4) is completely
different from those of [4] and [6]. As to quantization effective
mass of subband ν, it can be readily assessed in a triangularpotential sense [1], i.e.,


2
3
2
3
(Eν )−3
πqFS0 j +
mνQN =
(5)
2
2
4
where j reflects the status of the wave function at subband minimum (e.g., j = 0 for the ground state and 1 for the first excited
state). Note that, under the quantum confinement conditions,
E5 and E6 in (5) no longer refer to the pure (bulk) split-off
holes (SH) due to the mixing with a fraction of light holes. In
other words, E5 and E6 should be seen as individual subbands
with respect to the classical reference point, rather than to
the bulk split-off energy point (situated 44 meV away), when
calculating the quantization effective mass. Both the Cartesian
and polar coordinate systems led to nearly the same results.
Thus, throughout the paper, the Cartesian coordinate system
is adopted, unless mentioned otherwise. The resulting mνDOS 
and mνQN versus initial surface field are depicted in Fig. 2
for subband ν = 1 to 6 and Fig. 3 for ν = 1 with different
temperatures.
C. Core Accelerator
Analogous to the electron counterparts [9], [10], the simple EMA-oriented Schrödinger–Poisson iterative solving can
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Fig. 3. Calculated hole quantization effective masses and DOS effective
masses versus the initial surface field for different temperatures of 77, 153,
and 300 K in the simulation flowchart in Fig. 1.

readily be employed using the aforementioned hole effective
masses. First, the Schrödinger equation in pMOSFETs can be
written accordingly, i.e.,
−

2 d2
+ qV (z) φ(z) = Eφ(z).
2mνQN dz 2

(6)

The energy level Eν,j of sub-subband j within subband ν and
the corresponding normalized wave function φν,j (z) can be
obtained by solving the eigen problem in (6). In addition, using
an analogy, the expression of the hole density in the 2DHG case
becomes


Ef −Eν,j
mνDOS 
kT
p(z) =
k
T
ln
1
+
e
· |φν,j (z)|2 .
B
2
2π
ν,j
(7)
The EMA-oriented Schrödinger–Poisson iterative solving in
pMOSFETs can therefore be expected to be as fast as
nMOSFETs. The Fermi level is determined in the selfconsistent loop, given the surface band bending and substratedoping concentration. The calculation results have been corroborated using the available simulator Schred [9] (not shown
here).
As previously mentioned, the calculated hole quantization
and DOS effective masses contain information about the
anisotropy and nonparabolicity of the subbands. The outcome
of the EMA-oriented Schrödinger–Poisson iterative solving,
which is the initial solution of the confined potential profile as
illustrated in Fig. 1, is likely close to the realistic one. Consequently, a fast convergence in the subsequent self-consistent
six-band k · p simulation can be ensured. This is the fact, as will
be proved later.
III. R ESULTS AND D ISCUSSION
To confirm the validity of the whole simulation methodology
in Fig. 1, we quote the existing self-consistent six-band k · p
simulation results [4], [6]. First, in our paper, the following
convergence criteria were set for the self-consistent six-band
k · p simulator: 1) below 1% error for the surface field and
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Fig. 4. Calculated (symbols) hole subband energy levels versus inversion carrier density on the (001) surface. The solid lines come from [4] for comparison.

Fig. 6. (a) Simulated DOS function for the first subband on the (001) substrate
in our paper. The red and green solid lines are produced from the Cartesian
and polar coordinate systems, respectively. The dotted line comes from [6] for
comparison. (b) Simulated DOS function for the total subbands on the (110)
substrate. The red and green solid lines are produced from the Cartesian and
polar coordinate systems, respectively. The dotted line comes from [4].

Fig. 5. (a) Calculated (symbols) hole subband energy levels versus surface
field on the (001) substrate. The solid lines come from [6] for comparison.
(b) Corresponding surface potential versus surface field.

2) 10−4 V maximum error for the confining electrostatic potential profile. In addition, the grid number Nz was set at 301.
Fig. 4 depicts the comparison of the simulated subband
energy level on (001) substrate versus inversion-layer hole
density with that of De Michielis et al. [4]. Good agreement
is achieved. This is also the case in comparison with those of
Low et al. [6], as given in Fig. 5 for the subband level and
surface potential versus the surface field Fs . A small deviation
of SH subbands in Figs. 4 and 5(a) is due to the fact that the
subband level in this paper represents the energy minimum

rather than the gamma point. Further evidence exists in terms
of the simulated DOS results, as shown in Fig. 6 for (001) and
(110) substrates. Evidently, excellent agreements with those
from different sources [4], [6] are obtained. Particularly, a
careful observation leads to the argument that, under the same
grid number, the simulated DOS in a polar coordinate system
is less “noisy” than the Cartesian one, as expected from the
numerical analysis point of view.
More importantly, we found that, relative to the conventional
self-consistent six-band k · p simulation without the accelerator, the whole computational time with the accelerator included
can be substantially reduced. First, the simulation methodology
in Fig. 1 can reduce to the conventional self-consistent six-band
k · p simulator only, which is achieved by simply removing the
accelerator part. The CPU time consumed with and without the
accelerator is plotted in Fig. 7 for (001) and (110) substrates.
Interestingly, with the accelerator added, the overall CPU time
is reduced down to around 8% of that without the accelerator
for (001) substrate and 17% for (110) substrate. Note that the
relatively large computational time in this paper, as compared
with that of [5], is due to a larger mesh number in both k space
(101 × 101) and z-direction (Nz = 301), as well as the lower
hardware level and operating system. Furthermore, we found
that, in all (001) cases under study, no iteration can be needed in
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Fig. 9. Convergence quality on the (001) substrate versus the surface field
at 77, 153, and 300 K. The convergence conditions in this paper are below
1% error for the surface field and 10−4 V maximum error for the confining
electrostatic potential profile.

Fig. 7. Comparison of the CPU time between the accelerator-enhanced
methodology and the fully self-consistent methodology without the accelerator
on the (a) (001) and (b) (110) substrates. The inserted figure shows the
corresponding electrostatic potential profiles.
Fig. 10. Comparison of the convergence quality having no Gummel iteration
and that with the additional Gummel iteration, which is plotted as a function of
the inversion hole density on the (001) substrate at 300 K.

Fig. 8. Computational enhancement factor on the (001) substrate versus the
substrate doping concentration under the same inversion hole density of 1 ×
1013 cm−2 . In addition, the corresponding CPU time with and without the
accelerator is shown.

the self-consistent six-band k · p simulator of the methodology.
This means that the confining electrostatic potential created
by the accelerator is in close proximity of the realistic one,
as shown in the inset of Fig. 7(a). Even for the (110) case in
Fig. 7(b), only one iteration step is needed to make the specific
error satisfied. This explains a slight increase in the CPU time,
compared with the (001) case.
In addition, we present in Fig. 8 the enhancement factor of
the computational speed as a function of the doping concentration in the substrate while keeping the same inversion carrier

density. In addition, the corresponding CPU time with and without the accelerator is shown. Obviously, the speed enhancement
slightly decreases with increasing doping concentration. The
increased calculation time as found in the fully self-consistent
algorithm itself with increasing doping concentration is primarily due to the nature of solving six-band k · p Schrödinger
equation (with the same iteration steps). On the contrary, the
increased calculation time in the accelerator-enhanced algorithm is mainly consumed in the triangular-potential-based sixband k · p Schrödinger solver. The larger increasing rate of
calculation time in the accelerator-enhanced algorithm leads to
the observed trend of the speed enhancement. We also examine
the convergence quality in this paper in terms of the errors
encountered in the self-consistent simulation part (without any
iteration), as shown in Fig. 9 for the (001) substrate plotted
versus the inversion hole density with the temperature as a
parameter. It is clear that not only the surface field errors but
also the potential errors are all far below the corresponding
critical errors of 1% and 10−4 V, respectively, which is valid for
the temperature and inversion-layer hole density range demonstrated. This thereby serves as the corroborating evidence that
no Gummel-type iteration can be needed in the (001) selfconsistent six-band k · p simulation. However, further analysis
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penetration on the applicability of the proposed accelerator,
as well as the possible modification of the accelerator, needs
to be further investigated. Finally, the additional issues of
other surface orientations or channel materials, which were not
addressed in this paper, should, in principle, be able to benefit
from the proposed accelerator.

V. C ONCLUSION

Fig. 11. Comparison of the experimental gate capacitance versus gate voltage
curves [11] and those (only in weak- and strong-inversion regions) simulated
with the convergence criterion of 10−4 V for the confining potential. From
the HRTEM image [11], the nominal physical gate oxide thickness is 1.89 nm.
However, in the simulation, three different physical gate oxide thicknesses were
used to testify the validity of the chosen convergence criterion in this paper.

as depicted in Fig. 10 reveals that, if the more strict convergence
criterion is set, additional Gummel iterations may be requested
to further reduce the errors. In other words, the lower the
order of tolerable error, the more iteration steps needed. Thus,
there is a tradeoff between the convergence criterion and the
efficiency of the proposed accelerator. However, we want to
emphasize that the convergence error of 10−4 V as adopted in
this paper is adequate. This point can be highlighted in Fig. 11
in terms of the fitting of the experimental gate capacitance
versus gate voltage curve [11]. Evidently, the fitting quality with
the convergence criterion of 10−4 V is acceptable, especially in
the weak inversion region, where the gate capacitance changes
sharply with the gate voltage.
IV. P ROJECTION
At this point, two key points can be drawn. First, the initial solution of the confining potential profile as close to the
realistic one as possible is the key to eliminating or reducing
the conventionally required Gummel-type iteration steps in the
self-consistent six-band k · p simulation. Thus, the CPU time
can be substantially lowered. Second, the ability to create such
potential profile in advance is the main merit of the proposed
hole-EMA-based accelerator. Moreover, we want to stress that
the hole-EMA-based accelerator introduced in this paper is
simple and feasible. Thus, we can make a projection of the
accelerator concerning its general applications.
First, the proposed accelerator can accommodate the strained
p-MOSFET case, which is achieved by incorporating the strain
Hamiltonian Hstrain [3], [12] in the k · p context. Second, to
adequately deal with the ultrathin-film device, a higher order
k · p framework, such as the eight-band k · p one (see [13]
for the comparison with the six-band one), may be needed
to replace the six-band one in the methodology in Fig. 1.
In this case, the space-induced confinement formula may be
required rather than the field-induced confinement formula (i.e.,
triangular-potential well) in this paper. Note that the wave
function penetration into the oxide was not taken into account
here. However, this issue is considerably important, especially
for the ultrathin-film case. The effect of the wave function

We have constructed a new computational accelerator based
on a hole EMA, with the aim to intrinsically boost a
self-consistent six-band k · p simulation. First, a triangularpotential-based six-band k · p simulation has been performed
to produce hole quantization and DOS effective masses. Then,
with those hole effective masses as input, an EMA-oriented
Schrödinger–Poisson iterative solving in pMOSFETs has been
executed as rapidly as the electron counterparts. The resulting
confining electrostatic potential profile has been proven to
match the realistic one, thus ensuring a fast convergence in
the subsequent self-consistent six-band k · p simulation. This
remains valid for different temperatures, different substrate
doping concentrations, different inversion hole densities, and
different surface orientations. We have found that the overall
CPU time is substantially reduced down to around 8% to
17% of that without the use of the proposed accelerator. The
validity of the chosen convergence criteria has been verified.
The simulated results have been validated by the published ones
obtained from the conventional self-consistent six-band k · p
method alone. The application of the proposed accelerator to
more general applications has been projected.
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