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Numerical study of phonon radiative transfer in porous nanostructures
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Abstract

This study analyzes the phonon radiative transfer in two-dimensional porous silicon nanostructures with a phonon transport model
based on the Boltzmann transportation equation. We focus on the inter-scattering between pores. The numerical results show that when
the aspect ratio is less than 1.22, the scale factor dominates the thermal conductivity, and the thermal conductivity of nanostructures with
in-line arrangement pores is determined by the dependent phonon scattering effect. In nanostructures with staggered arrangement pores,
the phonons are prevented from transporting through the material. In general, the results show that the larger the pore size, the lower the
thermal conductivity of the nanostructure. The results presented in this study provide a useful reference for the development of high-
efficiency thermoelectric structures.
� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The issue of phonon transportation in semiconductors
has received considerable attention over the past decade
[1,2]. When the characteristic size of a device is close to
the mean free path (MFP) of the phonons, the thermal con-
ductivity of the device material is determined by its weight,
size and temperature. Phonon transport is a highly impor-
tant mechanism of heat transfer in semiconductor nano-
structures, and dominates their thermal conductivity
properties [3–5].

For nanostructure material, its internal structure highly
affects the phonon transport process. Particular attention
has been paid to super lattices over the past decade [4–6],
which are periodic structures consisting of alternating lay-
ers of two semiconductor materials. Due to the existing of
surface roughness, the phonons are scattered at the inter-
faces between adjacent layers when they are transported
through the structure, which causes the thermal conductiv-
ity of the device to become lower than that of the bulk
material. Besides, the mismatch in lattice vibrated proper-
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ties hampered the phonon transport between heterogonous
materials and diffuse mismatch model (DMM) is developed
to estimate it [7]. If the device size is comparable to or even
smaller than the MFP, the phonons may be transported
ballistically, and the interfacial resistance dominates the
thermal conductivity. Taking Bi2Te3/Sb2Te3 as an example,
the thermal conductivity of the super lattice is 0.5 W
m�1 K�1, whereas that of the bulk is 2.0 W m�1 K�1 at
300 K [8]. Conjugate gradient method is utilized to solve
the inverse phonon radiant transport problem in double-
layer nanoscale thin film. It is also improved while the
thickness of films increases, the temperature jumps at the
boundaries and interface become negligible. In other
words, interface resistance may play an important role as
size effect dominates [9].

One of the most effective methods of reducing the ther-
mal conductivity of a nanostructure material is to increase
phonon scattering at the interface. Phonon transport in
quantum dot thin films and quantum dot super lattices
has been investigated both numerically and experimentally
[10–12]. In general, the results showed that the phonons are
scattered at the boundaries of the quantum dots, and the
larger the radius of the quantum dots, the lower the
thermal conductivity of the structure.
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Nomenclature

A aspect ratio [LW L�1
H ]

a the number of grids in x direction
b the number of grids in y direction
c specific heat [kJ kg K�1]
I phonon radiative intensity [W m�2 s�1 r�1]
I0 phonon radiative intensity in energy equilibrium

[W m�2 s�1 r�1]
K thermal conductivity [W m�1 K�1]
Keff. effective thermal conductivity in nano-structure

[W m�1 K�1]
L system size [nm]
LP pore size [nm]

m total number of grids in x direction
n total number of grids in y direction
q heat flux [W m�2]
T temperature [K]
Tavg average temperature [K]
v phonon group velocity [m s�1]
w weights of DOM

Greek symbols

h polar angle
/ azimuthal angle
g dimensionless temperature (T � T1)(T2 � T1)�1
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Nanowires and super lattice nanowires have similar
structures to super lattice [13–16]. The thermal conductiv-
ity of super lattice nanowires is lower than that of super lat-
tices as a result of radial phonon transport confinement,
and it increases with nanowire radius. Other micro- and
nanoscale structures such as porous thin films and nano-
composites also increase phonon scattering, and therefore
reduce the thermal conductivity [19,20]. Furthermore, pho-
non boundary scattering in nanowires leads to a reduced
phonon mean free path and reduced thermal conductivity.
This suggests that the development of nanostructures pro-
vides the possibility of using confinement effects to increase
S and r, while reducing K [21].

The total thermal resistance of a device includes the
interfacial thermal resistance between two adjacent layers
of different materials, volumetric scattering resistance,
and boundary resistance [16]. Through molecular dynamics
simulation, boundaries strongly constrain the movement of
phonons in thin film, wire, and nanoparticle [17]. Atomistic
Green’s function method, moreover, is derived to simulate
sophisticated atomic structures [18]. In general, the smaller
the device size, the higher the probability of the phonons
being scattered at the interface or at the boundaries of
internal pores or defects.

As mentioned above, the study of the effect of pore
geometry and arrangement (i.e. aligned or staggered) on
the thermal conductivity of a 2D porous nanostructure is
important and is little in the literature. This motivates the
present study in which a phonon transport model
based on the Boltzmann transportation equation is
developed to explore the effects of the pore geometry and
arrangement on the thermal conductivity of a 2D porous
nanostructure.
Table 1
Material parameters used in the present study [4]

c (106 J/m3 K) v (m/s) K (nm)

Silicon 0.93 1804 268
2. Analysis

Phonons are quantized waves and the major heat carri-
ers in semiconductor materials [22]. In the past researches,
phonon was treated as particle and phonon intensity can be
predicted by Boltzmann transport equation (BTE). Apply-
ing the relaxation time approximation in steady state, BTE
can be simplified as [4]

rI ¼
1

4p

R
4p IdX� I0

K
ð1Þ

where I0 is the equilibrium phonon intensity; K is the pho-
non mean free path. The term on the right hand side of Eq.
(1) represents the average variation in phonon intensity
with the phonon–phonon, phonon–boundary, or pho-
non–defect collisions within the average MFP. In this
work, we assume that the phonon velocity and intensity
are uniform in the material. By kinetic theory, the phonon
mean free path would be

K ¼ 3
K
cv
: ð2Þ

where c is the specific heat; v is the phonon group velocity;
K is the thermal conductivity in bulk. The values of these
parameters applied in the present simulations of phonon
transportation in a porous silicon nanostructure are pre-
sented in Table 1.

Because the behavior of phonon and photon are very
alike, we assimilate the phonon intensity to photon inten-
sity. On the assumption that the materials are gray bodies,
the phonon intensity varies directly with the temperature T

in accordance with the following relationship [23]

dI
dT
¼ vc

4p
; ð3Þ

By the equation above, at temperature T, the mean phonon
intensity can be obtained as IT in the following equation:
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Z T

0

dI
dT

dT ¼ IT ¼
Z T

0

vc
4p

dT ð4Þ

In this work, we adopt the constant thermal boundary con-
dition, which are

T ¼ T H at x ¼ 0 ð5aÞ
T ¼ T L at x ¼ L ð5bÞ
oT
oy
¼ 0 at y ¼ 0 or y ¼ L ð5cÞ

Additionally, it is important to define the ‘ thermal conduc-
tivity while we discuss thermal physical properties in nano-
scale structures. Thermal unbalance had been widely
discussed in nano-structures; therefore, the definition of
heat flux may differ from the classical thermal physics.
In this work, we define the average heat flux in x direction
as

qx ¼
1

m � n
Xm

a¼1

Xn

b¼1

Z
4p

Iða; bÞ cos hdX ð6Þ

where m and n are the number of grids used in calculations
in x and y directions and they are chosen depending on var-
ious system sizes; therefore, the total grid number would be
m � n.

Although the systems’ size is larger than the phonon
MFP, many of them may ballistically transport. In order
to keep the accuracy, we take the average temperature in
x = 0 (Tavg(0)) and x = L (Tavg(L)) to calculate the effective
thermal conductivity.

T avgð0Þ ¼
4p
vc

1

n

Xn

b¼1

Z
4p

Ið1; bÞ cos hdX ð7Þ

T avgðLÞ ¼
4p
vc

1

n

Xn

b¼1

Z
4p

Iðm; bÞ cos hdX ð8Þ

The effective thermal conductivity would be

Keff : ¼
1

mn

Pm
a¼1

Pn
b¼1

R
4p Iða; bÞ cos hdX

T avgð0Þ � T avgðLÞ
ð9Þ
3. Numerical method

Fig. 1a and b schematically illustrate the two kinds of
porous nanostructures in which the pores are of in-line
and staged arrangement, respectively. In both structures,
when the system length in the z-direction is much larger
than the phonon MFP, the effects of phonon transport of
the two boundaries in the z-direction can be ignored, and
the models can therefore be simplified to two-dimensional
structures. Through Eq. (1), BTE can be presented as

sin h cos /
oI
oy
þ cos h

oI
ox
¼

1
4p

R
4p IdX� I0

K
ð10Þ

where h and / are polar and azimuthal angles; x and y are
the coordinate directions as the definition in Fig. 1.
Previous studies of thermal radiation had generally used
the discrete ordinate method (DOM, SN method) to solve
the radiative heat transfer equation. The DOM method
assumes that the whole solid angle can be divided into N
parts and that the phonon intensities in each part are equal.
The average phonon intensity over the whole solid angle,R

4pð4pÞ�1IdX, can then be computed as follows [23]:

1

4p

Z
4p

IdX ¼ 1

4p

XN

i¼1

wiI i; ð11Þ

where wi is the weight of the phonon transportation in
direction i and satisfies

PN
i¼1ð4pÞ�1wi ¼ 1. Substituting

Eq. (11) into Eq. (10), the 2D BTE becomes a partial differ-
ential equation. The phonon intensity distribution in
the present 2D porous nanostructure can then be simu-
lated by solving Eq. (10) using finite-difference and SN

methods.
In the physical models shown in Fig. 1, it is assumed

that the pores are absolutely adiabatic. We suppose that
the vacuum pores insulate heat transfer. As phonons col-
lide with these boundaries, they would be hampered and
reflected. The boundaries of the pores are assumed as spec-
ular reflection, as shown in Fig. 1c. The boundary condi-
tions of the pores are therefore given by

Iðx; y; h;/Þ ¼ Iðx; y;�h;/Þðin the x-directionÞ; ð12Þ

and

Iðx; y; h;/Þ ¼ Iðx; y; h;�/Þðin the y-directionÞ: ð13Þ

Adiabatic boundary conditions in the y-direction are as-
sumed. The incident phonons are specularly reflected at
the boundaries.

Iðx; y; h;/Þ ¼ Iðx; y; h;�/Þ: ð14Þ

As for x-directional boundaries, constant temperature
boundary conditions are imposed, i.e. a relatively high tem-
perature (TH, 300 K) condition at the boundary located at
x = 0 and a relatively low temperature (TL, 299 K) condi-
tion at the boundary located at x = L. The temperature dif-
ference between these two boundaries is set to be 1 K.

In order to facilitate the observation on temperature, we
define the parameter-dimensionless temperature. Accord-
ing to the definition of boundary at x = 0 (TH = 300 K)
and x = L (TL = 299 K), the temperature difference
between two boundaries must be between 1 K and 0 K.
The dimensionless temperature is defined as g = (T � Tavg.

(L))/(Tavg.(0) � Tavg.(L)); therefore, the dimensionless tem-
perature distribution in this work would be between 1 K
and 0 K, too. That is used to demonstrate the results of
temperature distribution in this work.

It is vital to choose an optimum mesh size in numerical
simulation and the number of grids depend on system size.
We examine various sets of mesh size in each physical
model. For example, as the system size is 1.0 � 104 lm in
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Fig. 1. Schematic diagrams of porous nanostructures: (a) pores arranged in aligned rows with specular reflection boundary condition; (b) pores arranged
in staggered rows; (c) specular reflection boundary condition; and (d) phonon transport coordinate system.
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single pore case, considering CPU time and accuracy, the
ideal grid size would be 101 � 101. Furthermore, in order
to verify the correctness, we minimize the pore size, and
perceive that as the pore size shrinks, the thermal conduc-
tivity would become more and more close to the bulk value
(as Fig. 2).

4. Results and discussion

This study simulates a unit cell model shown in Fig. 1c
and the multi-pore models shown in Fig. 1a and b. Fig. 3a
presents the dimensionless temperature distribution in a
unit cell with a length of L = 100 nm and a pore size of
Lp = 20 nm. It is clear that a high temperature area is
formed near the left edge of the pore and a low temperature
area formed near the right edge. As mentioned, the higher
temperature boundary is located at x = 0. When the pho-
nons collide with each other, some of them will be trans-
ported ballistically from x = 0 to x = L, while others will
collide with the left pore boundary. These phonons are
specularly reflected and transported ballistically back to
x = 0. Previous studies [20] had indicated that in nanoscale
structures, local thermal equilibrium may not be estab-
lished, and the temperature in any particular region is
related to the local energy density. This would explain
the formation of the higher temperature region near the left
boundary of the pore and the lower temperature
region near the right boundary. Due to the scattering of
high/low energy phonons at the boundaries of the pore,
the high/low temperature areas (see Fig. 3b) represent the
heat source and the heat sink, respectively, in the nano-
structure. From Eq. (2), when ballistic transport domi-
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Fig. 3. (a) Dimensionless temperature contours of single pore nanostruc-
ture with structure size of L = 100 nm and pore size of LP = 20 nm; and
(b) regions affected by specular reflection boundary condition and ballistic
phonon transport in single pore nanostructure.

Fig. 2. Effects of pore size on the thermal conductivity of multi-pore
nanostructure with structure size of L = 10 lm.
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nates, the term on the right hand side decreases with struc-
ture size (L). If L is much smaller than the MFP, Eq. (10)
can be expressed as

sin h cos /
oI
oy
þ cos h

oI
ox
¼ 0: ð15Þ

In the high/low temperature areas, the temperature is al-
most uniform, and hence the variations of the phonon
intensity in the x- and y-directions are almost the same.
Solving Eq. (15) numerically indicates that the ratio of
the high/low temperature region length, LC, to the pore
size, LP, is found to be LC = 0.6475LP, as shown in Fig. 3b.

Fig. 4 shows the dimensionless temperature distribu-
tions of nanostructures with aligned-pore arrangement
and a structure size of L = 400 nm. It is observed that
the temperature distribution is dependent on the pore size.
For the case of Lp = 20 nm, as shown in Fig. 4a, the pho-
nons are scattered by the pore boundaries.

Fig. 5 refers to the correlation between effective thermal
conductivity (Keff.) and pore size. It is obvious that the
effective thermal conductivity initially decreases with the
pore size until LP = 45 nm. At this pore size, the corre-
sponding value of LC calculated from Eq. (15) is approxi-
mately 27.5 nm. As a result, the high temperature (TH)
region may cover the low temperature (TL) region. When
the pore size is over 45 nm, the high-energy phonons from
high temperature pore may merge with the low energy pho-
nons from low temperature pore, which will decrease the
effects of phonon scattering at the pore boundaries. In
Fig. 4b, LP = 55 nm, and the temperature in the TH region
is obviously lower than that of the corresponding region in
Fig. 4a. In other words, as the pore size increases from
45 nm to 62 nm, larger pore size causes more merging of
phonons, and results in a higher thermal conductivity, as
shown in Fig. 5.

For a pore size of LP � 62 nm, LC is approximately
38 nm and the high-energy phonons scattered at high tem-
perature pore collide with the boundaries of the low temper-
ature pore and undergo secondary reflection. Fig. 4c shows
that for a pore size of LP = 70 nm, a second high tempera-
ture region is formed near the boundary of the low temper-
ature pore as a of from secondary phonon scattering.
Furthermore, it is seen that the phonon intensity becomes
stronger as the pore size ranges from 62 nm to 75 nm. When
LP exceeds 75 nm, fewer phonons collide with the boundary
and the scattered area decreases, as shown in Fig. 4d. How-
ever, as the pore size increases further, the temperature in
the area between two neighboring pores becomes uniform
as a result of the multi-reflection of phonons (see Fig. 4e).

Fig. 6 shows the variations of the thermal conductivity
with different pore sizes in aligned structures. In the model
with structure size being less than 2000 nm, ballistic
phonon transport and independent scattering dominate
the whole phonon transport process. For convenience,
the following parameter of aspect ratio is defined to ana-
lyze the independent scattering effect on the thermal
conductivity:



Fig. 4. Temperature contours of porous nanostructures with structure size of L = 400 nm in which the pores are arranged in aligned rows: (a) LP = 20 nm;
(b) LP = 55 nm; (c) LP = 70 nm; (d) LP = 80 nm; and (e) LP = 90 nm.
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A ¼ LW

LP

; ð16Þ

where LW is the spacing between two neighboring pores in
the x-direction. Fig. 7 shows the variations of the thermal
conductivity with the aspect ratio at different nanostructure
size. When the value of the aspect ratio is less than 1.22,
independent scattering dominates the phonon transport be-
tween two neighboring pores in the x-direction. The more
effective the ballistic phonon transport, the more effective
the independent scattering.

There are distinct differences between the aligned model
and the staggered one. The most important phenomenon in
the aligned structure is of dependent scattering. In the stag-
gered model, LW is much larger than LC. Therefore, no
matter how large the pores size is, dependent scattering
does not occur. Fig. 8, in which the device size (L) and
pores size are the same as the size in Fig. 4a–d, reveals that
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Fig. 5. Effects of pore size on the thermal conductivity of multi-pore
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Fig. 8. Temperature contours in staggered porous nanostructure with
L = 400 nm and pore size of: (a) LP = 20 nm and (b) LP = 80 nm.
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as the pore size increases, LC becomes larger in each pore.
It means that more phonons are scattered, and the thermal
conductivity becomes smaller. The results also can be
found in Fig. 9; the thermal conductivity declines with
increasing pore size. As the device size increases, size effect
would be the minor mechanism and the thermal conductiv-
ity is close to the bulk value.
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5. Conclusion

This study has numerically investigated the effects of the
pore geometry and arrangement (i.e. aligned or staggered)
on the thermal conductivity of a two-dimensional nano-
structure. The following conclusions have been made.

1. The domination of ballistic phonon transport and spec-
ular reflection at the pore boundaries will cause serious
impact on the heat transfer in porous nanostructure.

2. The pore boundaries in the heat flux direction block the
passage of high-energy phonons and result in the forma-
tion of a high temperature region. When the aspect ratio
exceeds 1.22, the thermal conductivity reduces with the
aspect ratio in the aligned-pore.

3. The results show that the larger the pore size, the lower
the thermal conductivity of the nanostructure.

4. It can be suggested that the staggered-pore nanostruc-
tures represent relatively smaller thermal conductivity
than the staggered ones.
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