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A three-point-bending technique is presented for identifying the elastic constants of laminated compos-
ite materials. In the proposed technique, three strains in the axial, lateral, and 45� directions on the bot-
tom surface at the mid-span of a symmetric angle-ply beam subjected to three-point-bending testing are
measured for elastic constants identification. The narrow beam theory together with the trial elastic con-
stants is used to predict the theoretical strains of the beam. The theoretical and experimental strains of
the beams are then used in a stochastic optimization method to identify the elastic constants of the beam.
The accuracy and applications of the proposed technique are demonstrated by means of a number of
examples on the elastic constants identification of graphite/epoxy (Gr/ep) or glass/epoxy (Gl/ep) lami-
nated composite materials. The effects of specimen aspect ratio and thickness on the accuracy of the pro-
posed method are investigated.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Material characterization is an important procedure in the
developments of composite materials and components. According
to ASTM D3039/3039M and D3518/3518M [1], three composite
materials specimens with fiber angles of 0�, 90� and 45�, respec-
tively, are used to determine four elastic constants, i.e., Young’s
modulus in fiber direction E1, transverse Young’s modulus E2, shear
modulus G12, and Poisson’s ratio m12 of the material. As well known,
the specimen preparation and material testing processes are pretty
time consuming, not to mention the cost. To shorten the time for
material properties verification, a simple yet effective procedure
that can expedite the material constants determination process is
thus desired.

Recently, the determination of elastic constants of composite
materials parts using measured system parameters has become
an important topic of research [2–6]. For instance, Genovese
et al. [2] proposed a hybrid numerical-experimental technique to
identify the elastic constants of orthotropic materials using mea-
sured displacements. Liu et al. [3] presented a minimization meth-
od to determine the elastic constants of composite materials using
measured elastic waves. In this paper, the material characteriza-
tion of composites is also accomplished via an optimization ap-
proach. A simple yet effective three-point-bending technique is
presented to determine the elastic constants of laminated compos-
ite materials. In the proposed technique, only one symmetric
ll rights reserved.
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angle-ply beam specimen is needed to determine four elastic con-
stants (E1, E2, G12, and m12) of the constituent composite material.
The accuracy and applications of the proposed technique are dem-
onstrated by means of several examples.

2. Strain analysis of symmetric angle-ply beam

The theoretical strains of the symmetric angle-ply beam with
dimensions b � h � L subjected to three-point bending as shown
in Fig. 1 can be determined in the strain analysis of the beam based
on the narrow beam theory [7]. The line load with intensity F

b acting
at the mid-span of the beam is distributed uniformly across the
beam width. The stress resultant-curvature and strain-curvature
relations of the beam are expressed, respectively, as
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where Mx ¼ FL
4b, the bending moment per unit width of the beam; jx,

jy and jxy are curvatures in the x-direction, y-direction and x–y
plane, respectively; ex, ey, and cxy are axial, lateral, and shear strains,
respectively; z is the coordinate axis in thickness direction. It is
noted that the expressions for evaluating the bending stiffness
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Fig. 1. Geometry and loading condition of symmetric angle-ply beam.

Fig. 2. Lift-off at the left end of the [(45�/�45�)6]s beam.
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coefficients Dij, which depend on the elastic constants and layer fi-
ber angles of the beam, are available in the literature. The strains on
the bottom surface at the mid-span of the beam can be determined
by solving Eqs. (1) and (2).

ex ¼
FLhdxx

8b

ey ¼
FLhdyx

8b

cxy ¼
FLhdsx

8b

ð3Þ

where dij are the flexibility coefficients. It is noted that the strains
are dependent on the elastic constants of the beam.

When subjected to three-point bending, the symmetric angle-
ply beam may twist and lift-offs may occur at the supported ends
of the beam due to the existence of Dsx and Dsy in Eq. (1). Further-
more, for the beam with small shear modulus G23, the across-thick-
ness shear deformation may have certain effects on the deflection
of the beam if its length-to-thickness ratio (L/h) is not large en-
ough. Therefore, before proceeding to the material constants iden-
tification of the symmetric angle-ply beam, the applicability of the
narrow beam theory should be validated and the appropriate
dimensions of the beam determined. In the following validation
study, the so-called beam is treated as a 2-D plate and the SHELL
99 element of the finite element code ANSYS [8], which has in-
cluded the across-thickness shear effect in the formulation, is used
to study the deformation of the [(h�/�h�)6]s beam in Fig. 1. The
dimensions of the plate are b � h � L (mm) and the intensity of
the center line load is 3

b N/mm. Without loss of generality, the elas-
tic constants of the composite material are set as E1 = 146.5 GPa,
E2 = 9.22 GPa, G12 = G13 = 6.84 GPa, G23 = G12/6, m12 = 0.3. In the
finite element analysis, the translational degrees of freedom in z-
direction at the two ends of the plate are initially restrained from
movement. After applying the load to the plate, the translational
degrees of freedom in the z-direction at the nodes with negative
reactive nodal forces are released to allow movement. It is as-
sumed that the load applicator is in complete contact with the
whole width of the plate and the distribution of the applied load
remains uniform during the loading process. The actual deforma-
tion of the plate is then determined via an iterative procedure in
which the updated boundary conditions at the ends of the plate ob-
tained in the previous iteration step are observed in formulating
the finite element model of the plate at the present step. The iter-
ative finite element analysis of the plate continues until the nodal
reactive forces at the ends of the plate cease to change sign. The
deformations of the symmetric angle-ply plates with L = 200 mm,
h = 2.88 mm, and different widths and fiber angles have been stud-
ied in detail using the present iterative finite element method [9].
For instance, Fig. 2 shows the lift-off displacements at the left ends
of the [(45�/�45�)6]s plates with different aspect ratios (L/b) sub-
jected to F=3 N. It is noted that the lift-off displacement decreases
as the aspect ratio increases. In particular, the lift-off becomes neg-
ligible when L/b = 33.3. The uniform across-the-width deflection at
the mid-span of the plate obtained in the finite element analysis
has validated the assumption of complete contact between the
load applicator and the plate. It has been shown that at the mid-
span of the plate with L

b ¼ 16:7, the percentage differences of the
strains predicted via the narrow beam and finite element ap-
proaches are less than 5% and they become much smaller as the
plate’s aspect ratio gets larger than 16.7. The across-thickness
shear effects on the deformation of the angle-ply plates with differ-
ent length-to-thickness ratios and fiber angles are also studied. For
the plates with L

b ¼ 16:7 and length-to-thickness ratios larger than
69, the small differences, which are less than 1%, between the
deflections predicted by the 2-D finite element method and those
by the narrow beam theory have demonstrated the insignificance
of the shear effects. Therefore, for beams with aspect and length-
to-thickness ratios larger than 16.7 and 69, respectively, the effects
of lift-offs and across-thickness shear deformation on the strains of
the beams can be neglected and the narrow beam theory is capable
of predicting accurate strains for the beams. In the following elastic
constants identification study, symmetric angle-ply beams with
aspect and length-to-thickness ratios equal to 16.7 and 69, respec-
tively, will be used to illustrate the feasibility and applications of
the present method.



L=200mm, Lt =232mm, b=12mm, h=2.88mm 
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3. Identification of elastic constants

The problem of elastic constants identification of a symmetric
angle-ply beam is formulated as the following minimization
problem.

Minimize eðxÞ ¼ ½ðex � e�xÞ
2 þ ðey � e�yÞ

2 þ ðcxy � c�xyÞ
2� � n

Subject to xL
i 6 xi 6 xU

i ; i ¼ 1—4
ð4Þ

where e(x) is the strain discrepancy function measuring the sum of
the squared differences between the predicted and measured
strains; x = [x1 = E1, x2 = E2, x3 = G12, x4 = m12], the estimates of the
elastic constants; e�x, e�y, and c�xy are the measured axial, lateral, and
shear strains, respectively; n is an amplification factor which is used
to increase the sensitivity and avoid the occurrence of numerical
underflow of the strain discrepancy function. A detailed numerical
study has shown that for Gr/ep and Gl/ep materials, if the magni-
tudes of the strains are in the range from 10�4 to 10�6, the value
of n chosen in the range from 105 to 107 can help increase the con-
vergence rate of the solution. xL

i and xU
i are the lower and upper

bounds of the elastic constants, respectively. The predicted strains
(ex, ey, and cxy) are determined from Eq. (3) for a given set of trial
elastic constants. The above problem of Eq. (4) is then converted
into an unconstrained minimization problem by creating the fol-
lowing general augmented Lagrangian.

Wð~x;l;g; rpÞ ¼ eð~xÞ þ
X4

j¼1

ljzj þ rpz2
j þ gj/j þ rp/

2
j

h i
ð5Þ

with

zj ¼max½gjð~x1jÞ;
�lj

2rp
�

gjð~xjÞ ¼ ~x1j � ~xU
1j 6 0

/j ¼ max½Hjð~x1jÞ;
�gj

2rp
�

Hjð~xjÞ ¼ ~xL
1j � ~x1j 6 0 j ¼ 1� 4

ð6Þ

where lj, gj, rp are multipliers; max [*,*] takes on the maximum va-
lue of the numbers in the bracket. The modified design variables ~x
are defined as

~x ¼ E1

a1
;
E2

a2
;
G12

a3
;
m12

a4

� �
ð7Þ

A sensitivity study has shown that the normalization factors ai,
which are used to prevent E1, E2, and G12 from dominating the
search direction of the solution and make all the modified design
variables have appropriate contributions to the search direction,
are chosen in such a way that they make the modified design vari-
ables less than 10 and greater than 0. The previously proposed sto-
chastic global optimization method is then used to solve the above
unconstrained minimization problem to find the best estimates of
the elastic constants [10,11]. It is noted that in the adopted optimi-
zation method several starting points are randomly generated and
for each starting point the lowest local minimum is searched. The
solution converges when the probability of obtaining the global
minimum reaches 0.995.
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Fig. 3. Dimensions of beam specimen.
4. Experimental investigation

Two types of Gr/ep symmetric angle-ply beams with layups of
[(60�/�60�)6]s and [(45�/�45�)6]s were fabricated for experimental
study. The elastic constants of the cured Gr/ep material were first
determined from testing using three types of the standard speci-
mens of which each has 8 laminae in accordance with the ASTM
standards of D3039 and D3518 and their average values and
coefficients of variation (C.O.V.s) are given as follows.
E1 ¼ 146:5 GPa ð0:7%Þ; E2 ¼ 9:22 GPa ð1:2%Þ
G12 ¼ 6:84 GPa ð3:2%Þ; m12 ¼ 0:3 ð0:19%Þ

ð8Þ

In the following study, the average values in the above equation are
termed as the ASTM elastic constants of the composite material. The
beam of aspect ratio L

b ¼ 16:7 comprising 24 laminae of equal thick-
ness in Fig. 3 was fabricated and cured under the same conditions
used for preparing the standard specimens. In the three-point-
bending testing of the beam, to minimize the average strain effects
and get good approximations of strains at a specific point, three
strain gages having gage length 3 mm and gage factor 2.08 ± 1.0%
were used to measure the axial, lateral, and 45�-direction strains
on the bottom surface at the mid-span of the beam. Herein, it is
worth pointing out that the use of the three-point-bending test in
this study is due to its simplicity. If more accurate strain measure-
ments are desired, it is recommended to adopt the four-point-bend-
ing testing because the nearly uniform strain distributions along the
span of the beam in-between the two loading points can greatly
minimize the measurement errors induced by the gage-length ef-
fects of the strain gages. In the tests, the loading speed was set to
be 0.01 mm/s. Once the three unit-directional strains were avail-
able, the shear strain at the same location was obtained as

c�xy ¼ 2e�45 � e�x � e�y ð9Þ

For each type of the symmetric angle-ply beams, three specimens
were tested and the measured strains and their C.O.V.s are listed
in Table 1. It is noted that the C.O.V.s of the measured strains are
less than or equal to 2.1% and 1.2% for the [(60�/�60�)6]s and
[(45�/�45�)6]s beams, respectively. The ASTM elastic constants
were also used in the narrow beam theory to calculate the theoret-
ical strains. In general, the experimental strains are larger than the
corresponding theoretical ones and the percentage differences be-
tween the measured and theoretical strains given in the parenthe-
ses are less than or equal to 7.5%. The experimental strains are
then used in the proposed identification method to determine the
elastic constants of the beams.

5. Results and discussion

To demonstrate the feasibility and accuracy of the proposed
elastic constants identification method, a number of numerical
examples on the material characterization of Gr/ep or Gl/ep [(h�/
�h�)6]s beams with h = 15, 30, 45, and 60 subject to three-point
bending are first considered. The actual elastic constants of the
Gr/ep material are given in Eq. (8) while those of the Gl/ep material
are 38.6 GPa, 8.27 GPa, 4.14 GPa, and 0.26 for E1, E2, G12, and m12,
respectively.

The value of the amplification factor in Eq. (4) is set to be 106.
The upper and lower bounds of the elastic constants are chosen
based on engineering judgment.



Table 1
Measured strains of Gr/ep [(45�/�45�)6]s and [(60�/�60�)6]s beams subject to F = 3 N

Specimen no. Measured strains

e�xð10�4Þ e�yð10�4Þ c�xyð10�5Þ

Ib IIc Ib IIc Ib IIc

1 3.932 (+1.6%)a 7.002 (+1.2%)a �2.775 (+1.3%) �2.016 (+0.9%) �1.321 (+2.4%) �1.240 (+7.5%)
2 3.997 (+3.3%) 7.071 (+2.2%) �2.821 (+3.0%) �2.041 (+2.1%) �1.350 (+4.7%) �1.189 (+3.0%)
3 4.017 (+3.8%) 7.123 (+2.9%) �2.841 (+3.7%) �2.066 (+3.4%) �1.341 (+4.0%) �1.207 (+4.6%)
Average 3.982 (+2.9%) 7.065 (+2.1%) �2.812 (+2.6%) �2.041 (+2.1%) �1.337 (+3.6%) �1.212 (+5.0%)
C.O.V. 1.1% 0.9% 1.2% 1.2% 1.1% 2.1%

a Value in parentheses denotes the percentage difference between theoretical and measured strains.
b [(45�/�45�)6]s beam.
c [(60�/�60�)6]s beam.
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Graphite=epoxy :

0 < E1 < 310 GPa; 0 < E2 < 20 GPa; 0 < G12 < 20 GPa; 0:1 < m12 < 0:5
Glass=epoxy :

0 < E1 < 60 GPa; 0 < E2 < 16 GPa; 0 < G12 < 16 GPa; 0:1 < m12 < 0:5

ð10Þ

The normalization factors in Eq. (7) are chosen in such a way that
the modified design variables for the elastic constants of Eq. (10)
are within the following bounds.

~x ¼ 0 <
E1

a1
< 1:0; 0 <

E2

a2
< 1:0; 0 <

G12

a3
< 10;0:1 <

m12

a4
< 0:5

� �

ð11Þ

In the numerical study, the theoretically derived strains are treated
as the ‘‘measured” strains for identifying the elastic constants. Here-
in, the present method only uses five randomly generated starting
points to identify the actual elastic constants of the composite
materials. Furthermore, all the starting points can lead to the global
minimum with numbers of iterations less than or equal to 10. For
comparison purpose, the optimization algorithm DBCONF of IMSL
[12] is also used to solve the minimization problem of Eq. (4) for
determining the elastic constants of the Gr/ep and Gl/ep symmetric
angle-ply beams. DBCONF, however, is unable to make the solutions
converge and thus no results have been obtained. The first order
second moment method [13] is also adopted to study the effects
of measurement noise and fiber angle on the variations of the iden-
tified elastic constants. Among the beams under consideration, the
[(15�/�15�)6]s beam are less sensitive to the variations of the mea-
sured strains.

Now consider the elastic constants identification of the sym-
metric angle-ply beams which have been tested. The measured
three strains of each of the [(60�/�60�)6]s and [(45�/�45�)6]s beams
as well as their average values in Table 1 are used separately in the
present method to identify the elastic constants of the beams. The
estimates of E1, E2, G12, and m12 determined using different sets of
measured strains are listed in Table 2. It is noted that for the three
[(60�/�60�)6]s beams, the percentage differences between the
Table 2
Identified elastic constants of Gr/ep [(45�/�45�)6]s and [(60�/�60�)6]s beams using measu

Specimen no. Identified elastic constant

E1 (GPa) E2 (GPa)

Ib IIc Ib IIc

1 142.84 (2.5%)a 140.92 (3.8%)a 9.05 (1.8%) 8.92
2 141.35 (3.5%) 136.21 (7.0%) 8.44 (8.5%) 9.20
3 140.33 (4.2%) 141.70 (3.3%) 9.01 (2.3%) 8.89
Average 141.38 (3.5%) 139.2 (5.0%) 8.88 (3.7%) 9.02
C.O.V. 0.89% 2.13% 3.86% 1.90%

a Value in parentheses denotes the percentage difference between the ASTM and iden
b [(45�/�45�)6]s beam.
c [(60�/�60�)6]s beam.
ASTM and identified elastic constants are less than or equal to
7.0%, 3.6%, 3.1%, 10.0% for, respectively, E1, E2, G12, and m12. The high
percentage difference of m12 is mainly due to the small value of m12

itself. It is also noted that amongst the identified elastic constants,
the percentage difference of the identified shear modulus is the
smallest. The C.O.V.s of the identified elastic constants are less than
or equal to 3.61%. Compared to the maximum C.O.V. of 3.2% in Eq.
(8), it is noted that both the ASTM and present method produce
similar variations for the elastic constants. If the average measured
strains are used in the identification method, the percentage differ-
ences of the estimates of E1, E2, G12, and m12 become 5.0%, 2.2%, 2.0%
and 6.7%, respectively. Again it is noted that amongst the identified
elastic constants, the percentage difference of the identified shear
modulus is the smallest. Furthermore, the use of more specimens
in the identification process can produce smaller percentage dif-
ferences for the elastic constants. As for the [(45�/�45�)6]s beams,
the percentage differences between the ASTM and identified elas-
tic constants are less than or equal to 4.2%, 8.5%, 3.7%, and 0.33%
for, respectively, E1, E2, G12, and m12. In this case, amongst the
identified elastic constants, the percentage difference of the iden-
tified Poisson’s ratio is the smallest. The C.O.V.s of the identified
elastic constants are less than or equal to 3.86%. The similar
C.O.V.s of the identified elastic constants produced by the [(60�/
�60�)6]s and [(45�/�45�)6]s beams have demonstrated the consis-
tency of the present method. If the average measured strains are
used in the identification method, the percentage differences of
the estimates of E1, E2, G12 and m12 become 3.5%, 3.7%, 2.8% and,
0%, respectively. Again it is noted that amongst the identified elas-
tic constants, the percentage difference of the identified Poisson’s
ratio is the smallest and the use of more specimens in the identi-
fication process can produce smaller percentage differences for
the elastic constants. As indicated in the previous section on strain
analysis of beams, more accurate results of elastic constants
should be obtained for the symmetric angle-ply beams with as-
pect and length-to-thickness ratios larger than 16.7 and 69,
respectively, because more accurate strains can be determined
for such beams.
red strains

G12 (GPa) m12

Ib IIc Ib IIc

(3.3%) 6.74 (1.5%) 6.83 (0.1%) 0.301 (0.33%) 0.33 (10%)
(0.2%) 6.63 (3.1%) 6.63 (3.1%) 0.300 (0%) 0.31 (3.3%)
(3.6%) 6.59 (3.7%) 6.66 (2.6%) 0.300 (0%) 0.33 (10%)
(2.2%) 6.65 (2.8%) 6.70 (2.0%) 0.300 (0%) 0.32 (6.7%)

1.17% 1.61% 0.19% 3.61%

tified elastic constants.



Table 3
Strains of angle-ply beam subjected to axial force of 100 N

Beam [(45�/ � 45�)6]s [(60�/ � 60�)6]s

Strain Experimental* Theoretical Experimental Theoretical

(i)a (ii)b (i) (ii)

ex(10�6) 130.32 123.6 (5.2%)c 127.27 (2.3%) 233.76 221.37 (5.6%) 225.95 (3.5%)
ey(10�6) �89.98 �87.92 (�2.3%) �90.29 (0.3%) �66.03 �64.15 (�2.9%) �65.45 (�0.9%)

* Average Strain obtained from 3 beam specimens.
a Strain predicted using ASTM elastic constants.
b Strain predicted using identified elastic constants.
c Percentage difference between experimental and theoretical strains.
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In view of the material constants determined by the present
and ASTM approaches, it is interesting to note that, except Pos-
sion’s ratio, the identified material constants are less than their
ASTM counterparts. This phenomenon implies that the compos-
ite material of the beams is ‘weaker’ than that of the ASTM spec-
imens. Therefore, to further investigate the accuracy of the
present material constants identification method, the beam spec-
imens were subjected to tensile testing to measure the axial and
lateral strains at the mid-span of the beams. The ASTM material
constants and the material constants identified by the present
method using the average measured strains are also used sepa-
rately in the finite element analysis to predict the theoretical
strains of the beams. Table 3 lists the experimental and analyt-
ical strains of the beams for comparison. It is noted that the
strains predicted using the present identified material constants
can match the experimental strains more closely than those pre-
dicted using the ASTM material constants. The degradations of
the beam material constants might be caused by the imperfect
curing in the relatively thick beams or other uncertain factors in-
volved in the curing process.

6. Conclusions

A simple yet effective method for elastic constants identifica-
tion of laminated composite materials using three strains of a sym-
metric angle-ply beam subjected to three-point-bending testing
has been presented. The strains measured from the beam have
been used in an optimization method to identify the elastic con-
stants of the composite material. A numerical study has demon-
strated the capability and accuracy of the present method in
identifying the actual elastic constants of Gr/ep and Gl/ep symmet-
ric angle-ply beams. Good estimations of the elastic constants can
be obtained for the beams with aspect and length-to-thickness ra-
tios larger than or equal to 16.7 and 69, respectively. A number of
Gr/ep [(60�/�60�)6]s and [(45�/�45�)6]s beams have been subjected
to three-point-bending and tensile tests to further demonstrate the
accuracy and applications of the present method. It has been
shown that when comparing with the ASTM procedure, the present
identification method can predict more realistic material constants
for the beams.
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