
Appl Phys B (2009) 96: 401–408
DOI 10.1007/s00340-009-3539-3

Adaptation to the edge of chaos in a self-starting Kerr-lens
mode-locked laser

C.C. Hsu · J.H. Lin · W.F. Hsieh

Received: 8 December 2008 / Revised version: 9 March 2009 / Published online: 2 May 2009
© Springer-Verlag 2009

Abstract We experimentally and numerically demonstrated
that self-focusing acts as a slow-varying control parameter
that suppresses the transient chaos to reach a stable mode-
locking (ML) state in a self-starting Kerr-lens mode-locked
Ti:sapphire laser without external modulation and feedback
control. Based on Fox–Li’s approach, including the self-
focusing effect, the theoretical simulation reveals that the
self-focusing effect is responsible for the self-adaptation.
The self-adaptation occurs at the boundary between the
chaotic and continuous output regions in which the laser sys-
tem begins with a transient chaotic state with fractal corre-
lation dimension, and then evolves with reducing dimension
into the stable ML state.

PACS 42.60.Mi · 42.65.Sf · 42.65.Re · 05.45.Gg · 05.45.Pq

1 Introduction

A self-adapting or self-adjusting system is an adjustable sys-
tem whose control parameters are adjusted by the forcing
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dependent only on the system itself [1]. Such systems have
been found to adapt to the edge of chaos, which is the bound-
ary of chaos and the ordered state [1, 2]. Using the logistic
map as an example [1], it had been found that the parame-
ter leaves the chaotic regime and there is a high probability
of finding the parameter at the boundary between periodic-
ity and chaos when the control parameter of the system is
not constant in time but varies much more slowly than the
dynamical variables. These phenomena are ubiquitous in na-
ture; for example, long-range fitness correlations have been
detected during the adaptive process in RNA viruses [3].
In addition, models of coupled neurons with self-adjusting
coupling strengths had been found to exhibit robust synchro-
nization [4] and suppression of chaos [5].

Since the laser came on the scene, the rich nonlinear dy-
namics has been investigated intensively in laser systems.
Typically, if only one spatial mode of the electromagnetic
field is excited in the laser, the interesting instabilities are
temporal [6]. Nevertheless, under some circumstances, pa-
rameters can be adjusted so that more spatial modes come
into play and spatio-temporal instabilities [7] also appear.
Lugiato et al. expressed the Maxwell–Bloch equations in
terms of modal amplitudes by using a suitably cylindrically
symmetric empty-cavity-mode expansion [8, 9]. They pre-
sented various spatiotemporal instabilities, including chaos
and cooperative frequency locking, which occur under uni-
form pumping with the pump size being larger than the min-
imum cavity beam waist [10].

By using Greene’s residue theorem [11] to analyze the
iterative map of a Gaussian beam q parameter of a general
optical resonator [12], we found that, even when only funda-
mental mode propagation is considered, some specific con-
figurations that have so-called low-order resonance [11] may
become unstable under the influence of persistent nonlin-
ear effects [12–14]. When the pump size is smaller than the
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waist of the cold cavity in axial-continuously (CW) pumped
solid-state lasers, peculiar lasing behavior [15–19] has been
observed near the degenerate configurations that correspond
to the low-order resonance. At these degenerate cavity con-
figurations, a supermode or superposition of phase-locked
degenerate transverse modes can be formed with relatively
low lasing threshold, shrunken beam waist [16] and oper-
ation of a stable CW bottle beam [17, 18] were observed.
However, only the temporal chaotic state was observed for
the cavity configurations that were slightly shorter than the
degenerates and the spatio-temporal chaotic state for those
slightly longer than the degenerates [19].

The chaotic behavior had been studied in mode-locked
gas lasers such as He–Ne laser [20] and NH3 laser [21].
In solid-state mode-locked (ML) lasers, the chaotic behav-
ior of the self-mode-locking or the Kerr-lens mode-locking
(KLM) Ti:sapphire lasers, due to the significant optical Kerr
effect (OKE), had also been investigated since the inven-
tion of KLM Ti:sapphire laser in 1991 by Spence et al.
that requires a mechanical perturbation to start the mode
locking [22]. Later, self-starting Kerr-lens mode locking
(SSKLM) was shown achievable in this laser, either with
or without group velocity compensation [23, 24] in a nar-
rower tuning region close to the boundary of spatio-temporal
chaotic and CW states [25]. The basic mechanism under-
lying pulse formation in these self-mode-locked lasers has
been attributed to self-focusing caused by Kerr nonlinearity
to modulate the cavity gain or loss in terms of soft-aperture
or hard-aperture Kerr-lens mode locking [26, 27], respec-
tively. For soft-aperture systems, however, because the only
mechanism to restrict higher-order transverse modes is the
modal profile of the gain and because Kerr-lens mode lock-
ing itself is intrinsically a nonlinear phenomenon, it is not
surprising that such systems may exhibit a more complicated
transverse dynamics. Recently, period doubling [28, 30] and

tripling [29, 30] of soft-aperture Kerr-lens mode-locked
Ti:sapphire lasers were observed by operation of the res-
onators in specific cavity configurations and were explained
in terms of the total mode locking of TEM00 and higher-
order modes [31, 32].

Although the dynamic processes of the self-starting KLM
lasers have been extensively investigated in early time in
which starting from relaxation oscillation through a short
period intermediate free running to reach a final stable KLM
were generally reported [33], many efforts concerning the
routes to chaos after the lasers had been operated with the
KLM state were reported, e.g., Bolton et al. [34], and our
previous report [25]. A phase plot of period, quasiperi-
odic, and chaotic regimes shows as a function of pump
power and insertion of prism [26]. However, to the best
of our knowledge, self-adaptation from transient spiking
to complete mode locking with neither external modula-
tion [35–37] nor feedback control [38–40] had not been ex-
amined in laser systems. In this article, we will report the
experimental demonstration in laser systems in which the
dynamic processes of self-starting KLM begin with the tran-
sient chaotic state and finally suppression of chaos to be-
come a stable CW-ML state. Based on the Fox–Li approach,
including the self-focusing effect, the simulation results re-
veal that the self-focusing effect is responsible for the dy-
namics of this laser system that evolves from the chaotic
state with a strange attractor to a metastable periodic state
and then converges to a fixed point, the CW-ML state.

2 Experimental setup

The experiment setup of picosecond (ps) Ti:sapphire laser
is shown in the inset of Fig. 1. An all line Ar-ion laser was
used to pump a Brewster-angle cut Ti:sapphire laser rod with

Fig. 1 The output clusters of
the self-starting pulse train on
the oscilloscope with 5 W
pump. The CW laser oscillated
with free running spiking when
the cavity path was unblocked
and then suddenly broke into
KLM operation. The inset is the
experiment setup of a
picosecond pulse Ti:sapphire
laser
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length l = 9 mm. Without any GVD compensation, the sin-
gle pass GVD for the 9 mm Ti:sapphire crystal is 576 fs2.
A Z-shaped resonator consists of two curved mirrors, M1

and M2, with the radius of curvature R = 10 cm, and two
output couplers, M3 and M4, having transmissions of 2 and
5 percent, respectively. The distance from M1 to one end
face of the laser rod is denoted as r2, and from the other end
face to M2 as r1. In a near-symmetric arrangement, the dis-
tance d2 from the output coupler M3 to M2 is equal to the
distance d1 from M4 to M1. By properly adjusting the cavity
configuration we obtained self-starting KLM lasing [23, 25]
that can be operated for a long period of time. We measured
the stable KLM pulse having the pulse width of about 3 ps.
The output from M3 was detected by high-speed silicon PIN
diodes (Electro-Physics Technology ET 2000, with 300-ps
rise time) and then connected to a 300-MHz digital oscil-
loscope (LeCroy 9450A) used to monitor and store the dy-
namic of laser for further analysis. The self-starting was ex-
amined by blocking and unblocking the cavity beam to ob-
serve whether the laser will self-develop into the KLM state
or not. We found the self-starting will always occur after the
cavity beam is unblocked.

3 Results and discussion

Figure 1 shows the typical evolving output of the self-
starting KLM laser developed from spontaneous noise under
5W CW pumping. Apparently, the laser first oscillated with
free running spiking once the cavity path was unblocked. It
then evolved into stable KLM operation with a pulse width
of 3 ps. To verify the determinism of the data, the corre-
lation function and the correlation dimension proposed by
Grassberger-Procaccia analysis (GPA) [41] were applied.

To do the GPA, the time embedding technique is required
to construct the trajectory in the De embedding dimensions

with a vector yi . The number of pairs of points with a sepa-
ration distance less than some value r is estimated by

C(r) = lim
N→∞

2

(N − De + 1)(N − De)

×
(N−De+1)∑

i

(N−De+1)∑

j>i

H
(
r − (yi − yj )

)
, (1)

where yi and yj are the coordinates of the ith and j th vec-
tors of total N data, and H is the Heaviside function, which
is defined as H(u) = 1 if u > 0, but zero otherwise. The
distance r can be simply a Euclidean norm. Because C(r)

could vary as C(r) ≈ rd , where d is the dimension of the
attractor, by the slope of the log[C(r)] versus log(r) plot it
is possible to determine d if we have the correct minimum
embedding dimension whose slope would convert to a value
despite choosing the greater values of De.

The measured data in the experiment are continuous or
represented a discrete time sequence of laser outputs x(t),
recorded by an oscilloscope with a sampling interval of τ ,
and represented by x(τ0 + nτ) or xn. For the nonlinear dy-
namic analysis, we have reported detailed bifurcation dia-
grams and verified the determinism of the chaotic state in the
soft-aperture KLM [25]. Here we used 30,000 data points
of transient irregularity with 0.01 ms sampling time before
the complete KLM. Figure 2 shows the slope of log[C(r)]
versus log(r) for the embedding De = 2 to 12. When the
length scales are smaller than or equal to the noise strength,
the noise will cause fuzziness so that we would recognize
only C(r) ≈ rd for r > rnoise. This value d increases until
it reaches a constant value as the embedding dimension De

is large enough to accommodate the attractor. A plateau can
be seen within proper length scale in Fig. 2 with a finite and
non-integer value of d = 2.11 ± 0.08, indicating the tran-
sient irregularity is chaotic. The chaotic characteristic can

Fig. 2 The calculated log
[C(r)]/ log(r)] versus log(r)

with embedding dimension De

from 2 to 12 by the GPA. The
inset is the damped
autocorrelation that reveals a
chaotic characteristic
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be confirmed further by observing the revivals of the auto-
correlation function for a long delay time, as shown in the
inset of Fig. 2.

The laser instabilities, e.g., the instabilities of single
mode [42] and multimode [43, 44] lasers and transverse in-
stabilities [45], are generally described by Maxwell–Bloch
equations. However, since the Ti:sapphire laser is a class
B laser, the polarization relaxation rate is faster than those
of field and population, and the Maxwell-Bloch equations
are reduced to the rate equation. Furthermore, in the passive
mode-locked laser, the OKE can be exploited to simulate
the fast saturable absorber behavior and the rate-equation
approach can describe sufficiently the transmission of an
optical pulse through such a fast saturable absorber with-
out using more complex resonant-dipole or Rabi-flopping
analyses [46]. For comparison with the experimental obser-
vation, and to ascertain that the chaotic characteristic is a
result of the self-focusing effect, we numerically simulated
this laser system by using Collin’s integral [47] with round-
trip transmission matrix to calculate the light field E(r) un-
der cylindrical symmetry, where r is for the corresponding
radial coordinates and the rate equations are as described in
our previous work [48], in which the gain coefficient is ex-
pressed as

gm+1 = (1−γa�t)gm + 2�t

hνpN0l

(
Pp

πw2
p

e

−2r2

w2
p

)
(σN0 −gm)

−γa�t

|Es |2 |Em|2gm. (2)

Here we used the spontaneous decay rate γa = 3.125 ×
105 s−1 [49], the total density N0 = 3.3 × 1025 m−3 [49],
the length l = 9 mm, the stimulated-emission cross sec-
tion σ = 3.0 × 10−23 m2 [50], and the saturation parameter
Es = 1.05 × 106 NC−1 [50] of the active medium; and the
round trip time �t = 10.67 ns, determined by cavity length,
the photon energy of the pumping laser hνp = 1.53 eV,
pumping beam radius wp = 15 µm in the gain medium, and
Pp = 5 W is the effective pumping power. Notice that the
mode-locking mechanism in a Kerr-lens mode-locking laser
is due to the self-amplitude or self-gain modulation result-
ing from the self-focused light by the hard- or soft-aperture
effect. Therefore, the pumping beam radius wp must be
smaller than the cold cavity beam radius wc (∼25 µm) in
the gain medium leading to the KLM mode to resonate more
easily than the CW mode. We have omitted the dispersion
of the active medium, so that the gain is assumed to be real.
The filtering mechanism from the loss difference [51, 52]
need not be considered because the gain band width of the
picosecond pulses is much smaller than the band width of
the mirror reflectance.

In order to include the self-focusing effect in active
medium, we modified the equation to describe the light field

passing through the gain medium by adding the nonlinear
phase shift caused by OKE as

φ(r) = 2π

λ
n2lI (r) (3)

in the evolution equation of the light field

Em+ = Em− exp

(
1

2
gml − iφ

)
+ Em

spont. (4)

Here Em− and Em+ are the electric fields of the m-th round trip
just reaching and leaving the laser rod; l is the length of gain
medium; Em

spont is the field of spontaneous emission whose
amplitude is given by the spontaneous decay term in (2) and
a phase obtained from a random generator; and n2 is the
nonlinear refractive index. I (r) is the intensity distribution
of laser pulse calculated from the electric field Em−(r) using
I (r) = (1/2nε0)|Em−(r)|2, where n is the refractive index
and ε0 is the permittivity of free space. A similar treatment
is for the opposite direction propagation. The processes re-
peat in each round trip until they reach convergence to a
continuous-wave steady state for the CW laser output.

When we omit the self-focusing effect, i.e., φ = 0 in (4),
the model had been used for a description as the laser dy-
namics involving the interplay of beam propagation and gain
dynamics as cavity is tuned toward the degeneration [48].
However, if we considered the self-focusing effect, it modi-
fies the wave front of the propagation field according to (4)
through the beam propagation described by the diffraction
integral. The spot size of the electric field will shrink in
every trip through the gain medium. The smaller pumped
spot size than the cold cavity one causes the KLM state
to have a better overlap integral than the CW state to ex-
tract more stored gain. Although the self-focusing effect is
considered instantaneous to modify the beam profile, the re-
sultant electric field distribution would be governed by gain
dynamics, which has a recovery time of 3.2 µs and is a rela-
tively slow process.

In order to investigate the cavity-dependent instability,
we varied r1, which changes the electric field distribution
in the gain medium corresponding to influence optical Kerr
effect on laser dynamics, across the point of degeneration,
and set the initial values of E(r) to zero, i.e., E1−(r) = 0, to
calculate the output power. Here setting the initial values of
E(r) = 0 is to avoid the value of stable output field at posi-
tion r1 substituting the initial value at the next position of r1.
The real initial condition is the spontaneous-emission noise
rather than “the zero field value”. The zero solution is also
a trivial solution. All parameters and variables used in the
program have been set at double precision.

Without considering OKE (n2 = 0), typical laser output
begins with a relaxation oscillation and then a stable out-
put in all the stable cavity configurations [48]. Let n2 =
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Fig. 3 The simulation results of
the laser output power around
the degenerate cavity
configuration. A large
fluctuation is similar to the
situation of the transient
irregular spiking before the
KLM as shown in Fig. 1. The
inset is the lasing states versus
cavity tuning, where r1 is the
distance between the curved
mirror M2 and the end face of
the laser crystal

3 × 10−20 m2 W−1 and pulsewidth τp = 3 ps; the laser out-
put states versus the tuning range are shown in the inset of
Fig. 3. The stable laser output after the relaxation oscillation
can be seen in the CW regions. However, instability out-
put can be seen as the cavity configuration tuned close to
the degenerate cavity configurations, set here around 1/3-
transverse degeneracy, in which the transverse modes with
mode numbers m + n = 3N have the same frequency as the
fundamental mode, where N is an integer.

The laser is situated either quasi-periodic or chaotic be-
tween r1 = 53.63 and 53.65 mm (solid triangles), e.g., they
are completely chaotic at r1 = 53.64 mm and operated at
CW state (solid squares) after transient oscillation for r1 <

53.63 mm and r1 > 53.655 mm. It is worth noting that the
simulated SSKLM output as shown in Fig. 3, which is op-
erated at CW-ML state (open squares), is similar to the ex-
perimental one (see Fig. 1), which possesses transient irreg-
ularity before reaching a constant output at r1 = 53.65 mm.
However, we cannot determine directly whether the constant
output is completely KLM or CW output, due to lack of tem-
poral information within a round trip time. By analyzing the
simulated data in this case, we also obtained a similar de-
caying correlation function as the results of analyzing the
experimental data in Fig. 2, with correlation dimension of
1.67 ± 0.15. Furthermore, the simulated result shows that
the CW-ML occurred at the edge of a power dip around a
degenerate cavity configuration, and it also agrees with our
experimental reports [30].

To investigate the evolution of the SSKLM laser from
the transient chaos into complete mode locking, we divided
the 30,000 transient irregularities of the experimental data
points into five parts with 10,000 data points per section, but
overlapping 5,000 data points with the successive sections

to calculate the evolving of the correlation dimension. How-
ever, the pulse peak detection based on Bolton et al. [40]
must be used for the data of the complete KLM pulses. We
therefore recorded separately the successive mode-locking
pulses during the complete KLM. We acquired each mode-
locking pulse containing 5 to 6 points and a total of 3,500
pulses for this calculation. Each data point represents an ac-
cumulation over approximately 2 ns. The maximum value
of the voltage on the oscilloscope, with 8-bit flash, was read
as approximately 2 V for our measured pulse train [25].
Shown in Fig. 4(a), the correlation dimension initially is a
non-integer 2.56 ± 0.17, and then declines gradually to an
integer dimension of 1. Finally, it evolves to a periodic com-
plete KLM state of d = 0. Correspondingly, for the sim-
ulation results, the correlation dimension evolves similarly
from 1.88 to 1, then to d = 0. Furthermore, the characteris-
tics of the phase space can be derived by a plot, named “re-
turn map,” obtained from the time series that is the observed
output of the dynamical system [53]. A return map of the
simulated SSKLM result is shown in Fig. 4(b). It presents a
strange attractor in the initial stage. With time evolution, the
chaotic state transits to the quasi-periodic (metastable) state
corresponding to d = 1 and then converges to a fixed point
(d = 0).

Lasers are typical systems in which the “slaving princi-
ple” applies, as Haken [54] has elegantly explained. In gen-
eral, any kind of laser can be described by means of a set
of coupled non-linear differential equations involving the
first-order time derivatives that can be represented as d �x

dt
=

F �μ(�x, t). The time-dependence vector �x = (x1, . . . , xn) rep-
resents the n dynamical variables describing the laser sys-
tem, so that its evolution defines a trajectory or orbit of the
system in the phase space defined by these variables, and the



406 C.C. Hsu et al.

Fig. 4 The time evolution of the correlation dimension of the ob-
served (a) and the return map of simulated output power (b). F: fixed
point

vector field F �μ describes the nonlinear coupling between the
dynamical variables in a given kind of laser. Generally, F �μ
depend on several control parameters designated by a vector
�μ = (μ1, . . . ,μp) that characterizes each specific set of ex-
perimental conditions. If the control parameter μj is much
larger than the remaining ones, the influenced variable xj

rapidly “loses” the memory of its history (i.e., of the val-
ues reached at preceding times); in such a way, it adapts
rapidly to the instantaneous values reached by the remain-
ing variables approximately proportional to μj . Therefore,
the slowly evolving variables completely determine the evo-
lution of the physical system. The self-focusing effect may
play a role of slowly controlling the parameter to the studied
laser system, and the slaving principle can be applied to de-
scribe the observed time evolving correlation dimension and
the transient return map from the chaotic state to ML state.

In our previous reports, the laser dynamics are dependent
on laser cavity configuration. The transverse-mode pattern
is consisting of high-order transverse modes in a degener-

ate cavity configuration [30, 55]. Owing to the superposi-
tion of high-order modes, the transverse mode could be self-
adjusted to match the pumping profile for extracting maxi-
mal pumped gain in cavity. The laser dynamics shows ex-
istence of temporal or spatial temporal instabilities when
the nonlinear effects were in existence around the degener-
ate cavity configurations [48]. The Kerr-lens mode-locking
in a Ti:sapphire laser is dependent on the cavity configura-
tion, no matter whether it is operated in picosecond or fem-
tosecond pulse [30]. The ML region, varying the distance
between the mirror and the crystal, is ∼300 µm including
the self-starting ML in smaller region ∼30 µm. When the
mirror was tuned within 30 µm range, the laser parameters,
such as the beam waist of the cold cavity, cavity loss, etc.,
would be unchanged but change in the relative Gouy phases
of the transverse modes [18]. The pulse energy is fixed but
waist is not, in a stable mode-locked laser.

It is known that, far from the threshold of continuous (su-
percritical) instability, only the phase of the complex field
survives as a slow degree of freedom, since it describes the
symmetry of the system [56]. Therefore, the nonlinear phase
due to the nonlinear Kerr coefficient

γ = n2/
(
n3

0Aeff
)

(5)

may act as the slowly varying control parameter [1]. Here n0

is the linear refractive index and Aeff is the effective area in
the Kerr medium [57]. Because the optical field originates
from the spontaneous emission whose spot size is approxi-
mately corresponding to the spot size of the pumped beam,
which is smaller than the spot size of a cold cavity, the ini-
tial values of 1/Aeff are almost constant, which is equal to
1.4×1011 m−2 as shown by a dash line in Fig. 5. 1/Aeff cal-
culated at N = 10,000 round trips is equal to 3 × 1011 m−2

at the CW-ML state, which is sandwiched between instabil-
ity and CW regions in the inset of Fig. 3. By plotting the
probability of finding 1/Aeff after 10,000 round trips as a
function of γ in a wide cavity tuning range of 70 µm in
Fig. 5, we found γ does adapt to the edge of chaos that has
the highest probability.

4 Conclusion

Without external modulation and feedback control, we have
observed self-starting Kerr-lens mode locking with picosec-
ond pulses in the Ti:sapphire laser. From the decay autocor-
relation function with long time revival, and the fractal cor-
relation dimension for the transient irregularity of the laser
output before the complete mode locking, we ascertained
that the SSKLM is initially at the chaotic state. Based on the
Fox–Li approach, including the self-focusing effect, the sim-
ulation results reveal that the self-focusing effect is respon-
sible for the dynamics of this laser system that evolves from
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Fig. 5 Distribution of finding 1/Aeff, initiation and after 10,000 round
trips, for a cavity tuning range of 70 µm

the chaotic state with a strange attractor to a quasi-periodic
state, and then converges to a fixed point. After long time
evolution, the nonlinear Kerr coefficient γ does adapt to the
edge of chaos.
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