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Abstract 
 

Basic properties as well as applications in physics research of broad-area 

VCSELs from below to far above threshold are thoroughly investigated. Firstly, the 

high-resolution measurement demonstrates that over a thousand cavity modes with a 

narrow linewidth can be perfectly exhibited in the subthreshold emission spectra. 

Further analyses of the obtained spectra confirm that the subthreshold emission 

spectra of broad-area VCSELs can be exploited to analogously investigate the energy 

spectra of the 2D quantum billiards. In addition, due the analogy between Helmholtz 

equation and time-independent Schrödinger equation, transverse wave patterns of 

oxide-confined VCSELs enable us to visualize the wave functions of the 2D quantum 

billiards with the same lateral shapes. Therefore, typical lasing modes for VCSELs 

with various cavity shapes are explored. Furthermore, since paraxial wave equation 

and time-dependent Schrödinger equation are highly equivalent in mathematics, free 

space propagation of lasing modes for VCSELs can be use to analogously study 

diffraction in time effect which is one of the most relevant quantum transient 

phenomena in matter waves. Mode selection mechanism for stadium-shaped VCSELs 

is also experimentally studied. We then perform statistical analysis to quantitatively 

understand characteristics of experimental chaotic and scarred wave patterns. Finally, 



 

 iii  

polarization dynamics of broad-area VCSELs far above threshold are considered. 

Experimental results reveal that cavity geometry plays a significant role for 

polarization stability of the lasing mode that has large frequency detuning. 
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Fig. 3.7 (a)–(d) Calculated energy spectra ( )g kɶ  and the corresponding  

Fourier-transformed spectra ( )FTg Lɶ  ((a’)–(d’)) with parameters of 

0.03γ = , 0.01γ = , 0.007γ = , and 0.004γ = .⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅95 

Fig. 3.8 Schematic of the equilateral-triangular and stadium-shaped VCSELs device  
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Fig. 3.9 The measured subthreshold emission spectrum ( )SE Kρ  in (a)  

equilateral-triangular and (b) stadium-shaped VCSELs.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅98 

Fig. 3.10 The experimental statistics for the nearest-neighbor eigenvalue spacing  

distribution ( )p s  in the form of a histogram for (a) equilateral-triangular 

and (b) stadium-shaped device. The curves represent (a) Poisson 

distribution and (b) Wigner distribution.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅98 

Fig. 3.11 Fourier transformed spectrum ( ) 2

SE Lρɶ . The experimental and numerical  

results are displayed as mirror images.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅101 

Fig. 3.12 Fourier transformed spectrum ( ) 2

SE Lρɶ . The experimental and numerical  
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Fig. 4.1 Temperature dependence of emission wavelength (red star) and longitudinal  

wavelength (black star) for a stadium-shaped VCSEL with area of 
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Fig. 4.2 Schematic view of experimental setup for near-field pattern measurement.           

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅110 

Fig. 4.3 Intensity patterns of transverse near-field patterns at temperatures of (a)  

300K (room temperature), (b) 280 K, (c) 250 K, (d) 230 K, and (e) 210 K. 
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Fig. 4.4 The calculated patterns by using representation of quantum coherent states  

in square billiards corresponding to Figures 4.3(b)–4.3(e), respectively.⋅114 

Fig. 4.5 Schematic diagram of device structure, temperature dependence of   

threshold current and experimental near-field patterns for square-shaped 

VCSELs with area of 220 20 mµ×     .⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅116 

Fig. 4.6 Schematic diagram of device structure, temperature dependence of  

threshold current and experimental near-field patterns for square-shaped 

VCSELs with area of 230 30 mµ×     .⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅117 

Fig. 4.7 Schematic diagram of device structure, temperature dependence of  

threshold current and experimental near-field patterns for square-shaped 

VCSELs with area of 240 40 mµ×     .⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅118 

Fig. 4.8 Intensity patterns of transerse near-field patterns at temperatures of (a) 300  

(room temperature), (b) 260, (c) 240, (d) 210, and (e) 150.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅120 

Fig. 4.9 (a) Numerical wave pattern ( ) 2

32,7 , ;1,0,0.22S x y π+  corresponds to the  

experimental superscar mode which impings on lateral sides vertically. (b) 

Numerical wave pattern ( ) ( )
21

6,60 ,x yψ  corresponds to the experimental  
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honeycomb pattern. (c) Numerical wave pattern ( ) 2

23,6 , ;1,1,0.35S x y π+  

corresponds to the experimental superscar mode with ( ) ( ), 1, 1p q = .⋅ ⋅ ⋅ 121 

Fig. 4.10 Schematic diagram of ripple square shape.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅123 

Fig. 4.11 Plots of top view of device structure, threshold current and the typical   

near-field patterns in the operating temperature range of 200 K to 300 K for 

ripple square-shaped VCSEL (device 1).⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅124 

Fig. 4.12 Plots of top view of device structure, threshold current and the typical  

near-field patterns in the operating temperature range of 200 K to 300 K for 

ripple square-shaped VCSEL (device 2).⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅125 

Fig. 4.13 Polarization resolved near-field patterns and emission spectra shown in Fig.  
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Fig. 4.14 Schematic structure, temperature dependence of threshold current and  

near-field patterns for a stadium-shaped VCSEL under threshold operation. 
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Fig. 4.15 Transverse near-field patterns with different chaotic waves for  
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Fig. 4.16 Transverse near-field patterns with different scarred morphology for  
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Fig. 4.17 Calculated normalized carrier density in the active region of circular   

VCSEL with small aperture size (solid line) and large aperture size (dash 
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Fig. 4.18 Simulated carrier density distribution in stadium-shaped VCSELs with  
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Fig. 4.19 Lasing modes at different operating temperature in the vicinity of the  

threshold for the stadium-shaped VCSEL with the aperture size of 
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Fig. 4.20 Lasing modes at different operating temperature in the vicinity of the  

threshold for the stadium-shaped VCSEL with the aperture size of 

240 20 mµ×      (device 2).⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 135 

Fig. 4.21 Lasing modes at different operating temperature in the vicinity of the  
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threshold for the stadium-shaped VCSEL with the aperture size of 
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Fig. 4.22 Lasing modes at different operating temperature in the vicinity of the  

threshold for the stadium-shaped VCSEL with the aperture size of  
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Fig. 4.23 Amplitude and intensity statistics for the experimental chaotic modes (red  

stepped lines) shown in Figs. 4.15(a)–4.15(d), respectively.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅139 

Fig. 4.24 Experimental scarred modes ((a)–(c)) and the corresponding amplitude and  

intensity statistics ((a’)–(c’)).⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 140 

Fig. 4.25 Schematic view of the experimental setup for far-field pattern measurement. 
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Fig. 4.26 (a) The near-field pattern and (b) the corresponding far-field pattern of the  

superscar mode that is related to classical periodic orbits with ( , ) (1,1)p q = . 
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Fig. 4.27 (a) Theoretical calculated coherent state 
21,1,0.55

22,5, ( , )S x yπ
+  and (b) the  

corresponding momentum space.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 145 

Fig. 4.28 Experimental near-field morphologies: (a) superscar with stick structure (b)  

honeycomb eigenmode, (c) chaotic mode, and (d) superscarred mode. The 

far-field patterns (a’), (b’), (c’), and (d’) correspond to (a), (b), (c), and (d), 
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Fig. 4.29 (a) Numerical wave pattern ( ) 2

32,7 , ;1,0,0.22S x y π+  corresponds to the  

experimental superscar with stick structure shown in Fig. 4.28(a). (b) 

Numerical wave pattern ( ) ( )
21

6,60 ,x yψ  corresponding to the experimental 

honeycomb pattern shown in Fig. 4.28(b). (c) Reconstructed wave pattern 

corresponding to the experimental patterns shown in Fig. 4.28(c). (d) 

Numerical wave pattern ( ) 2

22,6 , ;1,1,0.3S x y π+  corresponding to the 

experimental patterns shown in Fig. 4.28(d). (a’)–(d’): Momentum-space 
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Fig. 4.30 Chaotic and scarred wave patterns in ripple square-shaped VCSEL and the  
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Fig. 4.31 The near-field chaotic pattern in stadium-shaped VCSEL and the   

corresponding far-field pattern.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅147 

Fig. 4.32 Numerically calculated momentum-space wave functions of (a)-(c) chaotic  

states in nonconcentric Sinai billiards and (d) scarred waves in Sinai  
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Fig. 4.33 Numerically calculated momentum-space wave functions of chaotic states  

in stadium billiards with a small obstacle.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅148 

Fig. 4.34 (a)–(c) Calculated results for the near-field patterns 
2, ,

, , ( , )p q
N MS x yφ

+  with  

different orders of N = 20, 30, and 40 and (a’)–(c’) the corresponding 
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Fig. 4.35 Experimental patterns of square shape VCSEL with high transverse order  

(a): near field pattern (b): far-field pattern.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅152 

Fig. 4.36 Corrected high transverse order far field pattern corresponding to Fig.  

4.35(b).⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 153 

Fig. 4.37 The sketch of the shutter problem.⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅158 

Fig. 4.38 The plot of the current density (red line) and classical particles in shutter  

problem (blue dash line) at different time t .⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 158 

Fig. 4.39 Schematic diagrams for transient dynamics of one dimensional (1D) infinite  
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Fig. 4.40 Time evolution of particles with quantized wave vectors of 1n = , 2n = ,  

6n = , and 10n =  after suddenly removed confined potential well.⋅ ⋅ ⋅ ⋅162 

Fig. 4.41 The numerical patterns for the wave states ( ) ( )
2

1,1,0.6
35,14 , ,S x y tπ+  at (a) 0t = ,  

(b) 0 06.t T=     , (c) 0 12.t T=     , (d) 0 18.t T=     , (e) 0 7.t T=     , and (f) 
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Fig. 4.42 The experimental transverse patterns of a square-shaped VCSEL for the  
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1.1 Optical Mechanical Analogy 

 

In 17th century, it was believed that the dynamics of particles and the 

propagation of wave were two entirely different physical phenomena. In 19th century, 

Plank and Einstein found that light has quantized energy of the value hν . The 

quantized light is described by photon which is one type of elementary particle. The 

observation inspired de Broglie to propose the famous wave-particle duality theory of 

matter. Based on de Broglie's suggestion, Schrödinger successfully established the 

wave equation of matter wave. Over the past several decades, many important 

physical phenomena in microscopic systems have been well explained by Schrödinger 

equation.      

When the concept of matter wave was proposed, one may intuitively ask a 

question: Are the characteristics of matter waves similar to optical waves? In the early 

19th century, though the notion of matter wave was unknown, Hamilton first realized 

that there exists highly analogy between motion of classical particles and waves in 

geometric optics [1, 2]. The statement can easily be seen from the Schrödinger 

equation and electromagnetic wave equation under semiclassical limit. In 

homogeneous isotropic medium, the scalar electromagnetic wave equation is written 

as 

( )
2

2
2 2

1
, , ; 0A x y z t

u t

 ∂∇ − = ∂ 
,                                    (1.1)  

where u  is the velocity of wave. Assume the representation of wave 

( ) ( ) ( )0, , ; , , ; exp , , ;A x y z t x y z t ik x y z t= Φ Θ    in Eq. (1.1), we obtain  

( )22 2
0 0

22 2
2

0 0 02 2 2

   2

1
2

ik k

ik ik k
u t t t t t

∇ Φ + ∇Φ ⋅∇Θ − Φ ∇Θ

 ∂ Φ ∂Φ ∂Θ ∂ Θ ∂Θ   = + + Φ − Φ    ∂ ∂ ∂ ∂ ∂     

.                 (1.2) 

 

 

In the short wavelength limit (0 02k π λ= → ∞ ), the “ 2
0k  term” in Eq. (1.2) dominate  
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and hence we have  

( )
2

2

2

1

u t

∂Θ ∇Θ =  ∂ 
.                                             (1.3) 

For monochromatic wave with angular frequency ω , the phase term of representation 

of wave is ( ) ( ) ( )0, , ; , ,x y z t x y z k tφ ωΘ = − . Substitute ( ), , ;x y z tΘ  into Eq. (1.3) 

and we can obtain  

( )2 2nφ∇ = ,                                                   (1.4) 

where n  is the refractive index of medium. Eqation (1.4) is the basic equation of 

geometrical optics in homogeneous isotropic medium which is so-called eikonal 

equation.  

For matter waves, the time-dependent Schrödinger equation is given by 

( )
2

2

2
V r i

m t
ψ ψ  ∂− ∇ + =  ∂ 

ℏ
ℏ .                                    (1.5) 

We write wave function as [ ]exp iSψ ρ= ℏ  and substitute it into Eq. (1.5). 

Straightforward differentiations lead to 

( )
2

22 2
2

2 1

2

i i
S S S V

m

i S
i

t t

ρ ρ ρ ρ ρ

ρ ρ

        − ∇ + ∇ ⋅∇ − ∇ + ∇ +        
       

 ∂ ∂ = +  ∂ ∂   

ℏ

ℏ ℏ ℏ

ℏ
ℏ

.     (1.6) 

In the classical limit ( 0→ℏ  limit), we then obtain 

21
0

2

S
S V

m t

∂∇ + + =
∂

.                                          (1.7) 

Equation (1.7) is Hamilton-Jacobi equation in classical mechanics. For stationary 

state, we can write ( ) ( )0, , ; , ,S x y z t S x y z Et= −  and Eq. (1.7) can be rewrite as 

     
2

0 2

1 1
S

λ
 ∇ = 
 ℏ

,                                               (1.8) 

whereλ  is the wavelength of matter wave which is given by ( )2p m E V= −ℏ ℏ . 

Obviously, it can be seen that Eq. (1.8) is completely analogous to Eq. (1.4). In other  

words, the transition from quantum mechanics to classical mechanics is equivalent to 

the relation between wave optics and geometric optics.  
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The equivalence of Hamilton-Jacobi equation and eikonal equation tells us that 

the trajectory of classical particle is similar to a ray in geometric optics. On the other 

hand, in microscopic system, several experiments confirmed that matter waves can 

also refract, diffract, interfere, and scatter in the same manner as electromagnetic 

waves. These observation implies us that matter waves is highly similar to optical 

waves such that we can use optical waves to analogously explore many quantum laws 

or phenomena. 
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1.2 Quantum Chaos 

 

Scale of systems is crucial for determining whether matter behave like particles 

or waves. Over the past several decades, it has been confirmed that the performance 

of electrical devices will be improved when the devices are fabricated to small size in 

which quantum effects become relevant. These devices are called mesoscopic devices 

since their scale are between microscopic and macroscopic systems. The world of 

mesoscopic systems consist of large number of particles with wave properties which 

can interfere and scatter with each other. Quantum chaos is one of the striking 

physical phenomena in mesoscopic systems. 

After theory of quantum mechanics successfully described behaviors of particles 

in microscopic system, to further realize the correlation between quantum and 

classical mechanics is a meaningful task. In real worlds, most physical systems are 

nonlinear and their dynamical behaviors are chaotic. Quantum chaos is the field of 

physics that investigates the connection between the theory of quantum mechanics 

and the phenomena of classical chaos. Two dimensional (2D) billiard is a simple 

model for exploring quantum chaos.  

2D Billiard systems contain a point particle which moves freely along straight 

trajectories inside the two dimensional region and reflects elastically on the boundary. 

The dynamical property of a billiard system strongly depends on its boundary shape. 

In the theory of classical mechanics, dynamical systems can be divided into integrable 

and nonintegrable type. Integrable systems have equal number of degrees of freedom 

and constant motion [3]. Billiards with highly symmetric boundary such as square, 

equilateral-triangle, and circle are integrable type. On the other hand, billiards with 

arbitrary shape or some perturbations are nonintegrable type.  

    In integrable billiard systems, the motions of classical particles are regular and 

the position of each trajectory may be precisely predicted for any long time [4]. In 

contrast, classical particles always exhibit chaotic dynamics in nonintegrable billiard 

systems and hence the motions of particles are unpredictable. Chaotic motions of 

particles sensitively depend on their initial condition. Lyapunov derived a formula that 

is named “Lyapunov exponent” to quantify the sensitive dependence on initial  
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condition for chaotic behavior [4]. The expression of “Lyapunov exponent” is given 

by  

( )

( )
( )0 0

1
lim lim ln

0t x

x t

t x
λ

→∞ ∆ →

  ∆
=    ∆   

,                                     (1.9) 

where ( )x t∆  is the distance between two neighboring trajectories. Trajectories of 

particles in billiard system with positive Lyapunov exponent are called chaotic.  

    The trajectory of particle is called periodic orbit (PO) when the particle can 

return to its initial position after some definite time. Periodic orbits can be classified 

into stable and unstable type. The definition of stable PO is that the distance between 

two POs departed from nearby initial points is always smaller than a constant number 

ε  at any time. If these POs form a continuous family of orbits with same path length, 

we also call them nonsolated POs [5]. The stable, nonisolated POs always exist in the 

integrable billiard systems because of their high symmetry. Figure 1.1 shows members 

of stable, nonisolated POs in square billiard. On the other hand, two POs departed 

from nearby initial points diverge with time are called unstable. Unstable POs are not 

members of a continuous family of paths with the same length and thus unstable POs 

can often be called isolated POs. Figure 1.2 depicts two trajectories in stadium billiard. 

One formed a PO with diamond shape, and the other is the trajectory which slightly 

shifts from the diamond-shaped PO. Obviously, when the trajectory slightly shifts 

from the diamond-shaped PO, it can’t also form a PO with the same length of 

diamond shape. After a long time, two trajectories must be quite different. This is the 

apparent characteristic of motion in classical chaotic billiards.   

After knowing the physical pictures of particles in classical billiard, we then 

briefly introduce quantum billiard systems. Quantum-billiard systems have been 

widely used to explore many striking mesoscopic phenomena such as electron 

transport phenomena [6], conductance fluctuations in quantum dots [7, 8], and 

diffraction in time effect [9]. The model of quantum billiard is that a particle with 

wave natural in two dimensional infinite potential well 

( ) ( )
( )

0,      ,
,

,     ,

if x y
V x y

if x y

∈Ω= 
∞ ∉Ω

, 

where Ω  is determined by the boundary of the billiard. The governing equation of  
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2D quantum billiard is 2D time-independent Schrödinger equation which is given by  

( ) ( ) ( )
2

2 , , ,
2

V x y x y E x y
M

ψ ψ 
− ∇ + = 
 

ℏ
,                           (1.10) 

where M  is the mass of the particle. For the particle inside the quantum billiard, Eq. 

(1.10) can be rewritten as 

( ) ( )2 2 , 0k x yψ∇ + = ,                                          (1.11) 

with 22 /k ME= ℏ . Unlike to the classical billiard, there is no concept of 

trajectories in the world of quantum. We can’t use Lyapunov exponent to describe the 

dynamics of quantum billiards. Other physical quantities should be utilized to realize 

features of systems. In the field of quantum chaos, physicists focus on investigating 

properties of wave functions and analyzing the energy spectra in quantum billiards.  
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Fig. 1.1 Some members of stable, nonisolated POs in square billiard.  

 

Fig. 1.2 Two trajectories in stadium billiard: One formed a PO with diamond shape 

(red line), and the other is the trajectory which slightly shifts from the 

diamond-shaped PO (blue line). 
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1.3 Wave Chaos 

 

The wave natural of particles convinces us that waves exist everywhere in the 

universe from macroscopic to microscopic scale. Investigation of quantum chaos from 

billiard systems not only enables us to study the connection between the theory of 

quantum and classical mechanics, but also provides an avenue to understand wave 

interaction phenomena in mesoscopic physics. Interference effect of matter waves will 

emerge when the size of the systems are smaller than the phase coherence length of 

particles. Semiconductor nanostructures are of this order which can be regarded as 

billiard systems for investigating quantum chaos. In the past two decades, several 

dynamics of quantum billiards have been experimentally observed from quantum dots 

[10-12] and quantum wells [13-15].  

Nevertheless, it is usually hard to directly investigate features of quantum 

billiards from experiments owing to the difficulty of measurements in microscopic 

scale. The analogy between different physical systems is a new side of the coin in 

understanding these fundamental physical concepts. Characteristics of matter waves 

are similar to other waves such as surface waves and electromagnetic waves. It is 

confirmed that quantum phenomena are often possible to be described by the same 

mathematical equation as some other macroscopic systems. As mentioned in section 

1.3, the mathematical model of 2D quantum billiard is time-independent Schrödinger 

equation which has the same form as 2D Helmholtz equation with Dirichlet boundary 

condition in optics. Accordingly, a vast of experiments such as microwave cavities 

[16-20], microdisk lasers [21, 22], and optical fibers [23, 24] have been used to 

analogously investigate quantum chaos. These researches are new filed that is termed 

“wave chaos”. In this thesis, we exploited broad-area oxide-confined VCSELs to 

study wave chaos. 
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1.4 Vertical-Cavity Surface-Emitting Lasers (VCSELs) 

 

    Semiconductor lasers played an important role for the applications in optical 

engineering for a long time. Edge emitting laser (EELs) and Vertical-cavity 

surface-emitting lasers (VCSELs) are two famous types of semiconductor lasers. 

Compared to the conventional EELs, VCSELs have advantages of single longitudinal 

mode emission, low-threshold operation [25], high efficiency [26, 27], low 

manufacturing costs, and high coupling efficiency for communication systems. 

VCSELs were invented by K. Iga and coworkers in the late 1970s [28, 29]. They 

proposed the first InGaAsP/InP VCSEL that was electrically operated by current 

pulses at the temperature of 77 K. InGaAsP/InP-based VCSEL has the problem of 

large nonradiative recombination in materials which can limit the objective of 

obtaining low threshold current. Instead, GaAs have distinctive properties of optical 

materials and are possible to grow structures of high-reflectivity distributed Bragg 

reflectors (DBRs), and hence most researchers focused on developing low-threshold 

and high-power GaAs-based VCSELs [30, 31]. During the past two decades, the 

widespread use of DBRs in VCSELs enabled us to achieve relatively low threshold 

current [32, 33]. It is proved that utilizing quantum well (QW) as gain medium 

provides a vital way to obtain optimal threshold current density which is significant 

for developing continuous-wave (CW) operation at room temperature [34].  

Another crucial factor for determining the performance of VCSELs is optical and 

electrical confinement in active layer. In general, optical field can be confined inside 

active layer of VCSELs in terms of gain guiding and index guiding. Gain-guided 

VCSELs have drawbacks of poor transverse confinement of optical field and 

electrical current, leading to high threshold current. Such problem can be improved by 

using ion implantation into DBRs to definitely control the flow of injected current 

[35]. However, since the diffusion of carriers along transverse direction is hard to 

control, high optical absorption loss could be a serious problem for gain-guided 

VCSELs with ion-implanted structure. Additionally, large resistance resulted from ion 

implantation into DBRs can generate enormous heat inside the cavity, which strongly 

influences characteristics of VCSELs. In the early 1990s, the development of  
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index-guided VCSELs drastically ameliorated disadvantages of ion-implanted 

gain-guided VCSELs [36, 37]. For index-guided VCSELs, using oxide aperture to 

confine optical field and carriers is the most popular fabrication technique due to low 

production costs. Besides, oxide-confined VCSELs have extremely good transverse 

confinement, very low threshold current and high wallplug efficiency, which are 

attractive features for manufacturing commercialized VCSELs with high reliability 

[38-41]. My works is to utilize broad-area oxide-confined VCSELs to investigate their 

basic properties as well as applications in physics research. Figure 1.3 depicts 

schematic diagram of oxide-confined VCSELs device structure.  

VCSELs have been identified as a promising light source for a variety of 

practical applications in short distance communication, data transmission, 

high-density optical storage, and optical sensors and sensors [42-50]. However, 

VCSELs have the major drawback of polarization instability due to anisotropy in 

semiconductor materials. The dominant polarized state can switch to another 

orthogonal polarization when the operation condition is varied. In recent years, there 

has been intensive research on polarization dynamics of VCSEL [51-59]. Another 

popular research on VCSELs is to study the emission properties controlled by optical 

feedback. It is found that optical feedback has apparent impact on threshold condition, 

pattern morphology, emission spectrum, laser output dynamics, and polarization 

dynamics [60-80]. In addition, S. P. Hegarty reported that waves inside VCSEL cavity 

would undergo total internal reflection at the current-guiding oxide boundary due to 

large index discontinuities between the oxide layer and the active material. For this 

reason, VCSEL cavity can be considered as a planar waveguide with a dominant wave 

vector along the vertical direction [81].  

The e lect r i c  f ie ld  o f  opt i ca l  beams obeys  the wave equat ion 

( ) ( )22
20 , , , 0E x y z t

t
µ ε ∂∇ − =∂

�
. According to the waveguide theory [82], the electric 

fields with a predominantly z direction of propagation can be approximated as 

( ) ( ) ( ), , , , zi k z tE x y z t E x y e ω−=
� �

, where zk  is the wave vector along z-direction and ω  

is the angular frequency [82]. Although VCSELs have highly symmetric structure, the 

existence of anisotropy can break the degeneracy of transverse modes in two 

orthogonal polarizations, resulting in a split in oscillation frequency. Therefore, total  
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electric field includes the two polarized states can be expressed as 

( ) ( ) ( ), ˆ, , , , z x xi k z t

xE x y z t E x y e i
ω−= +

�         
    ( ) ( ), ˆ, z y yi k z t

yE x y e j
ω−        

    ,             (1.12) 

where ( ), ,zk x yα α =     is the wave vector along z-direction and ( ),x yαω α =     is the 

angular frequency in α -polaried state. After separating the z component in the wave 

equation, we are left with a two-dimensional Helmholtz equation in the two polarized 

states 

( ) ( )

( ) ( )

2 2 2
0 ,

2 2 2
0 ,

, 0

, 0

t x z x x

t y z y y

k E x y

k E x y

µ εω

µ εω

 ∇ + − = 

 ∇ + − = 

,                              (1.13)    

where 2
t∇  means the Laplacian operator operating on the transverse coordinates. 

Since the electric field in VCSELs experience total reflection on the lateral walls, 

transverse optical field at the boundary of cavity can be approximated as 

( )
,

, 0
x y

E x yα ∈ℑ
=  with xα ====  or y . Obviously, transverse electric fields of VCSELs 

are thoroughly equivalent to eigenfunctions of 2D Schrödinger equation with hard 

wall boundaries of the same geometry. In other words, wave functions ( ),x yψ  in 

two-dimensional (2D) quantum billiard can be analogously investigated from 

transverse optical fields ( ),E x yα  of VCSELs. This important theoretical prediction 

has been experimentally confirmed in our previous works [83]. Afterwards our group 

further exploited VCSELs to study properties of wave functions in 2D quantum 

billiards. Broad-area VCSELs with integrable cavity such as square and equilateral 

triangle have been systematically discussed [84-87]. However, the investigation on 

lasing modes in chaotic shaped VCSELs had not ever been explicated thoroughly. In 

this thesis, we concentrated on studying characteristics of typical lasing patterns in 

two famous chaotic shaped VCSELs: Ripple square shaped VCSELs and 

stadium-shaped VCSELs. 

Under circumstance of paraxial approximation, the far-field pattern is the Fourier 

transform of the near-field pattern, which is equivalent to the relation between 

momentum-space and coordinate-space wavefunctions of quantum systems. That is, it 

is able to realize the information about momentum-space wavefunctions of 2D 

quantum billiards from far-field lasing modes of VCSELs. However, as the transverse  
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order of the lasing mode is so high that paraxial approximation is invalid, the far-field 

pattern may drastically influence by non-paraxial contributions. Therefore, it is 

essentially important to develop an appropriate correcting method for extracting the 

momentum-space wavefunctions from the experimental far-field patterns with the 

substantial non-paraxial contribution. In this thesis, we develop a reliable method to 

extract the momentum-space wavefunctions from the experimental far-field patterns 

with the substantial non-paraxial contribution. 

Energy spectrum is another crucial quantity for understanding behaviors of 

quantum systems. According to Eq. (1.11) and Eq. (1.13), transverse wavenumber of 

VCSELs is able to analogously correspond to specific energy eigenvalue of 2D 

quantum billiard. However, since the mode-competition phenomena usually induce 

mode-hopping instability, VCSELs can only exhibit several tens of cavity modes in 

the lasing spectra. It is apparent that these lasing spectra can not reveal all information 

about energy spectra of quantum billiards. For this reason, so far, VCSEL devices 

have never been successfully employed to manifest the signatures of quantum energy 

spectra. In 1963, Nathan et al. experimentally observed that the GaAs injection laser 

presents apparent oscillations in spontaneous emission spectra and suggested that this 

modulation on spectra arises from the resonance modes in the cavity [88]. In addition, 

in the past decades, it has been verified that spontaneous emission spectra could be 

suppressed or enhanced due to the coupling between atoms and cavities [89]. Inspired 

by this concept of light-matter interaction between confining photons and optical 

cavity, in this thesis, we systematically investigated characteristics of spontaneous 

emission spectra for broad-area VCSELs, which is lack of discussions in the past.  

In the past few decades, most research on polarization dynamics of VCSELs 

mainly focused on small-aperture devices in order to ameliorate the problem of 

polarization instability for the use of VCSELs. Broad-area VCSELs tend to generate 

high-order modes and cause complex spatial current distribution in active layer, which 

strongly affect polarization dynamics of lasers. These unexpected effects are difficult 

to analyze and thus the polarization behavior far above threshold condition for 

broad-area VCSELs is still an open issue. In this thesis, we concentrated on studying 

polarization behaviors of broad-area VCSELs with different aperture size and 

different cavity geometry. 
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Fig. 1.3 Schematic diagram for Vertical-Cavity Surface-Emitting Lasers device 

structure 
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1.5 Scope of the Thesis 

 

The works of this thesis is organized as follows: 

In chapter 2, we theoretically discussed characteristics of quantum billiards 

including wave functions and energy levels. In section 2.1–2.2, eigenstates and wave 

states with localization along classical PO of integrable billiards are illustrated. In 

section 2.3, typical wave states of chaotic billiards are demonstrated in detail. In 

section 2.4, we quantitatively study behaviors of wave states in terms of amplitude 

and intensity statistics. In the last section of chapter 2, we analyze energy spectra in 

both integrable and chaotic billiard systems. 

In chapter 3, the investigation on spontaneous emission spectra for VCSELs with 

various cavity shapes are presented. In section 3.3, we perform very-high-resolution 

measurements to realize the significance of spontaneous emission spectra of square 

shaped VCSELs. In section 3.4, we develop similar procedure to further explore 

behaviors of spontaneous emission spectra of equilateral-triangular and 

stadium-shaped VCSELs.  

In chapter 4, typical lasing modes of broad-area VCSELs with various shapes, 

mode selection mechanism of stadium-shaped VCSELs, statistcal analyses of 

experimental wave patterns, and free-space propagation of lasing modes are studied. 

In section 4.3–4.4, typical lasing modes in integrable and chaotic VCSELs with varied 

temperature are illustrated. The mode selection mechanism for distinct types of wave 

states in stadium-shaped VCSELs is demonstrated in section 4.5. In section 4.6, we 

carry out statistical analyses to quantitatively understand the distinction between 

chaotic waves and localized wave states. In section 4.7, we discuss how to use 

far-field transverse patterns of VCSELs to analogously explore the momentum-space 

wave functions of a 2D quantum billiard. In the final section of chapter 4, due to the 

mathematical equivalence between paraxial wave equation and time-dependent 

Schrödinger equation, we utilize VCSELs to analogously observe transient dynamics 

of coherent waves released from quantum billiards.  

    In chapter 5, we experimentally explore polarization dynamics of broad-area 

VCSELs with different aperture size and cavity geometry far above threshold  
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condition. In section 5.2, we discuss typical characteristics of VCSELs when 

polarization switching takes place. In section 5.3, the comparison of polarization 

resolved L-I curves in square-shaped VCSELs with different area are investigated. In 

section 5.4–5.5, polarization behaviors of stadium-shaped VCSELs far above 

threshold operation are studied. 
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Wave Functions in  

Quantum Billiards 
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In this chapter, we theoretically investigated characteristics of quantum billiard 

systems. The analyses were concentrated on two main features of quantum systems: 

energy eigenvalues and wave functions. Firstly, wave functions in integrable and 

chaotic billiard systems were illustrated. We then theoretically calculated amplitude 

and intensity distribution of the wave patterns in order to quantitatively distinguish 

chaotic and localized wave patterns. Furthermore, we analyzed features of energy 

spectra which is the most important quantity for realizing behaviors of quantum 

systems. 

 

 

2.1 Eigenstates in Integrable Quantum Billiards 

 

In section 1.3, the governing equation of 2D quantum billiard is 2D 

time-independent Schrödinger equation which is given by  

( ) ( ) ( )
2

2 , , ,
2

V x y x y E x y
M

ψ ψ 
− ∇ + = 
 

ℏ
,                           (2.1) 

with 

( ) ( )
( )

0,      ,
,

,     ,

if x y
V x y

if x y

∈Ω= 
∞ ∉Ω

, 

where M  is the mass of the particle and Ω  is determined by the boundary of the 

billiard. For the particle inside the quantum billiard, Eq. (2.1) can be rewritten as 

( ) ( )2 2 , 0k x yψ∇ + = ,                                           (2.2) 

 

 

with 22 /k ME= ℏ . Obviously, it can be seen that Eq. (2.2) is completely equivalent 

to 2D Helmholtz equation in optics by replacing ( ),x yψ  with electromagnetic field. 

We now solve the eigenstates and eigenenergy of this equation. 
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2.1.1 Square Billiards 

 

    The 2D square billiard is one of the simplest billiards in classical mechanics [1]. 

The system with 2D square shape is classically integrable and separable. We can solve 

Eq. (2.2) by representing ( ),x yψ  as the multiplication of two one dimensional 

solutions. Consequently, the quantum eigenstates ( ), ,m n x yψ  for the vertices are at 

( )2, 2a a± ±  and ( )2, 2a a± ∓  and are expressed as 

    ( ),

2
, sin sin

2 2m n m n

a a
x y k x k y

a
ψ         = + +        

        
,                    (2.3) 

where nk n aπ=  ( )1, 2, 3,n = …  and a  is the length of the square boundary. The 

eigenenergy of square billiard is given by 

    ( )
2 2

2 2
, 22m nE m n

Ma

π= +ℏ
.                                          (2.4) 

Figure 2.1 shows some intensity patterns of eigenstates. It can be seen that these 

eigenstates present regular arrangement. 
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Fig. 2.1 Some intensity patterns of eigenstates in a square billiard.  
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2.1.2 Equilateral-Triangular Billiards 

 

The system with 2D equilateral triangular shape is classically integrable but 

nonseparable. We assume equilateral triangular billiard with vertices located at ( )0, 0 , 

( )2, 3 2a a , and ( )2, 3 2a a− . Several groups have solved the eigenstates and 

eigenenergy of 2D equilateral triangular billiard [2-4]. According to the Ref. [3], for 

2m n≠ , there are two degenerate states with different symmetry properties which can 

be written as 

 

 

( ) ( ) ( )

( )

( ) ( )

1
, 2

2 216 2
, sin sin

33 3 3

2 2 2
                     sin sin

3 3

2 2
                     sin sin

3 3

m n

m n x ny
x y

aa a

n m x my

a a

m n x m n y

a a

π πψ

π π

π π

 −   =     
   

−   −    
  

+ −   
−    

   

,                (2.5) 

and 

( ) ( ) ( )

( )

( ) ( )

2
, 2

2 216 2
, cos sin

33 3 3

2 2 2
                     cos sin

3 3

2 2
                     cos sin

3 3

m n

m n x ny
x y

aa a

n m x my

a a

m n x m n y

a a

π πψ

π π

π π

 −   =     
   

−   −    
  

+ −   
+    

   

.                (2.6) 

In the case of 2m n= , the eigenstate is a non-degenerate state for each n , which can 

be expressed as 

( )2 , 2

8 2 2 4
, 2cos sin sin

3 3 3 3
n n

nx ny ny
x y

aa a a

π π πψ
     = −     

      
.         (2.7) 

The eigenenergy of 2D equilateral triangular billiard is given by 

    ( )
22

2 2
, 2

4

2 3m nE m n mn
Ma

π = + − 
 

ℏ
.                                (2.8) 
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Figure 2.2 depicts some intensity patterns of low order eigenstates corresponding 

to ( ) ( )1
, , m n x yψ  and ( ) ( )2

, , m n x yψ , respectively. We also calculated the intensity patterns 

of high order eigenstates, as seen in Fig. 2.3. It can be seen that these high order 

eigenstates display the morphology of honeycomb. The intensity patterns of 

non-degenerate eigenstates in 2D equilateral triangular billiard are shown in Fig. 2.4.  
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( ) ( )
2

1
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( ) ( )
2

2
, , m n x yψ
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2

2
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Fig. 2.2 Some intensity patterns of eigenstates corresponding to ( ) ( )1
, , m n x yψ  and 

( ) ( )2
, , m n x yψ , respectively. 
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Fig. 2.3 Some intensity patterns of high order eigenstates with morphology of 

honeycomb corresponding to ( ) ( )1
, , m n x yψ  and ( ) ( )2

, , m n x yψ , respectively. 

( ) 2

2 , , n n x yψ
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Fig. 2.4 The intensity patterns of non-degenerate eigenstates ( ) ( )
22

2 , ,n n x yψ . 
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2.2 Superscarred Wave States in Integrable Quantum 

Billiards 

 

It is known from the section 2.1 that because of the high symmetry of systems, 

eigenstates in integrable billiards display regular nodal patterns even when the order 

of the eigenstate is very high. An important question arises: How can we describe the 

connection between quantum theory and classical mechanics in this system by using 

correspondence principle? Schrödinger first realized this problem [5]. He noticed that 

the motion of classical particles can be viewed as the propagation of wave packet state 

in space. The position of the particle corresponds to the position of central maximum 

of wave packet. Wave packet states can not be obtained by directly solving 

time-independent Schrödinger equation. Instead, superposition of many eigenstates 

can lead to wave packet states. According to this concept, Schrödinger defined the 

wave packet state whose motion is equivalent to classical particle as coherent states. It 

is a greatest triumph since we can describe the motion of classical particles by using 

the theory of quantum mechanics.  

In 1995, Pollet et al. used wave function of the SU(2) coherent state for 2D 

quantum harmonic oscillation to successfully obtain the wave states that are well 

localized on the corresponding classical elliptical trajectory [6]. In integrable billiard 

systems, wave function of the coherent state can also localize on classical stable POs. 

This wave states are called “superscars” in order to distinguish from “scars” that will 

be demonstrated in the following section. We now briefly discussed how to obtain 

superscarred wave states in square and equilateral triangular billiards. 

 

 

2.2.1 Superscarred Wave States in Square Billiards 

 

    For a square billiard with the vertices at ( / 2, / 2)a a± ±  and ( / 2, / 2)a a± ∓ , 

the quantum eigenstates ( ), ,m n x yψ  are written as Eq. (2.3). Each family of classical 

periodic orbits in a square billiard can be denoted by with three parameters ( , , )p q φ ,  
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where p  and q  are two positive integers describing the number of collisions with 

the horizontal and vertical walls, and the phase factor φ  is in the range of π−  to π  

that is related to the wall positions of specular reflection points [7]. The path lengths 

of POs can be written as ( ) 2 2, 2L p q a p q= + . It has been verified that with the 

Schwinger SU(2) representation the coherent states associated with periodic orbits 

( , , )p q φ  can be analytically expressed as [8] 

( )
( )

1
, ,
, , , 1

0

( , ) ( , )
M

p q iK
N M M K qN pK pN q M K

K

x y C e x yφ φ ψ
−

± ±
+ + − −

=
Ψ = ∑ ,              (2.9) 

where N  represents the order of the coherent state, 
1/ 2

,

1

2M K M

M

K
C  =  

 
 is the 

weighting coefficient, and 
!

!( )!

n n

k k n k

 
=  − 

 represents the binomial coefficient. 

Equation (2.9) is the representation of the traveling-wave state. The standing-wave 

representation of can be given by ( ) ( ) ( ), , , , , ,
, , , ,, ( , ) ( , )p q p q p q

N M N M N MS x y x y x yφ φ φ+ −
± = Ψ ± Ψ . Note 

that the coherent states obtained as a linear superposition of a few nearly degenerate 

eigenstates have been verified to be the persistent stationary states in real mesoscopic 

systems and to display the quantum interference features on the classical periodic 

orbits. 

    Figure 2.5 displays some SU(2) coherent states with traveling and standing wave 

representations corresponding to a continuous family of nonisolated POs with 

( )( , ) 1,1p q =  in square billiards. The calculated standing wave representations of 

superscarred wave states corresponding to POs with other ( , )p q  are shown in Fig. 

2.6.  
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Fig. 2.5 Some SU(2) coherent states with traveling and standing wave representations 

corresponding to a continuous family of nonisolated POs with ( )( , ) 1,1p q =  in 

square billiards. 
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Fig. 2.6 Some standing wave representations of superscar modes corresponding to 

POs with different ( , )p q . 
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2.2.2 Superscarred Wave States in Equilateral Triangular Billiards 

 

For an equilateral-triangular billiard with the vertices at (0, 0)    , ( / 2, 3 / 2)a a , 

and ( / 2, 3 / 2)a a− , the quantum eigenstates ( ), ,m n x yψ  are given by Eqs. 

(2.5)–(2.7). We can rewrite these degenerate eigenstates in another form which is 

given by 

  ( ) ( ) ( ) ( ) ( )1 2
, , ,, , ,m n m n m nx y x y i x yψ ψ±Φ = +  

           

( )( ) ( )

( )( )

( )( )

2 /3

2

2 2 /3

2 2 /3

16 2
sin

3 3 3

2
sin

3

2
sin

3

i m n a x

i m n a x

i n m a x

e m n y
a a

e n y
a

e m y
a

π

π

π

π

π

π

± +

−

−

  =   −  
 

                       +  
 

                       −  
 

∓

∓

.           (2.10) 

Classically, the formation of periodic orbits in equilateral-triangular billiard can be 

denoted by three parameters ( ), ,p q φ± , where parameters p  and q  are 

nonnegative integers with the restriction that p q≥ ; the parameter φ  is in the range 

of 0 to π . The sign ±  and parameters p  and q  correspond to the initial angle of 

the billiard ball by [9]. 

( ) 1
tan

1 3

p q

p
θ −= ±

+
,                                           (2.11) 

where the initial angle θ  is with respect to the horizontal. Assuming the initial 

position to be on the y axis, the parameter φ  is related to the initial position by  

1 3

2

a
y

p q

φ
π

  =   +   
.                                          (2.12) 

The path lengths of POs can be written as ( ) 2 2, 3L p q a p pq q= + + . 

Superscarred waves that are associated with classical POs can be analytically 

expressed with the representation of quantum coherent states which is written as [10] 

    ( ) ( ) ( )
0 0

1

, , 1
0

1
, ; , , ,

M
iK

N M m pK n q M K
K

x y p q e x y
M

φφ
−

± ± ±
+ + − −

=
Ψ = Φ∑ ,              (2.13) 
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where ( )0 2m p q N= +  and ( )0 2n p q N= +  are the order of the coherent state. As 

mentioned in previous section, Eq. (2.13) is the traveling-wave representation. The 

standing-wave representation is given by ( ) ( ) ( ), , , ,
, , ,, ( , ) ( , )p q p q

m n N M N MS x y x y x yφ φ+ −± = Ψ ± Ψ .  

Figure 2.7 shows some SU(2) coherent states with traveling and standing wave 

representations corresponding to a continuous family of nonisolated POs with 

( )( , ) 1,1p q =  in an equilateral-triangular billiard. Superscarred wave states 

corresponding to POs with other ( , )p q  are shown in Fig. 2.8.  
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Fig. 2.7 Some SU(2) coherent states with traveling and standing wave representations 

corresponding to a continuous family of nonisolated POs with ( )( , ) 1,1p q =  in an 

equilateral-triangular billiard. 
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Fig. 2.8 Some standing wave representations of superscarred wave states 

corresponding to POs with different ( , )p q . 
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2.3 Wave Function in Chaotic Billiards 

 

Chaotic billiard has attracted much attention to explore the field of quantum 

chaos for a long time. Boundary shape is the major factor for determining whether 

dynamics of the billiard is chaotic or not. Besides, perturbing integrable billiard 

systems can also cause systems to exhibit chaotic features. Chaotic and scarred modes 

are two main wave states that could be observed in chaotic billiards. In this section, 

typical wave states in chaotic billiards are numerically studied. 

 

 

2.3.1 Eigenfunctions in Chaotic Quantum Billiards 

    

Billiard systems that have irregular boundary shape or perturbations are feasible 

to present obvious chaotic dynamics [11-23]. In contrast to integrable billiards, 

eigenstates in chaotic billiards can not be analytically solved and thus appropriate 

numerical methods should be taken into account for analysis. Here we use expansion 

method of eigenfunctions [24] to simulate eigenstates of chaotic quantum billiards. 

Firstly, two famous types of chaotic billiards are numerically considered. One is 

stadium-shaped billiard and the other is square billiard that perturbs by a circle 

obstacle. Square billiard with a circle obstacle in its center is the so-called Sinai 

billiard which is firstly proposed by Ya. G. Sinai in order to explain the 

thermodynamic phenomenon [25]. We then study properties of eigenfunction in the 

billiard with arbitrary shape. 

    For stadium-shaped billiards and Sinai billiards, sine functions are employed as 

basis functions for numerical calculation by using expansion method (see Appendix 

A). Figures 2.9–2.10 illustrate the first nine calculated eigenstates of the two billiards. 

It can be seen that these low-order states arrange symmetric wave patterns. Some 

high-order states were shown in Figs. 2.11(a)–(d) and Figs. 2.12(a)–(d) which 

correspond to the 534th, 581st, 586th, and 602nd eigenstates for Sinai billiard and the 

78th, 113th, 125th, and 126th eigenstates for stadium billiard. Intriguingly, eigenstates  



Ch2 Analysis of Energy Level and Wave Functions in Quantum Billiards 

 40

 

 

show high intensity enhancements along unstable periodic orbits. Such anomalous 

localization of waves in chaotic systems is referred as scars that will be discussed in 

the following section.  

    It should be mentioned that though stadium and Sinai billiards are chaotic 

systems, chaotic wave patterns which have irregular and unsymmetrical morphology 

cannot be seen in calculated eigenfunctions. This is because these billiards are 

symmetric under reflections about the x- and y-axes. Solutions of wave functions can 

be classified into four symmetry groups which are expressed as ( ),ψ + + , ( ),ψ + − , 

( ),ψ − + , and ( ),ψ − − . In the representation of ( ),ψ ⋯⋯ , the first sign is +  (− ) if 

the wave function is even (odd) as x  changes to x− . Similarly, the second sign 

decides whether the wave function is even or odd with respect to y y→ − . The 

highly symmetric properties make eigenfunctions to exhibit symmetric arrangements. 

Completely chaotic wave patterns can be generated via slightly breaking the 

symmetry of billiards. Figures 2.13(a)–(d) and 2.14(a)–(d) depict some eigenstates for 

stadium billiard with an obstacle and nonconcentric Sinai billiard with the offsetting 

distance of 0 25. a     from the center. The states are selected to be 192nd, 277th, 369th, 

and 434th for nonconcentric Sinai billiard and 166th, 191st, 228th, and 233rd for 

stadium billiard with symmetry breaking. The small yellow circle in Fig. 2.14 is the 

position of defect. It is clear that these wave patterns indeed present irregular and 

unsymmetrical structures.  

    In Figs. 2.13 and 2.14, it is observed that chaotic waves are feasible to be 

generated in asymmetric billiards. We further investigate eigenfunctions in the billiard 

with arbitrary shape. Figure 2.15 is the schematic diagram of the billiard. In this case, 

since the matrix element in characteristic equation has the difficulty of integrating 

about boundary, sinc functions are regarded as a set of basis functions for carrying out 

expansion method (see Appendix A). Figure 2.16 shows the first nine calculated 

eigenstates of the billiard. It can be seen that due to the high asymmetric geometry, 

the intensity patterns of these low-order states are more non-uniform compared to 

Sinai (Fig. 2.9) and stadium billiards (Fig. 2.10). Some high-order states were shown 

in Figs. 2.17(a)–(f) which correspond to the 112th, 167th, 184th, 237th, 256th, and 

311th eigenstates. These wave patterns apparently belong to chaotic wave states. It  
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should be mentioned that eigenstates of this billiard can not present scarred wave 

patterns because of the absence of unstable periodic orbits in the billiard. 

In the past two decades, a great deal of reports has been proposed to study 

features of chaotic waves. McDonald and Kaufman have theoretically analyzed 

properties of chaotic mode in quarter stadium and stadium billiard [26, 27]. Later, it 

has been experimentally confirmed that chaotic wave patterns extensively exist in 

various wave systems such as water surface waves [28], and microwave cavities [29]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Ch2 Analysis of Energy Level and Wave Functions in Quantum Billiards 

 42

 

 

 

 
Fig. 2.9 Intensity patterns of the first nine calculated eigenstates in Sinai billiard. 

 

 
Fig. 2.10 Intensity patterns of the first nine calculated eigenstates in stadium-shaped 

billiard. 
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Fig. 2.11 Scarred wave patterns of the 534th, 581st, 586th, and 602nd eigenstates in 

Sinai billiard 
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Fig. 2.12 Scarred wave patterns of the 78th, 113th, 125th, and 126th eigenstates in 

stadium-shaped billiard 
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Fig. 2.13 Chaotic wave patterns of the 192nd, 277th, 369th, and 434th eigenstates in 

nonconcentric Sinai billiard 
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Fig. 2.14 Chaotic wave patterns of the 166th, 191st, 228th, and 233rd eigenstates in 

stadium billiard with symmetry breaking. 
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Fig. 2.15 The schematic diagram of the billiard with arbitrary shape. 

 

 

Fig. 2.16 Intensity patterns of the first nine calculated eigenstates in the billiard with 

arbitrary shape as shown in Fig. 2.15.  
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Fig. 2.17 Chaotic wave patterns of the (a) 112th, (b) 167th, (c) 184th, (d) 237th, (e) 

256th, and (f) 311th eigenstates in stadium billiard with symmetry breaking. 
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2.3.2 Chaotic Wave Patterns 

 

Since particles exhibit chaotic motion in classical chaotic billiards, wave states in 

quantum billiards are expected to present similar chaotic characteristics. According to 

Berry’s conjecture, chaotic wave function is able to be manifested by a superposition 

of plane waves with fixed wave-vector magnitude, random amplitude, phase, and 

direction which is described by [30, 31] 

( ) ( )
1

cos
M

i i i
i

r a k rψ φ
=

= −∑ ,                                       (2.14) 

where M  is the number of partial waves contributing to the sum in Eq. (2.14). For 

perturbed two dimensional square-shaped systems, the chaotic wave function can be 

described as 

( ) ( )2

2 2, ,
,

, sin sin cosm n m n m n
m n

a a
x y A k x k y

a
φ        Ψ = + +        

        
∑ ,       (2.15) 

where ( ): ,pk p a p m nπ= ∈ℕ    , a  is the length of the square boundary, ,m nA  are 

random amplitude parameters, and the phase factors ,m nφ  are random. Figure 2.18 

display the chaotic wave patterns that is generated in terms of Eq. (2.15) with the 

restriction of 2 2 2 2
m MR m n R< + ≤ , where mR  is equal to 48 and MR  is equal to 50. 

 

Fig. 2.18 Chaotic wave patterns calculated in terms of Eq. (2.15) with the restriction 

of 2 2 2 248 50m n< + ≤ . 
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2.3.3 Scarred Wave Patterns 

 

In the early 1980s, McDonald and Kaufman noticed the existence of unusual 

states in stadium billiard system [32]. In 1984, E. J. Heller theoretically discovered 

that anomalous wave states are related to unstable POs in stadium billiards. He called 

these states “scars” [33]. The discovery of scarring phenomena is surprising since 

quantum waves have long been believed not to localize somewhere in chaotic billiard 

under the semiclassical limit. Scars seem to contradict this theory. Bogomolny first 

explained the scarring phenomena by using periodic orbit theory and eliminated the 

contradiction [34]. Later, Berry [35] and Agam [36] also gave other physical pictures 

for the explanation of scars. 

We then theoretically studied the scarring phenomena in stadium billiards. 

Figures 2.19(a)–2.19(e) illustrate calculated scarred wave patterns which correspond 

to the 271st, 272nd, 332nd, 425th, 665th, and 868th eigenstates for stadium billiard. 

Yellow thick lines in Fig. 2.19 represent trajectories of these unstable periodic orbits.  

For the past two decades, it is experimentally confirmed that scarring phenomena 

can extensively exist in many wave systems such as microwave cavities [37, 38], 

acoustic resonant cavities [28, 39], microcavity laser diodes [40-42]. In recent years, 

scarring phenomena have been used to improve the behavior of optical systems. In 

microcavity, high quality factor (Q) and directional beam can be obtained when the 

scarred mode exist [43-47]. Michel and Doya used selective amplification of scarred 

mode to enhance the efficiency of fiber lasers [48, 49].  

 

 

 

 

 

 

 

 

 



Ch2 Analysis of Energy Level and Wave Functions in Quantum Billiards 

 49

 

 

(a) (b)

(c) (d)

(e) (f)

(a) (b)

(c) (d)

(e) (f)

 
Fig. 2.19 Calculated scarred wave patterns which correspond to the (a) 271st, (b) 

272nd, (c) 332nd, (d) 425th, (e) 665th, and (f) 868th eigenstates for a stadium billiard. 
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2.4 Statistical Analysis of Wave functions 

 

Most physical phenomena in nature arise from interaction of several waves. To 

investigate properties of wave states thus has received considerable attention for many 

years. Distribution of wave states in position space could be affected by impurities, 

defects, roughness of systems, and external applied effects. In 1958, Anderson 

proposed that electron is possible to localize in disordered system as the strength of 

disorder is large enough [50]. Later, E. Abrahams and coworkers observed that 

coherent backscattering of waves by scatters in disordered system is able to lead to the 

weak localization which is confirmed to be the precursor effect of Anderson 

localization [51]. Localization of waves is a general phenomenon in various wave 

systems such as acoustic waves, optical waves, and matter waves [52-60].  

Localized wave states present very different behavior for wave function statistics 

in position space compared to other wave states. In disordered systems, the 

occurrence of phase transition from extended states to localized states can cause 

dramatic change in statistics of wave functions [61, 62]. In addition, transport 

behaviors of carriers in mesoscopic devices are strongly relevant to whether the 

system is classically integrable (regular) or nonintegrable (chaotic), which can display 

quite distinct characteristics in statistics of wave functions [63-67]. Accordingly, 

statistical analysis of wave function will provide a convenient way to understand 

behaviors of systems. In this section, wave function statistics of chaotic patterns, 

superscarred modes, and scarred modes are demonstrated. 

 

 

2.4.1 Statistics of Chaotic Wave Patterns  

 

In section 2.3.2, it is demonstrated that chaotic wave functions can be 

represented as random superposition of plane waves. We now calculate the amplitude 

distribution and the intensity distribution of chaotic waves. The detailed derivation is 

given in [68]. The amplitude distribution of wave function is written as 
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( ) ( )( )P rψ δ ψ ψ= − ,                                        (2.16) 

where the bracket ⋯  means the averaging over the parameters of waves including 

amplitudes, phases, and directions of wave vector. Delta function can be expressed as     

( ) ( )1

2
ik x xx x e dkδ

π
∞ ′−

−∞
′− = ∫ .                                     (2.17) 

Substituting Eq. (2.14) and Eq. (2.17) into (2.16) and making some algebra, we get in 

the limit N → ∞  

( )
2

2

2

C
C

P e
ψ

ψ
π

 
−  
 = ,                                           (2.18) 

where ( )
1

2 2cosn n nC N a k r φ
−

 = −  is a constant number. The result in Eq. (2.18) 

reveals that the amplitude distribution of chaotic wave function leads to Gaussian 

amplitude distribution. The result is an example of the distribution of randomness in a 

system which obeys the central limit theorem.  

    Similar to the amplitude distribution, the intensity distribution of wave function 

is given by  

    ( ) ( )( )2
P I I rδ ψ= − .                                        (2.19) 

Making some algebra in the same way as in computing amplitude distribution, we can 

obtain the intensity distribution of wave function which is written as 

    ( ) 2

2

C
IC

P I e
Iπ

 − 
 = .                                           (2.20) 

This result is called Porter-Thomas distribution which was derived by Porter for 

explaining resonance depth distribution in nuclear [69].  

We then perform statistical analysis for the chaotic wave function that has been 

discussed in section 2.3.2. Figures 2.20(a) and 2.20(b) illustrate amplitude statistics 

and intensity statistics corresponding to Figs. 2.18. It can be seen that the results agree 

quite well with the theoretical analysis.  
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Fig. 2.20 Amplitude distribution and intensity distribution of the calculated chaotic 

wave patterns shown in Fig. 2.18.  
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2.4.2 Statistics of Eigenfunction in 2D Square-Shaped Billiards 

     

In order to have deep insight into behaviors of wave function statistics, it is 

worthy to compare statistics of chaotic wave function to statistics of wave function 

with highly regular and symmetric structure. Here we analyze statistics of  

 

 

eigenfunctions in 2D square-shaped billiards. Figure 2.21 depicts the calculated 

eigenfunctions by using Eq. (2.3) and the corresponding amplitude statistics and 

intensity statistics. The quantum number ( ),m n  are chosen to be ( )2 2, , ( )5 5, , 

( )10 10, , and ( )20 20, . These eigenfunctions display chessboard structure that 

regularly distribute in space and therefore their amplitude and intensity distribution 

clearly do not obey Gaussian and Porter-Thomas distribution.  
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Fig. 2.21 Calculated eigenfunctions by using Eq. (2.3) and the corresponding 

amplitude statistics and intensity statistics. The quantum number ( ),m n  are chosen 

to be ( )2 2, , ( )5 5, , ( )10 10, , and ( )20 20, . 
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2.4.3 Statistics of Superscarred Wave Patterns 

     

In this section, statistics of superscarred wave patterns in 2D square-shaped 

billiards are illustrated. These superscarred wave functions are selected to have the 

same transverse order but different degree of localization in order to explore the 

influence of spatial localization on wave function statistics. Figure 2.22 shows plots of 

superscars via Eq. (2.9) and the corresponding amplitude statistics and intensity 

statistics. For these superscarred wave patterns, parameters ( ), , ,p q N φ  is fixed to be 

( )1 1 40 2, , ,π            , whereas M  is selected to be 5, 9, 13, and 17 for altering the degree of 

localization. It can be seen that for high localized state, anomalous deviation from 

Porter-Thomas distribution can be significantly observed in statistical results.  
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Fig. 2.22 Plots of superscarred wave states via Eq. (2.9) and the corresponding 

amplitude statistics and intensity statistics. Parameters ( ), , ,p q N φ  is fixed to be 

( )1 1 40 2, , ,π             and M  are selected to be 5, 9, 13, and 17. 
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2.4.4 Statistics of Scarred Wave Patterns 

     

The discovery of scars reveals that localized and nonrandom wave structure is 

possible to exist in quantum chaotic systems. The strength of scarring varies with 

different states and will decay in intensity as the frequency of state is higher, causing 

the difficulty to judge whether scars exist or not. For this reason, to quantitatively 

analyze properties of scarred wave functions is a valuable task. Statistics of wave 

functions provides a fascinating insight into verifying the existence of scarring as well 

as distinguishing the distinction between scars and chaotic wave function.  

    Statistics of scarred wave patterns has acquired increasing attention since scars 

have been verified to extensively exist in nature. In the year 1988, S W. McDonald, 

and A N. Kaufman analyzed properties of waves in stadium-shaped system and 

confirmed that amplitude distribution of scarred wavefunctions significantly deviate 

from Gaussian amplitude distribution [70]. T. M. Antonsen et al. then concerned the 

statistics of scars on individual eigenfunction and indicated that the statistical result is 

controlled by the stability of short-time periodic orbits and statistical properties of 

random recurrence of unstable periodic orbits [71]. Latter, L. Kaplan theoretically 

analyzed intensity distribution of wave packet on periodic orbits as well as the wave 

function intensity distribution in phase space and then found that the tail of intensity 

distribution arises from scarring effect [72]. In recent years, K. Damborsky et al. 

successfully proposed general predictions for intensity statistics of scars in position 

representation of chaotic ballistic systems and demonstrated that intensity distribution 

of scars depends on wavelength (the order of states), orientation of wave vector, and 

instability exponent of the periodic orbit [73]. Additionally, anomalous localization in 

position space can also be induced by disordered imperfection in chaotic systems. It 

has been confirmed that intensity statistics of localized wave function in chaotic and 

disordered quantum billiards are in good agreement with theory of nonlinear σ 

model [74, 75]. In this section, we performed intensity statistics of scarred wave 

function in a stadium billiard and compared to the theoretical prediction from the 

results of K. Damborsky et al. [73] and nonlinear σ model [74, 75]. 

    According to the theoretical derivation by K. Damborsky et al. [73], intensity  
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distribution of scars in chaotic ballistic systems can be divided into low intensity part 

( )1P I  and high intensity contribution ( )2P I , which is given by 

( ) ( )
2

1

1
1 3

6 3 12
II I

P I eκ −  
= + − − +  

  
,                             (2.21) 

and 

( )
3

2 2

I

AP I e
AI

λ
γλ

πα
−

= ,                                          (2.22) 

where κ  is the parameter for deciding scar strength, λ  is the instability exponent, 

A  is the geometrical factor of the system, and α  and γ  are dimensionless 

constants with values of 16.14 and 3.059. Figure 2.23 is the plot of Eq. (2.21) and Eq. 

(2.22) with different parameters as well as Porter-Thomas distribution. For the Eq. 

(2.21), the parameters κ  are chosen to be 3, 4, and 5, as seen in Fig. 2.23(a). In Fig. 

2.23(b), curves are plotted in terms of Eq. (2.22) with the same parameter of 0 9.λ =  

but different values of A .  

Besides, based on the analysis of Mirlin and Fyodorov, intensity distribution of 

localized states in disordered system is able to be described by the results of nonlinear 

σ model, which is expressed as 

    ( ) ( ) ( ) 21 1 1
1 3

8 4 24PTP I P I IPR I I
  = + − − +  

  
,                      (2.23) 

where ( )2

0
IPR I P I dI

∞
= ∫  is the inverse participation ratio which depends on the 

degree of localization. For the state with chaotic features, IPR value has the universal 

value of ( )2

0
3.0PTIPR I P I dI

∞
= =∫ . As the localization effect exists in the system, 

the IPR values will greater than 3.0. The stronger localized state corresponds to the 

larger IPR value.  

    Figure 2.24 illustrates amplitude and intensity statistics of some distinct scarred 

wave patterns and fitting curves by using Eqs. (2.21)–(2.23). Parameters used in 

calculation are respectively shown in the figures. The numerical results indicate that 

not only the model of K. Damborsky et al. but also nonlinear σ model can well 

explain intensity distribution of scars.  
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Fig. 2.23 Plots of Eq. (2.21) and Eq. (2.22) with different parameters as well as 

Porter-Thomas distribution. 
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Fig. 2.24 Amplitude and intensity statistics of some distinct scarred wave patterns and 

fitting curves by using Eqs. (2.21)–(2.23) 
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2.5 Analysis of Energy Spectra 

 

In contrast to energies in classical dynamical systems which are continuous 

values, energies in quantum systems are discrete set of numbers. Discrete energy 

levels are referred as energy spectra. Energy spectra provide a vital clue to understand 

characteristics of physical systems and thus it is essential to establish universal 

quantitative analysis for energy levels. In this section, features of energy level 

statistics in integrable and nonintegrable systems are discussed. Furthermore, the 

concept of trace formula is applied to analyze energy spectra of quantum systems. 

 

 

2.5.1 Level Statistics of Energy Spectra 

 

    In the 1950s, Wigner developed the theory of random matrices to analyze the 

statistical properties of quantum systems. Based on random matrix theory, statistic of 

energy spectra which is the so-called nearest-neighbor eigenvalue spacing distribution 

( )P s  can be used to distinguish integrable or nonintegrable systems. The spacing is 

defined as ( )1n n ns E E s+= − , where s  is normalized constant. ( )P s ds  

represents the probability to find only one eigenenergy in the interval ( ),s s ds+ . For 

integrable systems, energy levels are thoroughly uncorrelated and thus if we divide 

the spacing s  into N  subintervals, the probability to find an energy level in each 

subinterval have the equal value of s N . Accordingly, ( )P s ds  can be expressed as 

    ( ) 1
N

s
P s ds ds

N
 = − 
 

.                                         (2.24) 

In the limit N → ∞ , statistics of energy spectra results in the Poisson distribution 

with 

    ( ) lim 1
N

s

N

s
P s e

N
−

→∞

 = − = 
 

,                                      (2.25) 

which shows the phenomenon of “level clustering” (( )0 1P → ). On the other hand,  
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for nonintegrable system, neighboring energy levels are prone to repel each other, 

which exhibit the behavior of “level repulsion” (( )0 0P → ). The phenomenon of 

level repulsion gives rise to unpredicted distribution of energy levels. In 1955, Wigner 

et al. developed random matrix theory to analyze energy spectra of nonintegrable 

system. Since the detailed derivation is too cumbersome and is out of scope of this 

thesis, we only use the striking results from random matrix theory to describe our 

theoretical analysis. The statistics of energy spectra of nonintegrable system 

correspond to Wigner distribution which is given by 

( )
2

4

2

s

P s se
ππ  − 
 = .                                             (2.26) 

    The detailed discussion about the connection between experimental statistics of 

energy spectra and the results of random matrix theory was done by Bohigas and 

coworkers [76, 77]. In the year 1984, Bohigas confirmed that the statistics of energy 

spectra in Sinai billiards agreed very well with Wigner distribution [78]. Afterwards 

resonance frequencies in various wave systems such as microwave resonators, 

vibrated plates, and electron waveguides have also theoretically or experimentally 

proved to be in great agreement with Poisson or Wigner distribution [79-82]. 

    Figures 2.25(a) and 2.25(b) depict statistics of energy level for the first 10000 

eigenvalues in two famous integrable quantum billiard systems: square quantum 

billiard and equilateral-triangular quantum billiard. In both cases, level spacing 

distributions are in good agreement with Poisson distribution. 

Next, statistics of energy level for the first 10000 eigenvalues in rectangular 

quantum billiards were calculated. Rectangular systems are also integrable system but 

have lower symmetry than square system. The side length ratios of rectangles are 

chosen to be irrational ratio of a
b π=  and rational ratio of 2a

b = , 3, and 5. 

Figure 2.26 shows the numerical calculation results. It can be seen in Figs. 2.26(a)– 

2.26(c) that statistics of energy level in these cases correspond to Poisson distribution 

and there exist great number around 0s =  of level spacing distribution since 

rectangular quantum billiards with rational side ratio could exhibit degeneracy in 

eigenvalues [83]. In contrast, for rectangular billiard with irrational side ratio, level 

spacing distribution thoroughly agrees with Poisson distribution, as seen in Fig.  
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2.26(d). 

For stadium billiard, as discussed in section 2.3.1, the system has four symmetry 

groups. Eigenenergies in different symmetry groups are uncorrelated and hence 

statistics of energy spectra somewhat corresponds to Poisson distribution, as depicted 

in Fig. 2.27. With different degree of symmetry breaking on stadium billiard, energy 

spectra statistics will apparently transit to Wigner distribution, as illustrated in Figs. 

2.28(a)–2.28(d). In both cases of Figs. 2.27 and 2.28, first 600 eigenvalues are taken 

into account for calculation. 

Moreover, energy spectra statistics for other chaotic billiards are concerned. 

Figures 2.29 and 2.30 display illustrate statistics of energy level for the first 600 

eigenvalues in stadium billiard with a small obstacle and in the billiard with the shape 

shown in Fig. 2.15. It can be seen that level spacing distribution in the two billiards 

are in excellent correspondence with Wigner distribution. 
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Fig. 2.25 Statistics of energy level for the first 10000 eigenvalues in (a) square 

quantum billiard and (b) equilateral-triangular quantum billiard. 
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Fig. 2.26 Statistics of energy level for the first 10000 eigenvalues in rectangular 

quantum billiards. The side length ratios of rectangles are chosen to be irrational ratio 

of a
b π=  and rational ratio of 2a

b = , 3, and 5. 
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Fig. 2.27 Statistics of energy level for the first 600 eigenvalues in a stadium quantum 

billiard. 
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Fig. 2.28 Statistics of energy spectra for the first 600 eigenvalues in stadium billiards 

with different degree of symmetry breaking: (a) 3
πθ = , (b) 4

πθ = , (c) 6
πθ = , 

and (d) 0θ = . 
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Fig. 2.29 Statistics of energy level for the first 600 eigenvalues in stadium billiard 

with a small obstacle. 
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Fig. 2.30 Statistics of energy level for the first 600 eigenvalues in the billiard with 

arbitrary shape shown in Fig. 2.15. 
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2.5.2 Energy Spectra and Gutzwiller Trace Formula 

 

In the previous section, we have known that based on random matrix theory, we 

can distinguish integrable system between nonintegrable system by analyzing the 

properties of the energy spectra of the systems. The level statistics of energy spectra in 

integrable (nonintegrable) systems correspond to Poisson (Wigner) distribution. 

However, random matrix theory does not give us more detailed information about the 

systems. For example, both statistics of energy spectra in square and 

equilateral-triangular quantum billiard exhibit Poisson distribution, it is not possible 

to discriminate the difference between two of them. To further explore the 

characteristics of systems, it is necessary to give more consideration to emission 

spectra. 

It is well known from the correspondence principle that quantum systems will 

ultimately behave like their classical counterpart in semiclassical limit. Based on 

Bohr-Sommerfeld quantization rule, energy spectra in quantum systems have 

confirmed to be intimately related to classical periodic orbits. The existence of 

periodic orbits has long been an important physical research from macroscopic world 

to microscopic world. Periodic orbits have also been believed to be a special 

significance in the transition from classical to the quantum mechanics. However, in 

1917, A. Einstein noticed that Bohr-Sommerfeld quantization rule is unsatisfactory to 

interpret the quantum systems whose classical dynamics are chaotic due to the 

difficulty for obtaining classical trajectories [84]. In the 1970s, in the spirit of 

semiclassical approach, Gutzwiller used Feynman propagator to successfully associate 

isolated unstable periodic orbits with energy level density. The derivative result is 

so-called Gutzwiller trace formula which can only explain systems with isolated orbits 

that mostly exist in chaotic systems [85-87]. Later, several groups modified 

Gutzwiller’s results and established trace formula for integrable systems that contain 

plenty of nonisolated periodic orbits [88-94]. One of the most important applications 

for trace formula is to understand emission spectra of systems in terms of periodic 

orbit theory. In the following, we will give a brief synopsis on how to use trace 

formula to extract the information of periodic orbits from energy spectra in 2D  
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quantum billiard.     

    According to Gutzwiller trace formula and subsequent works, the energy level 

density ( )Eρ  can be split into a smoothly varying ( )0 Eρ  and a remaining 

oscillatory part ( )osc Eρ . The oscillatory part of the eigenvalue density is given by 

the actions of classical orbits ( )S Eµ . Therefore the energy level density ( )Eρ  can 

be expressed as 

( ) ( ) ( )0 oscE E Eρ ρ ρ= +  

      ( ) ( )
0 ,

1

cos
S E

E µ
ν µ µ

ν µ
ρ ρ ν φ

∞

=

  
= + −  

   
∑∑

ℏ
,                   (2.27) 

where the index µ  labels the periodic orbits and 1,2,ν = …  run over all 

recurrences of such orbits. For quantum-billiard systems, the action ( )S Eµ ℏ  is 

given through the term kLµ , where k  is the wave number and Lµ  is the path 

length of the periodic orbit. The eigenvalue density for the billiard problem can thus 

be written as  

( ) ( ) ( ) ( )0n osc
n

k k k k kρ δ ρ ρ= − = +∑ɶ ɶ ɶ  

     ( ) ( )0 ,
1

cosk kLν µ µ µ
ν µ

ρ ρ ν φ
∞

=

 = + − ∑∑ɶ ɶ ,                       (2.28) 

where nk  are the quantized wave numbers. We then rewrite Eq. (2.28) for energy 

level density as  

    ( ) ( )0 ,
1

i i kLk k e eµ µφ ν
ν µ

µ ν
ρ ρ ρ

∞
−

=

= +∑∑ɶ ɶ ɶ .                               (2.29) 

As a result, the Fourier-transformed spectrum of the energy level density is given by 

( ) ( )

( )

( ) ( )

1 1

0 ,
1

0 ,
1

            

            

             

nik LikL
FT n

n n

i i kLikL ikL

iikL

L k k e dk e

k e dk e e e dk

k e dk e L L

µ µ

µ

φ ν
ν µ

µ ν

φ
ν µ µ

µ ν

ρ δ

ρ ρ

ρ ρ δ ν

∞ ∞∞

−∞
= =

∞∞ ∞ −

−∞ −∞
=

∞∞ −

−∞
=

= − =

 
= +  

 

= + −

∑ ∑∫

∑∑∫ ∫

∑∑∫

ɶ ɶ

ɶ ɶ

    
             (2.30) 
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Equation (2.30) indicates that the length spectrum ( )FT Lρ  will display a series of 

intense resonance peaks at multiples of the lengths of the periodic orbits, i.e., at 

L Lµν= . These resonance peaks are contributed by oscillatory part ( )osc Eρ  of 

energy level density. In other words, the character of classical periodic orbits can be 

revealed in the Fourier-transformed spectrum of the energy level density. For 

numerical evaluation, the length spectrum can be written as ( )
1

n
N ik L

N n
L eρ

=
=∑ , 

where N  should be large but finite. 

    Figures 2.31 and 2.32 depict calculated length spectrum of square quantum 

billiard and equilateral-triangular quantum billiard model by using the expression 

( ) ,

,
m nik L

N m n
L eρ =∑ . The quantized wave numbers in a square quantum billiard of 

side a  is given by ( ) 2 2
,s sm n s sk a m nπ= + , where sm  and sn  are integral values. 

For an equilateral-triangular quantum billiard with side length of a , the quantized 

wave numbers can be written as ( ) 2 24 3,t tm n t t t tk a m n m nπ= + −  for integral values 

of tm  and tn , with the restriction that 2t tm n≥  [95, 96]. The blue stars shown in 

the figures represent characteristic length of periodic orbits in classical billiards. As 

predicted by trace formula, there is good correspondence between numerical length 

spectrum and characteristic length. 

Figure 2.33 shows calculated length spectrum of a stadium quantum billiard with 

major axis of a  and minor axis of 2a . Similarly, the quantized wave numbers 

were numerically evaluated by using expansion method. It is found that various 

isolated and unstable POs can be revealed in length spectrum. The theoretical 

observation is the manifestation of the derivation result of Gutzwiller.  
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Fig. 2.31 Numerical calculated length spectrum for square quantum billiard model 
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Fig. 2.32 Numerical calculated length spectrum for equilateral-triangular quantum 

billiard model. 
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Fig. 2.33 Numerical calculated length spectrum for stadium quantum billiard model. 
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Radiation and wave emission have proved to be essential factors for scientists to 

explore detailed information about physical systems. In the early 20th, according to 

the experimental results of blackbody radiation, Plank proposed the conjecture of 

energy quantization which opened the door to realize the world of quantum. 

Afterward thermal radiation has been widely exploited to realize phenomena in nature 

ranging from nuclear physics to astronomy [1]. In addition to thermal radiation, 

photoluminescence also have many applications for measuring the band gap, lifetime, 

doping type, and carrier relaxation and recombination mechanisms of materials.  

    According to the spirit of quantum mechanics, Gutzwiller established the famous 

trace formula which presents good correspondence between quantum energy spectrum 

and classical periodic orbits of systems. During the past two decades, theoretical 

predictions of trace formula have experimentally been validated in several systems. It 

is verified that the signature of classical periodic orbits can be extracted from 

resonance spectrum in microwave cavities [2-7]. The absorption spectrum near the 

ionization threshold for atoms in a magnetic field can give the information about 

classical electron periodic orbits [8]. For laser cavities, E. Bogomolny and coworkers 

first investigated on the relation between emission spectra and photon periodic orbits 

in dielectric microcavities. They found that lasing spectra is composed of equidistant 

peaks and the distance between peaks reveals the length of periodic orbits of its 

classical counterpart [9-12]. VCSELs with a unique longitudinal wave vector zk  

have been justified to be equivalent to 2D wave billiards with hard walls. Gensty et al. 

[13] utilized the emission spectra far above lasing threshold to analyze the eigenvalue 

spacing distribution and confirmed oxide-confined VCSELs to be fascinating devices 

for wave chaos studies. However, the mode-competition phenomena usually induce 

mode-hopping instability and only several tens of cavity modes can be simultaneously 

lasing in the emission spectra far above lasing threshold. So far, the VCSEL devices 

have never been successfully employed to manifest the signatures of photon periodic 

orbits. 

    Cavity quantum electrodynamics (QED) generally refers to the character of the 

light-matter interaction of confining photons in an optical cavity [14]. As proposed by 

Purcell, the spontaneous emission rate of a radiating system can be significantly  
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modified by using a cavity to tailor the coupling of an emitter with the vacuum field 

[15]. Spontaneous emission spectra have been confirmed to be suppressed or 

enhanced due to the coupling between atoms and cavities in the past decade [16]. 

Based on this concept, measurement on radiation from arbitrary physical systems 

provides an important clue to understand the coupling between waves and systems. In 

the past, some reports revealed that when the sizes of cavities are relatively small, 

thermal radiation can couple to the cavity, leading to modulated structures on 

radiation spectrum [17, 18]. The modulation on radiation spectrum represents the 

resonance modes in the cavities. In the year 1963, Nathan experimentally observed 

the existence of oscillations in spontaneous emission spectra of GaAs injection lasers 

[19]. Recently, Du et al. [20] theoretically found that the concept of the periodic-orbit 

theory can be extended from electron to photon in analyzing the spontaneous emission 

rate of an atom near a dielectric interference. This result is striking since most studies 

to date related to photon periodic orbits have been restricted to lasing spectra [9-12]. 

These researches motivated us to discover the significance of photon periodic orbits 

from spontaneous emission spectra of VCSELs, as found in the atomic absorption 

spectra [8]. 

    Inspired by the concept of light-matter interaction of confining photons in an 

optical cavity, the spontaneous emission spectra of VCSELs is expected to be affected 

by the coupling strength between cavity modes and optical transition of quantum well. 

The coupling strength strongly depends on injected current since we operate VCSELs 

by electrical pumping. In our experiments, we can definitely observe that the shape of 

spontaneous emission spectra of VCSELs varied with injected current. Here we are 

willing to explain this phenomenon and acquire much information about VCSELs 

from its spontaneous emission spectra. 

    In this chapter, we first explored the connection between photon periodic orbits 

and amplified spontaneous emission spectra in square-shaped VCSELs. Furthermore, 

we analyzed the emission spectra in equilateral-triangular and stadium-shaped 

VCSELs and compared these results to the billiard models with the same shape. 
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3.1 Amplified Spontaneous Emission (ASE) 

     

According to the theory of laser engineering, spontaneous emission occurs in 

laser oscillations below threshold condition. When operating laser below threshold, 

atoms in the upper laser level can still spontaneously radiate the frequency which 

matches the frequency interval between upper laser level and lower laser level. Such 

emission can cause stimulated effect on the spontaneous emission spectra. The 

amplified effect depends on population inversion which increases with the pumping 

strength. This phenomenon of spontaneous emission amplification by stimulated 

effect is called amplified spontaneous emission (ASE). Amplified spontaneous 

emission is an unwanted effect which can limit the gain of laser. The main 

characteristic of ASE is the narrowing and the intensity amplification of the emission 

spectra [21].  

 

 

3.2 Experimental setup 

 

    Schematic diagram of the experimental setup are shown in Fig. 3.1. The VCSEL 

device was placed in a temperature-controlled system with a stability of 0.1 °C near 

room temperature. A current source with a precision of 0.01 mA was utilized to drive 

the VCSEL device. The emitted pattern was reimaged onto a CCD camera with a 

very-large-NA microscope objective lens (Mitutoyo, NA=0.9) mounted on a 

translation stage. The spectral information of the radiation output was measured by a 

high-resolution optical spectrum analyzer (Advantest Q8347). The present spectrum 

analyzer employs a Michelson interferometer with a Fourier spectrum system to reach 

a resolution of 0:002 nm; consequently, the cavity-mode spectral information can be 

resolved to a large extent. 
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Fig. 3.1 Schematic diagram of the experimental setup for measuring spontaneous 

emission spectra of VCSELs. 
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3.3 Spontaneous Emission Spectra in Square-Shaped 

VCSELs 

 

In this section, we fabricate a large-aperture square-shape oxide-confined 

VCSEL to explore the spontaneous emission spectra in very high resolution. The 

VCSEL device, grown with metal–organic chemical vapor deposition, consists of a 

multiple quantum-well active region and doped semiconductor distributed Bragg 

reflector (DBR) mirrors to form the vertical cavity. The active region comprises three 

Al 0.07Ga0.93As-Al0.36Ga0.64As quantum wells with well and barrier thickness of 70 and 

100 Å, respectively. The spacers at both sides of a quantum well were added to form a 

1−λ  cavity. For exploring the optical mode spectrum by electroluminescence 

spectroscopy, a large detuning between the quantum-well ground-state exciton and the 

fundamental cavity mode was designed. The detuning magnitude was approximately 

2 2 7.ω π∆ =  THz. The periods for the top and bottom DBR mirrors are 23 and 29, 

respectively. A high Al composition Al0.97Ga0.03As layer is placed at the first 

positive-DBR mirror, which is oxidized for current and optical confinement. The 

device processing was carried out as follows. The wafers were wet oxidized at 425 °C, 

and the oxidation time is controlled to fabricate a 40 mµ     oxide square aperture in a 

110 mµ     mesa structure. The emission wavelength was designed to be around 800 nm. 

Schematic diagram of the laser device structure is shown in Fig. 3.2. 

 

Fig. 3.2 Schematic diagram of the square-shaped VCSELs device structure 
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3.3.1 Amplified Spontaneous Emission Spectra in Square-Shaped 

VCSELs 

 

The spontaneous emission spectra were measured under several injection 

currents. Below the lasing threshold of 26 mA, since the coupling effects between the 

optical modes and the spontaneous emission becomes stronger with injected current, 

the scale of the modulation depth in the emission spectra was clearly seen to deepen 

with an increase of the injection current, as shown in Figs. 3.3(a)–3.3(e). The presence 

of sharp emission peaks arises from the high-Q optical confinement and each peak at 

the injection current of 25 mA (Fig. 3.3(d)) is clearly resolved with less background. 

These peaks not only correspond to optical resonance modes but also signify the fact 

that transition probabilities are enhanced for emission wavelengths near the optical 

modes. As shown in the inset of Fig. 3.3(d), the linewidth of each isolated optical 

mode can be down to narrower than 0.01 nm. Because the linewidth of the 

quantum-well emitter is 103 − 104 wider than the average mode spacing of the cavity 

mode, there are several thousand cavity modes to be almost perfectly exhibited in the 

spontaneous emission spectra. More specifically, all the observed modes are the 

transverse modes of the cavity [21, 22]. Obviously, the change of cavity finesse with 

current indicates that the observed spectra were referred to as the amplified 

spontaneous emission. When the injection current amounts to 26 mA, a few optical 

modes reach the lasing threshold and start to dominate the emission intensity, as seen 

in Fig. 3.3(e). 
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Fig. 3.3 Emission spectra measured for several injection currents. (a)-(d): below 

lasing threshold; (e) just above lasing threshold. 
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3.3.2 Extracting POs from Spontaneous Emission Spectra 

 

In the section 2.5.2, it has theoretically proved that the Fourier transform of 

quantum spectra can exhibit the character of classical periodic orbits. During the past 

two decades, the theory was confirmed by several experiments [23, 24]. Analogously, 

the Fourier transform of the amplified spontaneous emission spectra is expected to 

exhibit resonances corresponding to photon periodic orbits in VCSEL cavities.  

The longitudinal wavenumber in the VCSEL device is unique and given by 

02zk π λ=  and thus the experimental amplified spontaneous emission spectrum can 

be interpreted as the equivalent 2D density of state ( ) ( )SE nn
K K Kρ δ= −∑ , where 

K  is the variable for the transverse wavenumber 2 2
n n zK k k= − , 2n nk π λ= , and 

nλ  are the observed cavity modes. As a consequence, the Fourier transform of the 

amplified spontaneous emission spectrum with K  as the variable is given by 

( ) ( )
 

niK LiKL
SE SE

nall K

L K e dK eρ ρ= =∑∫ɶ ,                              (3.1) 

where the sum is over all observed wavenumbers and L  is the conjugate variable of 

the wavenumber. To be precise, ( )SE Lρɶ  represents the autocorrelation function of 

the amplified spontaneous emission spectrum and each peak showing up in ( )SE Lρɶ  

is associated with the length of a resonant ray orbit. Note that the value of 0λ  can be 

determined by the longest emission wavelength in the experimental spectrum. As 

shown in Fig. 3.3(a), the value of 0λ  is approximately 820.8 nm. Numerical analysis 

reveals that the extracted resonant lengths were found to be almost unchanged for the 

value of 0λ  varying within 820.8 ± 0.1 nm. 

Figures 3.4(a)–3.4(e) depict the Fourier-transformed spectra ( )SE Lρɶ , 

corresponding to the spontaneous emission spectra shown in Figs. 3.3(a)–3.3(e), 

respectively. It can be also seen that below the lasing threshold, the higher the current 

is injected, the more resonance peaks appear in ( )SE Lρɶ . This result indicates that 

the coupling strength between the optical modes and the spontaneous emission spectra  
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increase with increasing the injection current. The origin of the resonance peaks in 

( )SE Lρɶ  can be confirmed to be associated with the photon periodic orbits in the 

transverse plane. In a square lateral confinement, the formation of periodic orbits for 

photons undergoing specular reflection at each side wall is subject to the conditions of 

x yk k q p= , where p  and q  are two integers and xk  and yk  are the x  

component and y  component of the transverse wavenumber, respectively. The path 

length of the periodic orbit ( ),p q  is then given by ( ) 2 2, 2L p q a p q= + , where a  

is the length of the square boundary. Note that if p  and q  have common factors, 

such an orbit categorically corresponds to a recurrence of a simpler one in which the 

photon undergoes two or more periods. As seen in Figs. 3.4(a)–3.4(d), the resonance 

peaks in ( )SE Lρɶ  are in good agreement with the results of the geometric orbits, 

which manifest the importance of the photon periodic orbits in spontaneous emission 

spectra. More intriguingly, the discernible orbits ( ),p q  become more and more 

complex as the injection current increases. On the other hand, Fig. 3.4(e) illustrates 

that just above the lasing threshold, the stimulated emission significantly affects the 

interplay between the optical modes and the spontaneous emission, causing the 

elimination of the resonance peaks in ( )SE Lρɶ .  
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Fig. 3.4 Fourier transformed spectra )(~ LSEρ , corresponding to the spontaneous 

emission spectra shown in Figs. 3.3(a)–3.3(e), respectively. 
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3.3.3 Analysis of Angle Resolved Spontaneous Emission Spectra 

 

    In previous, the signature of photon periodic orbits has proved to be imbedded 

in spontaneous emission spectra of large-aperture VCSELs. It is a significant task to 

further know what component of spontaneous emission spectra can contribute to 

emergence of the specific periodic orbit in length spectrum ( )SE Lρɶ . Based on the 

concept of geometrical optics, when a localized wave behaves like the particle that 

moves along some trajectories with velocity of ˆxυ υ= x
�

ˆyυ+ y , the ratio of transverse 

wave vector in x- and y-direction can be represented by x y x yk k υ υ= . Thus, for a 

square-shaped system, the ratio of transverse wave vector in x- and y-direction for the 

propagation of a localized wave along some specific periodic orbits ( ),p q  can be 

expressed as x y x yk k q pυ υ= = . This relation indicates that resonance peak at the 

length of periodic orbit ( ),p q  in length spectrum ( )SE Lρɶ  should mainly arise 

from emission spectra whose transverse wave vectors obey the condition of 

x yk k q p= . In this section, this argument will be experimentally validated. We 

restrict our measurements to transverse wave vectors at the angle of ( )1tan p
qθ −=  

and evaluate ( )SE Lρɶ . 

Schematic of the experimental setup is similar to Fig. 3.1, except that some 

components are added, as shown in Fig. 3.5. The sheet of iron with a straight slice is 

used to be a spatial filter in order to only take into account the emission spectra with 

transverse wave vectors at particular angle of θ. The iron sheet was placed in the 

far-field zone, i.e. transverse wave vector distribution of spontaneous emission. 

Far-field emission can be obtained by using a lens. Angles of θ were chosen to be o0 , 

o45 , and o90 . The spectral information of the radiation output was also measured by 

a high-resolution optical spectrum analyzer (Advantest Q8347).  

Fig. 3.6 illustrates the subthreshold emission spectra at each angles under 

threshold condition and the corresponding Fourier-transformed spectra ( )SE Lρɶ . It  
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can be seen in Figs. 3.6(a) and 3.6(c) that at the angles of o0  and o90 , the emission 

spectra is composed of transverse wave vectors corresponding to ( ) ( )1 0, ,x yk k =     or 

( )0 1, , resulting in resonance peak at lengths of 2L a m= ( )1 2 3, ,m = …  in ( )SE Lρɶ . 

Periodic orbits with these path lengths are so-called bouncing ball modes. Emission 

spectra with 1 1: :x yk k =  can cause resonance peak in ( )SE Lρɶ  to be at lengths of 

2 2L a m= ( )1 2 3, ,m = …  whose periodic orbits behave as diamond shape, as 

depicted in Fig. 3.6(b). In both cases, the resonance peak will decay in strength and 

will be broader in width since the resolution of emission spectra are restricted by 

photon lifetime and spectrum analyzer. In addition, it is worth to mention that the 

experimental results provide a more deep insight into relation between periodic orbit 

theory and transverse wave vector distribution of spontaneous emission. 

 

 

VCSEL

Coupling Lens

Beam Delivery Fiber

DC Power Supplier 

High-resolution optical 
spectrum analyzer

Far-field Pattern of 
Spontaneous Emission

Iron Sheet

x

y

θ

VCSEL

Coupling Lens

Beam Delivery Fiber

DC Power Supplier 

High-resolution optical 
spectrum analyzer

Far-field Pattern of 
Spontaneous Emission

Iron Sheet

x

y

θ

 
Fig. 3.5 Schematic of the experimental setup for measuring angle resolved 

spontaneous emission spectra 
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Fig. 3.6 The subthreshold emission spectra at angles of 0o , 45o , and 90o  under 

threshold condition and the corresponding Fourier-transformed spectra ( )SE Lρɶ . 
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3.3.4 Analysis of Calculated Spontaneous Emission Spectra 

     

When lasers are operated to approach toward threshold condition, the gain peak 

becomes higher and narrower with increasing pump rate. High round-trip gain is able 

to cause any emitted cavity mode to have narrow gain bandwidth and hence narrow 

spectra linewidth can be obtained as the laser approaches to oscillation threshold [25]. 

Cavity modes with narrow spectra linewidth will be distinct and easily resolved, that 

is, spectra with narrow lines have high resolution in energy space. According to the 

applications of periodic orbit theory to energy spectra, it has been discussed in ref. [26] 

that for low resolution of energy spectra, only those periodic orbits with small actions 

can be seen in Fourier-transformed spectra, while for spectra with high resolution, 

periodic orbits with large actions will have significant contribution. Based on this 

statement, we will theoretically simulate the experimental results shown in previous 

section. 

    In order to study the influence of mode spacing resolution on spectra, 

coarse-grained level density is taken into consideration instead of representing energy 

level density as the sum of delta functions, which is given by  

    ( )
2

1 ik k

i

g k e γ

γ π

− − 
 = ∑ɶ ,                                         (3.2) 

where γ  is the parameter for determining spectra linewidth. For square system of 

side a  with Dirichlet boundary condition, quantized wave vector is written as 

( ) 2 2
ik a m nπ= + , where m  and n  are integral values. Figure 3.7(a)–3.7(d) 

display calculated energy spectra ( )g kɶ  and the corresponding Fourier-transformed 

spectra ( )FTg Lɶ  (Figs. 3.7(a’)–3.7(d’)) with parameters of 0.03γ = , 0.01γ = , 

0.007γ = , and 0.004γ = . It is evident that the results agree quite well with the 

behaviors of amplified spontaneous emission spectra shown in section 3.3.2–3.3.3. 
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Fig. 3.7 (a)–(d) Calculated energy spectra ( )g kɶ  and the corresponding 

Fourier-transformed spectra ( )FTg Lɶ  ((a’)–(d’)) with parameters of 0.03γ = , 

0.01γ = , 0.007γ = , and 0.004γ =  
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3.4 Spontaneous Emission Spectra in Equilateral Triangular 

VCSELs and Stadium-Shaped VCSELs 

 

In previous section, it has been verified that the signature of photon periodic 

orbits can be revealed from the spontaneous emission spectra of large-aperture 

VCSELs. Here we further investigated subthreshold emission spectra of VCSELs with 

equilateral-triangular and stadium cavity. The device structures of these 

oxide-confined VCSELs are similar to those described in section 3.3. Fig 3.8 shows 

schematic view of the laser devices. The side length for equilateral-triangular 

VCSELs was 66 mµ     and the stadium-shaped VCSEL was fabricated to have 

dimensions of a= 42mµ     and b= 21 mµ    . The emission wavelengths of the two 

VCSELs were designed to be approximately 780 nm.  

 

 

3.4.1 Energy Level Statistics of Spontaneous Emission Spectra 
 

    Firstly, we employed the experimental spontaneous emission spectra of the 

VCSELs to perform a statistical analysis. With the relation of 02zk π λ= , the 

subthreshold emission spectrum ( )ρ λ  can be changed from a function of the 

emission wavelength λ  to a function of the transverse wave number K  by using 

the relation ( )2 22 zK kπ λ= − . Figures 3.9(a) and 3.9(b) are plots of measured 

subthreshold emission spectrum ( )SE Kρ  for equilateral-triangular and 

stadium-shaped VCSELs, respectively. We searched all the peak positions in the 

experimental spectra and recorded these wave numbers as the sequence of eigenvalues 

{ }1 2, , ,iK K K… … . The spacings ( )1i i is K K K+= − ∆  between adjacent eigenvalues 

were subsequently obtained by calculating the mean spacing K∆ . We obtained 817 

and 548 spacings of eigenmodes for the equilateral-triangular and stadium-shaped 

VCSELs. Figure 3.10 shows the experimental statistics for the nearest-neighbor  
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eigenvalue spacing distribution ( )p s  in the form of a histogram. It can be seen that 

the statistical results for the equilateral-triangular VCSELs and stadium-shaped 

VCSELs are in good agreement with a Poisson distribution ( ) ( )expp s s= −  and a 

Wigner distribution ( ) ( ) ( )22 exp 4p s s sπ π= − . The result is completely consistent 

with the theoretical prediction that the level statistics of energy spectra in integrable 

(chaotic) systems correspond to Poisson (Wigner) distribution.  
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Fig. 3.8 Schematic of the equilateral-triangular and stadium-shaped VCSELs device 

structure 
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Fig. 3.9 The measured subthreshold emission spectrum ( )SE Kρ  in (a) 

equilateral-triangular and (b) stadium-shaped VCSELs. 

 

 

Fig. 3.10 The experimental statistics for the nearest-neighbor eigenvalue spacing 

distribution ( )p s  in the form of a histogram for (a) equilateral-triangular and (b) 

stadium-shaped device. The curves represent (a) Poisson distribution and (b) Wigner 

distribution. 
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3.4.2 Extracting POs from Spontaneous Emission Spectra 
     

As discussed in secion 3.3.2, with the experimental data, the Fourier transform of 

the subthreshold spectrum ( )SE Lρɶ  can be numerically calculated. Figure 3.11 (top 

row) depicts the calculated results for the path-length spectrum ( ) 2

SE Lρɶ  

corresponding to the experimental data shown in Fig. 3.9(a). We experimentally found 

that there was no obvious difference in the path-length spectra from sample to sample 

for device growth in the same batch. To make a comparison with the quantum-billiard 

spectrum, we calculated the Fourier transform of the density of states for an 

equilateral-triangular quantum billiard. The quantized wave numbers in an 

equilateral-triangular quantum billiard of side a can be analytically given by [26, 27] 

( ) 2 2
, 4 3m nk a m n mnπ= + −  for integral values of m  and n , with the restriction 

that 2m n≥ . The length spectrum was numerically calculated with the expression 

( ) ,
2

1 2
m n

N N ik L
N n m n

L eρ
= =

=∑ ∑  and 15N = . Figure 3.11 (bottom row) depicts the 

calculated results for the billiard model. Note that the path length of the periodic orbit 

( ),p q  can be expressed as ( ) 2 2, 3L p q a p pq q= + + . If p  and q  have 

common factors, such an orbit categorically corresponds to a recurrence of a simpler 

one in which the particle undergoes two or more periods. It can be seen that the 

experimental length spectrum agrees very well with the theoretical spectrum of the 

billiard model to exhibit a series of sharp peaks at multiples of the lengths of the 

primitive periodic orbits. 

Figure 3.12 (top row) depicts the calculated result for the Fourier-transformed 

spectrum ( ) 2

SE Lρɶ  of the experimental data shown in Fig. 3.9(b). To make a 

comparison with the quantum-billiard spectrum, we employed the so called expansion 

method [28, Appendix A] which we have mentioned in section 2.3.1 to calculate the 

theoretical eigenvalue density for the stadium billiard with the same geometry. The 

numerical result of the quantum-billiard model is shown in Fig. 3.12 (bottom row). It 

is found that the positions of the experimental peaks for the short-range periodic orbits, 

( ) 3.0L a < , agree well with the theoretical analysis. The short-range periodic orbits  



Ch3 Analogous Experiments for Quantum Billiard Energy Level from Amplified  
    Spontaneous Emission Spectra of VCSELs                            

 100 

 

 

are associated with the scar modes that are numerically found to be rather insensitive 

to the geometry imperfection. For the long-range length distribution, the experimental 

spectrum comes close to the theoretical one to exhibit the complicated oscillations 

without conspicuous peaks. Numerical results indicate that the detailed structure in 

the long-range length distribution is more or less changed by the tiny perturbation, 

even though the salient feature of the complicated oscillations is quite similar. 

Therefore it is somewhat problematic to make a more quantitative comparison 

between the experimental and theoretical peaks for the long-range periodic orbits. 

Nevertheless, it is judiciously confirmed that the subthreshold emission spectra of the 

VCSELs with classically chaotic shape can manifest the path length distributions to 

be in good agreement with the characteristics of the quantum-billiard model. 
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Fig. 3.11 Fourier transformed spectrum ( ) 2

SE Lρɶ . The experimental and numerical 

results are displayed as mirror images. 

 

Fig. 3.12 Fourier transformed spectrum ( ) 2

SE Lρɶ . The experimental and numerical 

results are displayed as mirror images. 
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It is confirmed that near the lasing threshold, the lasing modes of VCSELs can be 

used to investigate fundamental physics such as pattern formation and wave functions 

in quantum billiards. In nonlinear optics, pattern formation is a significant 

phenomenon which results from the interaction between electromagnetic field and 

nonlinear media [1-4]. In other words, the forming of patterns are determined by the 

unstable or instability of the optical systems. The structures of lasing modes are 

usually simple since the Fresnel number in small-area VCSELs is small. In contrast, 

broad-area VCSELs whose Fresnel number is large can exhibit lasing modes with 

complicated spatial structure and lead to various kinds of patterns. Ten years ago, 

Hegarty has reported various forms of patterns in broad-area oxide-confined VCSELs 

[5, 6]. 

In quantum worlds, the behaviors of particles were described by waves, and 

hence it is an important task to obtain wave functions of the systems. It is usually hard 

to directly get wave functions from experiments because of the difficulty of 

measurements in microscopic scale. Fortunately, analogy between different physical 

systems enables us to extract the information of wave functions other wave systems. 

As mentioned in Sec. 1.3, due to the short cavity length, the governing equation of 

electric field in VCSELs reduced to quasi-two-dimensional Helmholtz equation which 

is completely equivalent to 2D time-independent Schrödinger equation. That is to say, 

wave functions of 2D quantum billiards are able to be experimentally visualized in the 

transverse patterns of VCSELs. The intriguing discovery opens a new avenue to 

understand behaviors of waves in mesoscopic systems.  

    In recent years, several reports have been proposed to discuss characteristics of 

lasing modes of VCSELs. It has been experimentally found that vector polarization 

patterns in square-shaped VCSELs can show the structure of vector vortex lattice [7]. 

Superscarred mode which is the wave pattern associated with stable periodic orbit can 

be observed in VCSELs with integrable cavity such as square and equilateral triangle 

[8, 9]. It is interesting that chaotic wave patterns can also be seen in both 

square-shaped and equilateral triangular VCSELs due to the existence of perturbation 

in systems [10]. Diffraction in time effect that is the famous quantum transient 

phenomena in matter waves has also been verified to be observed with free-space  
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propagation of lasing modes emitted from VCSELs [11].  

Most reports mentioned above mainly concentrated on VCSELs with integrable 

cavity. For VCSELs with chaotic cavity, we just know that they are possible to 

generate two distinct types of wave patterns: chaotic wave patterns and scarred mode. 

The investigation on the feature of lasing modes in chaotic shaped VCSELs had not 

ever been explicated thoroughly.  

Since the far-field pattern is the Fourier transform of the near-field pattern in the 

limit of paraxial approximation, the momentum-space wavefunctions of 2D quantum 

billiards can be analogously observed with the high-order lasing modes of VCSELs 

[9]. Generation of the higher-order transverse modes can provide more interesting 

perspectives for the exploration of the quantum–classical connection. However, 

during the free-space propagation of the higher-order lasing modes, non-paraxial 

contributions to the total wavevector k  may significantly influence the far-field 

patterns. Therefore, it is essentially important to develop an appropriate correcting 

method for extracting the momentum-space wavefunctions from the experimental 

far-field patterns with the substantial non-paraxial contribution. 

In this chapter, the above mentioned significant issues about lasing modes of 

VCSELs under threshold operation were further investigated. Firstly, we present the 

typical near field patterns of VCSELs with square and equilateral triangular aperture 

and investigate how these lasing modes correspond to the coordinate-space wave 

functions of a 2D quantum billiard with the same shape. We will then systematically 

explore characteristics of typical lasing patterns in two popular chaotic shaped 

VCSELs: ripple square shaped VCSELs and stadium-shaped VCSELs. Moreover, we 

discuss the correspondence between far-field transverse patterns of VCSELs and the 

momentum-space wave functions of a 2D quantum billiard. A reliable method is 

developed for extracting the momentum-space wavefunctions from the experimental 

far-field patterns with the substantial non-paraxial contribution. 
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4.1 Determined Factor for Transverse Order of Lasing 

Modes 

 

In section 1.3, it has been discussed that VCSELs are quasi-two dimensional 

systems and their transverse fields obey 2D Helmholtz equation which is given by 

( )
2

2 , 0t tk E x y ∇ + =
  

�
                                          (4.1) 

with 
2 2 2

t zk k k= −
� � �

, where ( ), ,x y zk k k k=
�

 is emission wave vector determined by 

active layer of quantum well and zk  is longitudinal wave vector related to the 

thickness of active layer. Quantum wells are semiconductor materials that properties 

are sensitive to operating temperature. When the device temperature varies, both 

longitudinal wave vector and gain profile of quantum well will shift due to variations 

in refractive index and band gap energy. The changes in refractive index with 

temperature are always smaller than that of band gap energy and thus the shift of gain 

peak with temperature is greater than the shift in longitudinal wave vector. 

Accordingly, transverse wave vector of tk  is able be detuned to quite different values 

with varying temperature. In general, band gap energy of quantum well increases with 

decreasing temperature and therefore it is feasible to obtain lasing modes with large 

transverse wave vector of tk  (i.e. short wavelength) at low temperature. In addition, 

the value of transverse wave vector is often described by frequency detuning which is 

given by cω ωΩ = − , where ck nω =  is emission angular frequency and 

c zck nω =  is longitudinal angular frequency. 

We pick one of broad-area VCSELs to measure the influence of temperature on 

lasing wavelength. Figure 4.1 shows temperature dependence of emission wavelength 

(red star) as well as longitudinal wavelength (black star) for a stadium-shaped VCSEL 

with area of  260 30 mµ×     . The linear fitting curves for these data were also depicted. 

As our expected, both cases red shift with increasing temperature and linear fitting 

curves for emission wavelength have larger slope compared to longitudinal 

wavelength. Lasing modes with large transverse wave vector (i.e. short wavelength)  
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will be generated at low temperature. 

It should be mentioned that lasing modes with large transverse wave vector do 

not equivalently mean that their transverse order is definite high. Transverse wave 

vector is approximately inversely proportional to aperture size of VCSELs, that is, 

( ),i i ik m d i x y∝ =    , where id  and im  represent the size and the transverse order in 

the i -direction. At specific value of ik , transverse order im  is proportional to the 

aperture size id . In other words, for the same value of frequency detuning (i.e. the 

same value of transverse wave vector), VCSELs with large aperture size can yield 

high-order lasing modes.  

In summary, operating temperature and aperture size are vital factors for 

determining transverse order of lasing modes for VCSELs. 
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Fig. 4.1 Temperature dependence of emission wavelength (red star) and longitudinal 

wavelength (black star) for a stadium-shaped VCSEL with area of 260 30 mµ×      
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4.2 Experimental Setup for Near-Field Pattern Measurement  

 

Figure 4.2 depicts the schematic view of experimental setup for Near-Field 

pattern measurement. The VCSELs were placed in a cryogenic system with a 

temperature stability of 0.1 K in the range of 80–300 K. A power supply providing 

current with a precision of 0.01 mA was utilized to drive the VCSEL. The near-field 

patterns were measured by a charge-coupled device (CCD) camera (Coherent, 

Beam-Code) with an objective lens (Mitsutoyo, numerical aperture 0.9). 
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Fig. 4.2 Schematic view of experimental setup for Near-Field Pattern Measurement 
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4.3 Typical Lasing Modes in Integrabe Shaped VCSEL 

 

In this section, typical lasing modes in square-shaped and equilateral-Triangular 

VCSEL with varied temperature are studied. Various types of superscarred wave 

patterns can be seen in both devices. We also investigated temperature dependence of 

near-field patterns for square-shaped VCSELs with different aperture size for 

validating the discussion in previous section. 

 

 

4.3.1 Square-Shaped VCSEL 

 

The morphology of near-field patterns of VCSELs can be affected by operating 

temperature and injected current. Here we operate a broad-area square-shape 

oxide-confined VCSEL at different device temperature to explore typical lasing 

patterns under threshold condition. The size of the oxide aperture was 240 40 mµ×      

and the emission wavelength was designed to be around 800 nm. 

    Figure 4.3 shows schematic of the laser device structure, temperature 

dependence of threshold current, and experimental near-field patterns that are 

characteristically observed at different device temperatures. The lasing patterns are 

generally robust and reproducibly observed under the same experimental 

circumstances. The lasing pattern shown in Fig. 4.3(a) is obtained at the operating 

temperature of 295 K. It can be seen that due to the imperfection of the system, the 

pattern exhibit complex low order structure rather than regular arrangements. The 

lasing state at the operating temperature of 280 K is found to dramatically change to a 

superscarred mode that related to classical periodic orbits with ( , ) (1,2)p q = , as seen 

in Fig. 4.3(b). When the operating temperature decreases to 250 K, the lasing pattern 

shown in Fig. 4.3(c) exhibits a stripe structure. When the operating temperature 

further decreases to 230 K, the near-field pattern shown in Fig. 4.3(d) presents 

superscarred mode with multi-diamond structure. For the operating temperature below 

220 K, the experimental pattern shown in Fig. 4.3(e) corresponds to another  
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superscarred mode that concentrates on classical periodic orbits with ( , ) (1,1)p q = . 

Experimental results reveal that when the operating temperature decreases, the 

near-field patterns of square-shaped VCSEL tend to generate superscar modes rather 

than eigenfunctions of square planar waveguides. This is because in real world, due to 

the existence of perturbation, the observed modes are composed of eigenstates. 

    Figures 4.4(a)–4.4(c) illustrate the calculated patterns corresponding to Fig. 

4.3(b)–4.3(e) by using representation of coherent states in quantum billiards. The 

excellent agreement between the experimental and numerical patterns confirms that 

the near-field patterns of VCSELs can be analogously regarded as coordinate-space 

wave functions of a 2D quantum billiard.  
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Fig. 4.3 Intensity patterns of transverse near-field patterns at temperatures of (a) 300K 

(room temperature), (b) 280 K, (c) 250 K, (d) 230 K, and (e) 210 K. 
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Fig. 4.4 The calculated patterns by using representation of quantum coherent states in 

square billiards corresponding to Figures 4.3(b)–4.3(e), respectively. 
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4.3.2 Comparison of Typical Lasing Modes in Square-Shaped 

VCSELs with Different Aperture Size 

 

It has been discussed in section 4.1 that aperture size of VCSELs is also a crucial 

factor for determining the transverse order of lasing modes. In this section, 

square-shaped broad-area VCSELs with different aperture size were designed to 

observe this phenomenon. The emission wavelengths of both devices are 

approximately around 800 nm. 

Figures 4.5–4.7 show schematic of device structure, temperature dependence of 

threshold current and experimental near-field patterns for square-shaped VCSELs 

with area of 220 20 mµ×     , 230 30 mµ×     , and 240 40 mµ×     . For the VCSEL with 

aperture size of 220 20 mµ×     , due to relatively large transverse mode spacing, typical 

wave patterns show irregular and low-order structures and almost unchanged as the 

operating temperature decreases from 300 K to 180 K. In contrast, For the VCSELs 

with area of 230 30 mµ×      and 240 40 mµ×     , with varying operating temperature, 

kinds of superscarred modes can be generated. The same type of superscarred mode in 

the two devices presents distinct detailed structure and transverse order owing to the 

diversity of their intrinsic properties and aperture size. Nevertheless, on the whole, the 

appearances of lasing modes with varied temperature have a specific regularity. That 

is, wave patterns with stripe structure are feasible to be generated at high operating 

temperature. On the other hand, superscarred mode with diamond shape can often be 

obtained at low operating temperature. 
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Fig. 4.5 Schematic of device structure, temperature dependence of threshold current 

and experimental near-field patterns for square-shaped VCSELs with area of 

220 20 mµ×     . 
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Fig. 4.6 Schematic diagrams of device structure, temperature dependence of threshold 

current and experimental near-field patterns for square-shaped VCSELs with area of 

230 30 mµ×     . 
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Fig. 4.7 Schematic diagrams of device structure, temperature dependence of threshold 

current and experimental near-field patterns for square-shaped VCSELs with area of 

240 40 mµ×     . 
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4.3.3 Equilateral-Triangular VCSEL 

 

In this section, we operate a large-aperture equilateral-triangular oxide-confined 

VCSEL at different device temperature to explore the morphology of near-field 

patterns. The size of the oxide aperture was about 266 66 mµ×      and the emission 

wavelength was designed to be around 780 nm. 

    Figure 4.8 depicts threshold current and experimental near-field patterns at 

different device temperatures. The inset shows schematic of the laser device structure. 

As shown in Fig. 4.8(a), the lasing mode presents low-order and irregular wave 

pattern that is obtained at the operating temperature of 300 K. When the operating 

temperature decreases to 260 K, superscarred mode that is similar to Fabry–Pérot 

modes impinging on lateral sides vertically [12] can be excited, as depicted in Fig. 

4.8(b). At the operating temperature of 240 K, the near-field pattern shown in Fig. 

4.8(c) presents a honeycomb structure. As discussed in section 2.1.2, the honeycomb 

structure is one of eigenstates in equilateral-triangular billiards. When the operating 

temperature further decreases to 210 K, it can be seen in Fig. 4.8(d) that the lasing 

pattern exhibits the structure that is similar to a chaotic wave pattern. As the operating 

temperature decreases to the range of 80 K~155 K, the experimental pattern shown in 

Fig. 4.8(e) corresponds to another superscarred mode that is related to a geometrical 

PO [13]. 

Experimental near-field patterns shown in Figures 4.8(b), 4.8(c), and 4.8(e) can 

be well reconstructed by using representation of quantum coherent states in 

equilateral-triangular billiards which we have discussed in section 2.2.2. Figure 4.9(a) 

shows the numerical wave pattern ( ) 2

32,7 , ;1,0,0.22S x y π+  corresponding to the 

experimental superscarred mode which impings on lateral sides vertically shown in 

Fig. 4.8(b). Figure 4.9(b) is the plots of eigenstate ( ) ( )
21

6,60 ,x yψ  that corresponds to 

the experimental honeycomb pattern seen in Fig. 4.8(c). In Figure 4.9(c), numerical 

wave pattern ( ) 2

23,6 , ;1,1,0.35S x y π+  corresponding to the experimental patterns 

shown in Fig. 4.8(e) is illustrated. In addition, the emergence of chaotic modes in 

equilateral-triangular VCSELs would arise from intrinsic perturbation on the system,  
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such as defect, boundary roughness, and inequality of the three internal angles. 

Accordingly, the result indicates that perturbations is possible to cause integrable 

systems to somewhat behave like nonintegrable systems. 
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Fig. 4.8 Intensity patterns of transerse near-field patterns at temperatures of (a) 300 

(room temperature), (b) 260, (c) 240, (d) 210, and (e) 150 K. 
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Fig. 4.9 (a) Numerical wave pattern ( ) 2

32,7 , ;1,0,0.22S x y π+  corresponds to the 

experimental superscar mode which impings on lateral sides vertically. (b) Numerical 

wave pattern ( ) ( )
21

6,60 ,x yψ  corresponds to the experimental honeycomb pattern. (c) 

Numerical wave pattern ( ) 2

23,6 , ;1,1,0.35S x y π+  corresponds to the experimental 

superscar mode with ( ) ( ), 1, 1p q = . 
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4.4 Typical Lasing Modes in Chaotic VCSEL 

 
 
4.4.1 Ripple Square-Shaped VCSELs 

     

To perturb integrable system can cause dynamics of the system to exhibit 

irregular and chaotic features. Ripple square-shaped system is obtained via deforming 

boundary of square-shaped system. The characteristics of ripple quantum billiards 

have been entirely theoretically investigated [14]. Classical dynamics of ripple 

billiards will present the transition from integrable to chaotic with increasing 

amplitude of the ripple. Both scarred and chaotic modes can be seen in numerical 

calculated eigenfunctions of ripple billiard [14]. The energy level statistics of a ripple 

billiard shows an excellent agreement with Brody distribution that derived from 

Gaussian orthogonal ensemble (GOE) in order to explain the system with energy level 

distribution which is somewhat between Poisson and Wigner prediction [14]. 

Recently, it has confirmed that ripple square-shaped VCSELs is able to excite chaotic 

wave patterns and scars related to classical periodic orbits [15]. Under appropriate 

operating condition, chaotic vector field that consists of two linearly polarized laser 

modes with different chaotic spatial structures, but synchronized to a single frequency 

can be generated [15]. In this part, temperature dependence of typical lasing modes 

for ripple square-shaped VCSELs were investigated. 

    Ripple square-shaped VCSELs were fabricated to have the aperture size of 

240 40 mµ×      and have the emission wavelength about 800 nm. Figure 4.10 shows the 

schematic diagram of square shape with a moderate ripple boundary. Several laser 

devices were measured in our experiments and their features with changing operated 

condition are similar to each other on the whole. Two of these devices were chosen to 

be presented in the following.  

    Figures 4.11–4.12 display device structures, threshold current and the primary 

near-field patterns in the operating temperature range from 200 K to 300 K. It is found 

in Fig. 4.11(a) and Fig. 4.12(a) that around room temperature, due to the moderate 

ripple boundary, the VCSELs are prone to excite low-order scarred modes rather than  
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low-order irregular wave patterns that can commonly be seen in VCSELs with other 

cavity shape at high operating temperature. The scarred wave patterns behave like that 

of classical periodic orbit with ( ) ( )11, ,p q =  in square billiards. When the operating 

temperature is approximately between 230 K and 280 K, near-field patterns shown in 

Figs. 4.11(b)–4.11(c) and Figs. 4.12(b)–4.12(e) exhibit the morphology of chaotic 

wave patterns. In Figures 4.11(e) and 4.12(f), high-order scarred wave patterns that 

also correspond to classical periodic orbit with ( ) ( )11, ,p q =  can be generated as 

operating temperature decreases to below 220 K. It is worthy to mention that the 

high-order scarred mode in Fig. 4.11(e) form a vector field, that is, lasing modes in 

two orthogonal polarizations have different spatial structures but synchronize to a 

single frequency, as plotted in Fig. 4.13. 

    In summary, the experimental results indicated that though the detailed structures 

of lasing modes are somewhat different from device to device, both ripple 

square-shaped VCSELs present similar behavior in near-field patterns with variing 

operating temperature, that is, scars are able to be seen at extremely high or low 

operating temperature whereas chaotic wave patterns can only be observed in the 

intermediate temperature range.  

 

 

 

Fig. 4.10 Schematic diagram of ripple square shape.  
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Fig. 4.11 Plots of top view of device structure, threshold current and the typical 

near-field patterns in the operating temperature range from 200 K to 300 K for ripple 

square-shaped VCSEL (device 1). 
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Fig. 4.12 Plots of top view of device structure, threshold current and the typical 

near-field patterns in the operating temperature range of 200 K to 300 K for ripple 

square-shaped VCSEL (device 2). 
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Fig. 4.13 Polarization resolved near-field patterns and emission spectra shown in Fig. 

4.11(e). 
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4.4.2 Stadium-Shaped VCSELs 

 

Stadium-shaped system is one of the most famous systems for investigating 

chaotic phenomenon which is first studied by Bunimovich [16, 17]. In the past three 

decades, many groups devoted to study characteristics of stadium quantum billiards in 

order to intensively realize the connection between classical and quantum world. It 

has been discovered that two typical types of wave states can exist in stadium 

quantum billiards: chaotic modes and scarred modes. In recent years, behaviors of 

stadium quantum billiards have been verified to widely exist in other wave systems 

with stadium shape such as acoustic resonant cavities [18], microcavity laser diodes 

[19, 20], and microdisk resonators [21-24]. Here we fabricated broad-area 

stadium-shaped VCSEL to explore the features of lasing modes.  

Figure 4.14 displays schematic structure of a stadium-shaped VCSEL, 

temperature dependence of threshold current and near-field patterns under threshold 

operation. The laser has the area of 260 30 mµ×      and its emission wavelength is 

around 808 nm. At the operating temperature of 300 K, the lasing mode presents 

low-order and irregular wave patterns, as seen in Fig. 4.14(a). It can be seen in Fig. 

4.14(b)–4.14(i) that when the operating temperature decreases to below 290 K, 

near-field patterns show similar morphology that are scars with structure of figure of 

eight mixed with whispering gallery mode. Transverse orders of these scarred modes 

become higher with decreasing temperature. The lasing modes marked by red frame 

in Fig. 4.14 are the wave patterns that exhibit distinct morphology as the operating 

temperature decreases to 220 K. 

Next, lasing modes for other categories of stadium-shaped VCSELs were also 

measured in order to visualize the versatility of wave patterns. Figures 4.15(a)–4.15(d) 

show the experimental near-field patterns that are characteristically various kinds of 

chaotic modes with different transverse orders. It is found that the arrangements of the 

lasing patterns are generally irregular and unexpected. This indeterminacy is the main 

feature of the chaotic billiard systems.  

    Moreover, three types of scarred modes can be observed in our experiments. The 

near-field pattern shown in Fig. 4.16(a) exhibits the mode that concentrates on  
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bouncing ball orbit. Compared to the eigenstates of stadium quantum billiards shown 

in Fig. 2.12(a), the bouncing ball orbit slightly deviate from the axis of symmetry. The 

phenomenon is due to the asymmetry of the system [25]. In Fig. 4.16(b), another 

scarred wave pattern that is similar to superscarred mode with ( , ) (1,1)p q =  in 

square-shaped VCSELs can be generated. The lasing mode shown in Fig. 4.16(c) 

presents scarring resonance with structure of figure of eight. Additionally, apparent 

whispery gallery modes (WGMs) can be seen in the scarred modes of Fig. 4.16(b) and 

Fig. 4.16(c). 
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Fig. 4.14 Schematic structure, temperature dependence of threshold current and 

near-field patterns for a stadium-shaped VCSEL under threshold operation. 
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Fig. 4.15 Transverse near-field patterns with different chaotic waves for 

stadium-shaped VCSELs. 
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Fig. 4.16 Transverse near-field patterns with different scarred morphology for 

stadium-shaped VCSELs. 
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4.5 Mode Selection Mechanism in Stadium-Shaped VCSELs 

 

The presence of scarred states in chaotic physical systems is one of the most 

intriguing discoveries [15]. Though the original theoretical discovery of scars were in 

a quantum billiard system, scars have been experimentally and numerically observed 

in a wide variety of physical systems, including microwave cavities [26], Faraday 

surface waves [27], vibrating soap films [28], acoustic radiation [29], hydrogen atoms 

in a magnetic field [30], electrons in a resonant tunneling diode with a magnetic field 

[31], and molecular vibration [32]. Scarred wave states have also been observed in 

microdisk lasers [33, 34] and have been confirmed to possess the highest quality 

factors and high directionality. However, only a few efficient scarred modes can be 

supported in microdisk lasers because boundary losses played a critical role in the 

mode selection mechanism [35]. Moreover, the reimaging of lasing wave patterns on 

the vertical surface is a thorny subject due to the lateral radiation of microdisk lasers.     

In contrast to two-dimensional (2D) microdisk lasers, VCSELs have a dominant 

longitudinal wave vector zk  that makes it quite feasible to measure the spatial 

patterns of lasing modes with simple optics. In recent years, even though the spatial 

gain distribution has been verified to play an important role in the usual optical 

resonators for the selective excitation of modes [36, 37], its influence on mode 

selection in large-aperture VCSELs is still an open issue [38]. In this section, the 

mechanism for mode selection in stadium-shaped VCSELs is studied.  

    The spatial gain distribution of VCSELs is mainly determined by the oxide 

aperture size for a given operation temperature. To illustrate the influence of the 

aperture size, we use a distributed resistance network [39] to numerically analyze the 

carrier density distribution for VCSEL devices with mesa diameter of 140 mµ     and 

aperture diameters of 40 and 60 mµ    , respectively. As shown in Fig. 4.17, the 

carrier density of the very large-aperture ( 60mµ    ) VCSEL is concentrated more in the 

neighborhood of the aperture boundary, compared with the 40 mµ     VCSEL. This 

result indicates that the aperture size considerably affects the spatial gain distribution 

and may be a functional parameter in mode selection. Inspired by this finding,  
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stadium-shaped VCSELs of different sizes were fabricated to explore the scarring 

effect on the resonant modes. 

To investigate the influence of the aperture size on the lasing mode, we fabricate 

two categories of VCSELs with the same stadium shape but with different aperture 

sizes of 260 30 mµ×      and 240 20 mµ×     . The device structures of the oxide-confined 

VCSELs were similar to those described in section 3.3. The emission wavelengths of 

all VCSELs are approximately 800 nm. Vast of devices belong to the two kinds of 

VCSELs were measured in our experiments. It is found that the whole behaviors of 

laser chiefly depend on the aperture size. In the following, experimental data of two 

devices in each category were shown.  

Firstly, we simulated carrier density distribution in stadium-shaped VCSELs with 

different aperture size by using the distributed resistance network [39], as seen in Fig. 

4.18(a) and Fig. 4.18(b). As mentioned above, the carrier density also distributed more 

non-uniform in the large aperture VCSEL than in the small one. We then observed the 

change of the lasing modes with operating temperature in the vicinity of the threshold 

for the stadium-shaped VCSEL with the aperture size of 240 20 mµ×     .  It was found 

in Figs. 4.19 and 4.20 that the lasing patterns exhibit the morphologies like chaotic 

modes from low to high order when the operating temperature was changed from 300 

K to 200 K. More intriguingly, we found that the lasing patterns of the 

stadium-shaped VCSEL with the aperture size of 260 30 mµ×      display the spatial 

features like scarred modes from low to high order when the operating temperature 

was changed from 280 K to 200 K. In Fig. 4.21, for the device 1 of the 

stadium-shaped VCSEL with area of 260 30 mµ×     , lasing patterns noticeably display 

the spatial localization on a double diamond structure with different transverse order 

as the operating temperature decreases from 300 K to 200 K. For the device 2 of the 

stadium-shaped VCSEL with area of 260 30 mµ×     , lasing modes could show single 

diamond structure of scarring resonance at high temperature in the range of 280 K to 

300 K in addition to scars with double diamond structures, as illustrated in Fig. 4.22. 

This is the first realization for the scarred modes in stadium-shaped VCSELs based on 

the spatial gain non-uniformity arising from the aperture size. In brief, the aperture 

size actually affects the spatial gain distribution to lead to an effective mode selection  
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between the chaotic and scarred modes. The measured emission spectra of these 

observed lasing patterns indicated that both of them are single modes. 
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Fig. 4.17 Calculated normalized carrier density in the active region of circular VCSEL  

with small aperture size (solid line) and large aperture size (dash line). 
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Fig. 4.18 Simulated carrier density distribution in stadium-shaped VCSELs with 

different aperture size. 
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Fig. 4.19 Lasing modes at different operating temperature in the vicinity of the 

threshold for the stadium-shaped VCSEL with the aperture size of 240 20 mµ×      

(device 1). 
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Fig. 4.20 Lasing modes at different operating temperature in the vicinity of the 

threshold for the stadium-shaped VCSEL with the aperture size of 240 20 mµ×      

(device 2). 
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Fig. 4.21 Lasing modes at different operating temperature in the vicinity of the 

threshold for the stadium-shaped VCSEL with the aperture size of 260 30 mµ×      

(device 1). 
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Fig. 4.22 Lasing modes at different operating temperature in the vicinity of the 

threshold for the stadium-shaped VCSEL with the aperture size of 260 30 mµ×      

(device 2). 
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4.6 Statistical Analysis of Wave Patterns 

 

To quantitatively verify the presence of the scarring phenomenon or the chaotic 

states in wave systems is a significant task. Statistical properties of wave functions in 

position space provide important signatures to validate features of wave states. Wave 

functions of near-field patterns can’t be directly obtained from the experiments since 

the experimental lasing patterns we measured are intensity distribution. Fortunately, 

the eigenfunction expansion method can be used to reconstruct the experimental wave 

function [15, 40]. In this section, we carried out statistical analysis for experimental 

chaotic modes and scarred modes in stadium-shaped VCSELs and make a comparison 

with theoretical predictions that have been discussed in section 2.4.  

Figures 4.23(a)–4.23(d) display amplitude and intensity statistics of chaotic 

patterns shown in Figs. 4.15(a)–4.15(d). The results agree exceedingly well with 

Gaussian and Porter–Thomas distribution. In Fig. 4.24, three scarred wave patterns 

were chosen to perform statistical analysis. The scars shown in Fig.4.24(a)–Fig.4.24(c) 

correspond to the results of Fig.4.24(a’)–Fig.4.24(c’), respectively. It is evident that 

due to spatial localization of scars, anomalous deviation from Gaussian and 

Porter-Thomas distribution will be noticeably seen in statistical results. Besides, 

intensity distribution of these scars can be theoretically fitted by means of nonlinear 

σ  model [41, 42] and K. Damborsky’s model [43]. Parameters for simulation were 

depicted in the figure. It can be seen that the spatial distribution of scarred mode are in 

excellent consistence with the two models. Additionally, IPR values of nonlinear σ  

model for fitting curves are clearly greater than theoretical calculations for scars in 

stadium billiard which have been demonstrated in section 2.4.4. This is because the 

lasing scarred modes are essentially related to the nonuniformity of carrier density 

distributions. Injected current flows from periphery to inside region of the VCSELs, 

leading to comparatively high intensity near the border of the cavity. As a result, 

intensity distribution of these scarred modes will slightly deviate from the theoretical 

predictions of quantum billiard models. 
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Fig. 4.23 Amplitude and intensity statistics for the experimental chaotic modes (red 

stepped lines) shown in Figs. 4.15(a)–4.15(d), respectively. 
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Fig. 4.24 Experimental scarred modes ((a)–(c)) and the corresponding amplitude and 

intensity statistics ((a’)–(c’)). 
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4.7 Observation on Momentum-Space Distribution in 

Quantum billiards from VCSELs 

     

We usually analyze systems in coordinate-space. According to the concept of 

quantum mechanics, wave state we measured in physical system is the superposition 

of the eigenstates of the system. For 2D quantum billiard systems, it has been 

discussed in section 2.2 that for proper superposition of eigenstates, waves can 

localize on classical trajectories. There arises the important question of what 

eigenstates should be taken into account for the superposition in order to present the 

observed states. Coordinate-space wave functions do not provide confident clues to 

realize the composition of wave states. It is fortunate that this information can be 

directly obtained from momentum-space distribution which is another representation 

for describing the quantum systems.  Momentum-space wave functions also have the 

advantages for detecting localization effects in systems [44]. In this section, we 

discuss how to use far-field transverse patterns of VCSELs to analogously exploit the 

momentum-space wave functions of a 2D quantum billiard. 

 

 

4.7.1 Experimental Setup 

 

Figure 4.25 is the schematic view of the experimental setup for far-field pattern 

measurement. The VCSELs were placed in a cryogenic system with a temperature 

stability of 0.1 K in the range of 80–300 K. A power supply providing current with a 

precision of 0.01 mA was utilized to drive the VCSEL. The far-field pattern was 

measured using a digital camera by directly projecting the laser beam on a scattering 

paper screen at a distance about 20–30 cm away from the VCSEL. 

 

 

 

 



Ch4 Analogous Experiments for Quantum Billiard Wave Functions from Lasing  
    Modes of VCSELs                                              

 142 

 

 

 
Fig. 4.25 Schematic view of the experimental setup for far-field pattern measurement 

 

 

4.7.2 Far-Field of Low Order Transverse Modes 

 

The propagation of a monochromatic near-field distribution ( , )ou x y  at 0z =  

can be described in terms of a superposition of plane waves [45]: 

( )( , , ) ( , ) x y zi k x k y k z

x y o x yu x y z dk dk u k k e
∞ ∞ + +

−∞ −∞
= ∫ ∫ ɶ ,          (4.1) 

where 2 2 2
z x yk k k k= − − , and ( , )o x yu k kɶ  is the Fourier transform of the near-field 

distribution ( , )ou x y . When the Fraunhofer approximation is valid, the far-field 

distribution with kz → ∞  can be shown to be [45] 

( )2 2 /(2 )2
( , , ) ,

i k x y z i k z
o

k x y
u x y z e e u k k

i z z z

π  +
   =  

 
ɶ .                  (4.2) 

Eq. (4.2) indicates that the far-field pattern ( , , )u x y z  is related to the 

Fourier-transform pattern of the near-field distribution ( ),o x yu k kɶ  with the 

arguments of /xk kx z=  and /yk ky z= . In other words, under the circumstances of 

paraxial approximation, the far-field pattern is right the Fourier transform of the 

near-field patterns. This relation is the same as the relation between the  

VCSEL 

Cryogenic  

System  
DC Power  
Supplier  

Paper  
Screen  
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coordinate-space and momentum-space wave functions of a 2D quantum billiard, and 

hence we can observe the momentum-space distribution of a 2D quantum billiard 

from far-field transverse patterns of VCSELs with the same shape. 

    Firstly, the far-field pattern which corresponds to the superscarred mode in 

square-shaped VCSEL is studied. Figure 4.26 shows the near-field pattern (Fig. 

4.26(a)) and the corresponding far-field pattern (Fig. 4.26(b)) of the superscarred 

mode that is related to classical periodic orbits with ( , ) (1,1)p q = . It can be clearly 

seen that the far-field pattern exhibited some strong intensity lotus flower structure at 

the corners of the square and some weak stripes connecting the lotus structure. 

Theoretically, we use the representation of quantum coherent states described by Eq. 

(2.9) to get the same superscarred mode as the near-field pattern (Fig. 4.26(a)). The 

momentum-space distribution of the state can be obtained by Fourier transformation. 

Figures 4.27 illustrate the numerical coherent state 
21,1,0.55

22,5, ( , )S x yπ
+  (Fig. 4.27(a)) and 

the corresponding momentum space (Fig. 4.27(b)). It is evident that the experimental 

patterns agree very well with the numerical results for the coordinate-space and 

momentum-space wave functions of a square quantum billiard. 

    We then explore the correspondence between far-field patterns of some typical 

lasing modes in equilateral-triangular VCSEL and momentum-space distribution in 

quantum billiard with the same shape. Figure 4.28 illustrates the far-field patterns 

which correspond to the near-field patterns for the Fabry–Pérot modes with stick 

structure, honeycomb eigenmode, chaotic mode, and superscarred mode. Based on the 

theoretical analysis of quantum billiards, these modes can be well reconstructed and 

their momentum-space distributions are calculated in terms of Fourier transform. 

Numerical wave pattern ( ) 2

32,7 , ;1,0,0.22S x y π+  shown in Fig. 4.29(a) corresponds to 

the experimental Fabry–Pérot modes with stick structure. Figure 4.29(b) shows 

numerical wave pattern ( ) ( )
21

6,60 ,x yψ  corresponding to the experimental honeycomb 

pattern. In Fig. 4.29(c), the experimental chaotic patterns shown in Fig. 4.28(c) was 

reconstructed by using the method in reference [15]. Figure 4.29 (d) depicts calculated  

wave pattern ( ) 2

22,6 , ;1,1,0.3S x y π+  corresponding to the experimental superscarred  
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wave pattern. Figures 4.29(a’)–4.29(d’) illustrate the calculated momentum-space 

distributions correspond to Figs. 4.29(a)–4.29(d), respectively. The results also 

present good correspondence between experimental wave patterns and numerical 

results for the coordinate-space and momentum-space wave functions of an 

equilateral-triangular quantum billiard.  

    For chaotic billiards, it has been known that chaotic wave states and scars present 

apparently distinct behaviors in structure of wave patterns as well as statistical 

analysis. Chaotic waves can be generated by random superposition of plane waves 

and hence it is expected that momentum-space distributions of chaotic modes do not 

exhibit any localization. In contrast, scarred state should be highly localized in 

momentum space. In the following, the comparison of momentum-space distribution 

between chaotic modes and scars is analogously investigated by VCSELs with chaotic 

cavity. 

    Figure 4.30 displays far-field patterns of chaotic and scarred wave states for 

ripple square-shaped VCSELs. Divergence angles for these patterns are labeled by red 

rulers. It can be seen that scarred modes (Fig. 4.30(a) and Fig. 4.30(d)) can present 

pronounced localization in far-field distribution, while far-field patterns of chaotic 

modes (Fig. 4.30(b) and Fig. 4.30(c)) distribute around a rim with random intensity. 

The results reveal that the experimental chaotic modes are composed of superposition 

of nearly degenerate eigenstates with random weighting factor. This observation is 

unambiguous evidence that chaotic wave states can indeed be described by a random 

superposition of plane waves [46]. We also measured far-field patterns of chaotic 

wave patterns for stadium-shaped VCSELs, as presented in Fig. 4.31. The 

measurements also agree well with the prediction of random superposition of plane 

waves except some extraordinary intensity enhancements near horizontal axis of 

patterns which result from whispery gallery modes. 

Finally, we numerically calculated momentum-space wave functions of chaotic 

and scarred waves in chaotic quantum billiards. As illustrated in Fig. 4.32 and Fig. 

4.33, the simulated results definitely exhibit similar characteristics compared with 

experimental observation. 
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(a) (b)(a) (b)

 
Fig. 4.26 (a) The near-field pattern and (b) the corresponding far-field pattern of the 

superscar mode that is related to classical periodic orbits with ( , ) (1,1)p q = . 

(a) (b)(a) (b)

 

Fig 4.27 (a) Theoretical calculated coherent state 
21,1,0.55

22,5, ( , )S x yπ
+  and (b) the 

corresponding momentum space. 
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(a) (c)

(a') (c')

(b)

(b')

(d)
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(a) (c)

(a') (c')

(b)

(b')

(d)

(d')

 
Fig. 4.28 Experimental near-field morphologies: (a) superscar with stick structure (b) 

honeycomb eigenmode, (c) chaotic mode, and (d) superscarred mode. The far-field 

patterns (a’), (b’), (c’), and (d’) correspond to (a), (b), (c), and (d), respectively. 

(a) (c)

(a') (c')

(b)

(b')

(d)

(d')

(a) (c)

(a') (c')

(b)

(b')

(d)

(d')

 

Fig. 4.29 (a) Numerical wave pattern ( ) 2

32,7 , ;1,0,0.22S x y π+  corresponds to the 

experimental superscar with stick structure shown in Fig. 4.28(a). (b) Numerical wave 

pattern ( ) ( )
21

6,60 ,x yψ  corresponding to the experimental honeycomb pattern shown in 

Fig. 4.28(b). (c) Reconstructed wave pattern corresponding to the experimental 

patterns shown in Fig. 4.28(c). (d) Numerical wave pattern ( ) 2

22,6 , ;1,1,0.3S x y π+  

corresponding to the experimental patterns shown in Fig. 4.28(d). (a’)–(d’): 

Momentum-space distributions correspond to (a)–(d). 
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Fig. 4.30 Chaotic and scarred wave patterns in ripple square-shaped VCSEL and the 

corresponding far-field pattern. 

 
Fig. 4.31 The near-field chaotic pattern in stadium-shaped VCSEL and the 

corresponding far-field pattern. 
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(a) (b) (c) (d)(a) (b) (c) (d)

 
Fig. 4.32 Numerically calculated momentum-space wave functions of (a)-(c) chaotic 

states in nonconcentric Sinai billiards and (d) scarred waves in Sinai billiards. 

 

 

Fig. 4.33 Numerically calculated momentum-space wave functions of chaotic states in 

stadium billiards with a small obstacle. 
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4.7.3 Far-Field of High Order Transverse Modes 

     

It has been verified in previous section that under the paraxial approximation, the 

coordinate-space and momentum-space wave functions of a 2D quantum billiard can 

be experimentally visualized in the near-field and far-field transverse patterns of a 

broad-area VCSEL, respectively. However, as the transverse order of VCSELs is so 

high that the paraxial approximation is invalid, non-paraxial contribution will cause 

significant influences on the far-field patterns and therefore the correspondence 

between far-field patterns of VCSELs and momentum-space distributions of a 2D 

quantum billiard does not exist. In this section, a useful mapping is developed to 

recover the momentum-space wave patterns of 2D quantum billiards from the 

experimental far-field patterns of relatively high-order lasing modes.  

According to Eq. (4.1), when the non-paraxial contributions is significant, the 

stationary phase method [47, 48-50] is usually employed to derive the far-field 

distribution and to result in 

2

2
( , , ) ,i k r

o

k z x y
u x y z e u k k

i r r r

π  =  
 
ɶ ,             (4.3) 

where 2 2 2r x y z= + + . As a consequence, the accurate relationship between the 

far-field distribution and the Fourier transform of the near-field distribution is given 

by Eq. (4.3) instead of Eq. (4.2). 

    First of all, in order to realize the influence of non-paraxial contribution, we used 

Eq. (2.9) and Eq. (4.3) to calculate the near-field and far-field VCSEL patterns and to 

show the analogy between them and the trajectories of the coherent states of square 

billiards with different orders N . Figure 4.34 shows the calculated results for the 

near-field patterns 
2, ,

, , ( , )p q
N MS x yφ

+  with different orders of N = 20, 30, and 40 (Figs 

4.34(a)–4.34(c)) and the corresponding far-field patterns (Figs. 4.34(a’)–4.34(c’)). 

The values of the parameters used in the calculation are ( ) ( )11, ,p q = , 5M = , and 

0 55.φ π= . It can be seen that the influence of the non-paraxial contribution leads to 

the pincushion curving in the far-field pattern with respect to the Fourier transform of  



Ch4 Analogous Experiments for Quantum Billiard Wave Functions from Lasing  
    Modes of VCSELs                                              

 150 

 

 

the near-field distribution. The higher the transverse order is, the more curved the 

far-field pattern becomes. Since the far-field patterns of the VCSEL’s lasing modes 

can be straightforwardly observed, it is practically useful to develop a transform 

procedure for recovering the momentum-space wave patterns from the experimental 

far-field patterns. 

Large-aperture square-shape VCSELs with large frequency detuning were 

fabricated to attain higher-order lasing modes and observe the influence of 

non-paraxial contribution on the far-field patterns. Figure 4.35 shows the 

experimental near-field pattern and the corresponding far-field pattern of the lasing 

mode. The morphology of the near-field pattern (Fig. 4.35(a)) can be found to be in 

good agreement with the theoretical result; however, the far-field one (Fig. 4.35(b)) 

displays a significant pincushion distortion compared to the result of the low 

transverse order (Fig. 4.26(b)). Experimental results reveal that the pincushion 

curving in the far-field distribution is independent of the pumping current in the range 

of 1.0–1.5 times the threshold level. Furthermore, the optical spectra indicate that the 

gray area in the central part of the far-field patterns in Fig. 4.35(b) arises from the 

amplified spontaneous emission. Consequently, the thermal lensing effect can be 

confirmed to be not the major mechanism in the formation of the pincushion curving. 

The origin of the present pincushion curving comes from the non-paraxial 

contribution because the transverse wave-vector tk  is no longer much small 

compared to the longitudinal wave-vector zk  for very high-order modes of VCSELs. 

Therefore, eliminating the pincushion distortion is indispensable for visualizing the 

momentum-space wave patterns with the high-order lasing modes of VCSELs. Here 

we exploit the stationary phase method [47] to develop a fast procedure for 

eliminating the pincushion distortion that arises from the non-paraxial contribution.  

Eq. (4.3) reveals that the far-field pattern ( , , )u x y z  beyond the paraxial 

approximation is related to the Fourier-transform pattern of the near-field distribution 

( ),o x yu k kɶ  with the arguments of /xx k z k=  and /yy k z k= . In other words, the 

experimental  far- f ield pattern ( , , )u x y z  can be used to obtain the 

Fourier-transform pattern of the near-field distribution ( ),o x yu k kɶ  via the change  
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of the arguments of /xx k z k=  and /yy k z k= . However, since the variable r  is a 

function of the variable x  and y , the expressions of  /xx k r k=  and /yy k r k=  

can not be applied directly. For solving this problem, we use the asymptotic property 

of the free-space propagation to obtain the identity of 2 2 2/ / /z x yr k z k z k k k= = − − . 

With this identity, the expressions of /xx k r k=  and /yy k r k=  can be expressed as     

2 2 2/x x yx k z k k k= − −                                            (4.4) 

and  

2 2 2/y x yy k z k k k= − − .                                          (4.5)  

As a result, the Fourier-transform pattern of the near-field distribution ( ),o x yu k kɶ  

can be straightforwardly obtained from the experimental far-field pattern ( , , )u x y z  

with the change of the arguments as in Eqs. (4.4) and (4.5). Note that the far-field 

distribution intrinsically represents an angular field distribution that is essentially 

independent of the distance from the source. Equations (4.4) and (4.5) clearly reveal 

that the relationship between the transverse momentum ( ),x yk k  and the screen 

position ( ),x y  for recording the experimental far-field amplitude is not a linear 

mapping. It can be easily found that only when the non-paraxial contribution is 

negligible, i.e. 2 2
,x yk k≫ , can the screen position ( ),x y  be linearly mapped to the 

specific transverse momentum ( ),x yk k . Equations (4.4) and (4.5) is the useful 

mapping that is developed for obtaining the Fourier transform pattern of a near-field 

distribution from a corresponding far-field pattern that is subject to the influence of a 

non-paraxial contribution. 

Employing the arguments of Eqs. (4.4) and (4.5) into the experimental result 

shown in Fig. 4.35(b), the accurate Fourier-transform pattern of the near-field 

distribution shown in Fig. 4.35(a) can be numerically reconstructed and is depicted in 

Fig. 4.36. It can be seen that the pincushion curving of the original far-field pattern is 

almost completely eliminated. The morphology of the reconstructed pattern agrees 

very well with the momentum-space distribution of the coherent state shown in Fig. 

4.26(b) with the transverse order of 36N = .  
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Fig. 4-34 (a)–(c) Calculated results for the near-field patterns 
2, ,

, , ( , )p q
N MS x yφ

+  with 

different orders of N = 20, 30, and 40 and (a’)–(c’) the corresponding far-field 

patterns. 

 

(b)(a) (b)(a)

 
Fig. 4.35 Experimental patterns of square shape VCSEL with high transverse order (a): 

near-field pattern (b): far-field pattern. 
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Fig. 4.36 Corrected high transverse order far-field pattern corresponding to Fig. 

4.35(b). 
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4.8 Analogous Investigation on Transient Dynamics of 

Released Coherent Waves from Quantum Billiard in 

terms of Lasing Modes of Broad-Area VCSELs 

 

One of fascinating applications for VCSELs is to analogously investigate 

diffraction in time effects of matter waves. Diffraction in time effect is the most 

relevant quantum transient phenomena in matter waves results from suddenly released 

coherent beam, which have been first introduced by M. Moshinsky in 1952 [51]. M. 

Moshinsky concerned the shutter problem for monochromatic beam of particles and 

realized that the behavior of transient current density is entirely resembled with 

diffraction of optical wave from a straight edge. Thereafter, in order to investigate 

diffraction in time effect, several reports have been proposed to theoretically analyze 

shutter problems in various situations [52-61]. The shutter model has the significant 

importance for understanding changing potential of matter waves. In recent years, due 

to scientific and technological progress such as ultrafast laser [62], atom cooling, and 

optical trapping [63], transient dynamics have been confirmed to be extensively 

observed in a variety of systems. For instance, Energy spectrum of neutron matter 

waves can be influenced by fast modulation in time which arises from a periodically 

opened and closed slit [64-66]. The dynamics of electrons for a double slit experiment 

in time domain has been concerned [67]. Experimental observations on diffraction of 

a Bose-Einstein condensate for rubidium atoms have also been carried out by using 

vibrating mirror [68]. In addition, diffraction in time effect will affect characteristics 

of systems and thus it could be applied to mesoscopic devices or integrated optics. 

Precise phase modulation of quantum waves can be caused by vibrating potential and 

is able to be used for atomic interferometers [69-71].  

   Another intriguing issue about diffraction in time effect is that the transient 

response to abrupt changes of the confined potential in semiconductor structures and 

quantum dots [72-74]. The characteristic time of transient dynamics play a crucial role 

for determining transport properties of carriers in mesoscopic devices. Therefore, 

studying the time evolution of quantum waves is valuable to develop novel  
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semiconductor devices. The mathematical equivalence between paraxial wave 

equation and time-dependent Schrödinger equation enable us to explore transient 

dynamics of coherent waves in macroscopic scale. Two-dimensional (2D) quantum 

billiard has been known as a good model for understanding behaviors of mesoscopic 

devices. In this section, we investigate the transient dynamics of coherent waves in 2D 

quantum billiard in terms of broad-area VCSELs.  

 

 

4.8.1 Transient Dynamics of One Dimensional Shutter Problem 

 

Figure 4.37 depicts the sketch of the shutter problem. Monochromatic beam of 

particles with mass of m  and energy of 2 2 2k mℏ  propagates along the x- axis. A 

shutter that acts as a perfect absorber is perpendicular to the beam and is located at 

0x = . At 0t = , the shutter is suddenly removed and thus behaviors of the beam will 

be changed. For 0t > , the evolution of wave function ( ),x tψ  for the beam of 

particles satisfies the time-dependent Schrödinger equation which is given by 

( ) ( )
2

22
, ,x t i x t

m x t
ψ ψ∂ ∂= −

∂ ∂
ℏ

                                     (4.6) 

with the initial conditions  

    ( ) 0
0

0      0
,

ikxe x
x

x
ψ

 <
= 

>

  if    if    if    if      

if  if  if  if  
.                                        (4.7) 

According to quantum mechanics, at arbitrary t , wave state ( )x,tψ �
 can be obtained 

by propagator ( )0x , x ,;K t t′� �
                         acting on initial wave state ( )0x,tψ �

 which is 

expressed as [75] 

    ( ) ( ) ( )3
0 0x x , x , x, ; ,t d x K t t tψ ψ′ ′ ′= ∫

� � � �
                                .                            (4.8) 

In the case of shutter problem, beam of particles freely propagates in space for 

0t >  and thus propagator ( )0x , x ,;K t t′� �
                         is described by  

    ( ) ( )

( )
( )

2

02

0
0

, ,
2

;

im x x

t tm
K x t x t e

i t tπ

 ′−
 

− 
 ′ =

−
ℏ

ℏ
                        .                            (4.9) 
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Substituting Eq. (4.9) and Eq. (4.7) into Eq. (4.8) and making some algebra (the 

detailed derivation is shown in Appendix A), then we can get  

    ( )
2

2
2 21

2
,

k
i kx t i um

y
x t e e du

i

π

ψ
 

−  ∞ 
 = ∫

ℏ

    ,                                 (4.10) 

where  

    ( ), ,
m k

y Y x k t x t
t mπ
 = = − 
 

ℏ

ℏ
.                                 (4.11) 

It is convenient to rewrite Eq. (4.10) as  

    ( )
2

2
2 2

0

1

2 2
,

k
i kx t y i um i

x t e e du
i

π

ψ
 

−  
 

 
=  

 
∫

ℏ

 - - - -  

( ) ( )
2

21

2 2

k
i kx t

m i
e C y iS y

i

 
−  

 
  

 = − +  
  

ℏ

    ,                     (4.12) 

where ( )C y  and ( )S y  are so-called Fresnel integrals which are given by 

( )

( )

2

0

2

0

2

2

cos

sin

y

y

C y u du

S y u du

π

π

 =  
 

 =  
 

∫

∫
.                                      (4.13) 

The probability current density can be directly calculated by using  

    ( )
2

,J x t
im x x

ψ ψψ ψ
∗

∗ ∂ ∂= − ∂ ∂ 

ℏ
                                  (4.14) 

and the result is written as 

    ( ) ( ) ( )
22

2

2
, , ,

m
i x

tk m
J x t x t e x t

m t
ψ ψ

π
−  

= +  
   

ℏ
ℏ

ℏ
Im ,                  (4.15) 

where ( )⋯Im  means the imaginary part of the function in the bracket. The second 

term is so small compared to the first term in the right hand side of Eq. (4.15) and thus 

probability current density ( ),J x t  becomes 

    ( ) ( ) 2
, ,

k
J x t x t

m
ψ= ℏ  
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( ) ( )
2 2

1 1

2 2 2
C y S y

υ      = − + −    
     

,                        (4.16) 

where k mυ = ℏ  is the stationary current that occurs as t → ∞ . Intriguingly, the 

transient current density in Eq. (4.16) has the same mathematical form as the intensity 

of optical waves diffracted by a straight edge [76]. Figure 4.38 is the plot of the 

current density (red line) and classical particles in shutter problem (blue dash line) at 

different time t . It can be seen that quantum waves is possible to be detected even 

when the time t  is smaller than the time of flight T x υ= . In contrast, classical 

particles can only be measured as t T> .  
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Fig. 4.37 The sketch of the shutter problem. 
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Fig. 4.38 The plot of the current density (red line) and classical particles in shutter 

problem (blue dash line) at different time t . 
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4.8.2 Transient Dynamics of One Dimensional Infinite Potential Well 

 

Particle in a box is an important model for understanding quantum systems. In 

this part, the transient dynamics of suddenly released quantum waves from one 

dimensional (1D) infinite potential well is theoretically presented.  

Firstly, a particle with mass of m  is confined in a 1D infinite potential well. As 

shown in Fig. 4.39, the potential well is suddenly removed at 0t =  and then the 

particle freely propagates in space for 0t > . In this case, the evolution of wave 

function ( ),x tψ  for the particle can be known by solving the time-dependent 

Schrödinger equation which is given by 

( ) ( )
2

22
, ,x t i x t

m x t
ψ ψ∂ ∂= −

∂ ∂
ℏ

                                    (4.17) 

with initial condition  

    ( )
2

0 2 2 2

0                                

, n

a a a
k x x

x aψ
   + − < <   =    



sin   if  sin   if  sin   if  sin   if      

otherwiseotherwiseotherwiseotherwise

,                     (4.18) 

where quantized wave vector ( )1 2, ,n
nk na
π= = ⋯   . Similarly, time evolution of the 

wave state with wave vector of nk  can be obtained by propagator of free particle 

which is written as follow 

( ) ( ) ( ), , 0 0, ; ,n x t dx K x t x xψ ψ′ ′ ′= ∫                              

          
( )2
2

2

2

2 2

a
im x x

t
n

a

m a
e k x dx

i t aπ

′−

−

  ′ ′= +  
  

∫ ℏ

ℏ
 sin sin sin sin    .                  (4.19) 

Using the identity ( )( )2
i ie eθ θθ −1111sin =sin =sin =sin =

iiii
, we have  

 

 

    ( )
( )2

2 22

2

2 1

2 2
,

n n

a a aim x x
ik x ik x

t
n

a

m
x t e e e dx

a i i t
ψ

π

′    − ′ ′+ − +   
   

−

   ′= −  
    

∫ ℏ

ℏ
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2
2

2

2
222

2

2
22

2

2 1

2 2

nn n

n
n

a kimak x t xi k xi t t mm

a

a kima
x t xi k x

t m

a

m
e e e dx

a i i t

e e dx

π

     ′+ −+   −   
      

−

     ′− +− +     
      

−


  ′=  

  


′− 


∫

∫

ℏℏ

ℏ

ℏ

ℏ

ℏ
 

                                          

.     (4.20) 

Making some algebra in Eq. (4.20) and we obtain 

( )
2

2 2

2 2

22 2 2
3

2 2 2

1 1

2
,

n n

n

ak i k xi t i u i u
m

n

u u

a
i k x i v i v

v v

x t e e e du e du
i a

e e dv e dv

π π

π π

ψ
− +

− +

   ∞ ∞+−   
  

   ∞ ∞− +  
  

   = −        

 − −  
 

∫ ∫

∫ ∫

ℏ

  

                                           

 

( ) ( )

( ) ( )

2

22
3

2

1 1

2 2 2

2 2

n n

n

ak i k xi t
m

a
i k x

i i
e e F u F u

i a

i i
e F v F v

  +−   
  

− +

  − +  
  

− +

     = − − −        
      

     − − − −        
      

ℏ

  

                           

,  (4.21) 

where ( )2 , ,n
au Y x k t±

 = ±
 

, ( )2 , ,n
av Y x k t±

 = ± −
 

, and ( ) ( ) ( )F C iSα α α= + . 

    Figures 4.40(a)-4.40(d) display time evolution of particles with quantized wave 

vectors of 1n = , 2n = , 6n = , and 10n =  after suddenly removed confined 

potential well. The time T  is the round trip time which is defined as 

2 2 NT a ma kυ= = ℏ  with Nk N aπ= . The calculated results turn out that the value 

of quantized wave vector determines the number of sidelobes for particles during 

time-evolution process. 
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Fig. 4.39 Schematic diagrams for transient dynamics of one dimensional (1D) infinite 

potential well. 
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Fig. 4.40 Time evolution of particles with quantized wave vectors of 1n = , 2n = , 

6n = , and 10n =  after suddenly removed confined potential well. 

 



Ch4 Analogous Experiments for Quantum Billiard Wave Functions from Lasing  
    Modes of VCSELs                                              

 162 

 

 

4.8.3 Transient Dynamics of Released Coherent Waves from  

Quantum Billiard: Analogous Observation via Broad-Area  

VCSELs 

 

In previous, time evolution of suddenly released quantum waves from 1D infinite 

potential well is theoretically studied. It is significant to investigate the transient 

dynamics of coherent waves in 2D quantum billiard which is the more realistic case 

for simulating characteristics of semiconductor devices and quantum dots. However, 

due to the difficulty for measurement, to directly observe the time evolution behaviors 

of matter waves is a thorny task. Fortunately, the mathematical analogy between 

time-dependent Schrödinger equation and paraxial wave equation provide us a 

possible way to explore transient dynamics of coherent waves by means of 

propagation of optical wave.  

First of all, we shortly discuss the similarity between time evolution of matter 

waves and diffraction of optical wave in the paraxial approximation. A particle with 

mass of m  is confined in a 2D quantum billiard. At 0t = , the confining potential of 

the billiard is suddenly switched off and thus time evolution of the wave function 

( ),x tψ  that characterizes the particle for 0t >  is described by time-dependent 

Schrödinger equation which is given by 

( ) ( )
2 2

2 22
, , , ,x y t i x y t

m x y t
ψ ψ

 ∂ ∂ ∂+ = − ∂ ∂ ∂ 

ℏ
                         (4.22) 

with initial condition  

    ( ) ( )0 region of billiard
0

0                  otherwise

, , ,
, ,

x y x y
x y

ψ
ψ

 ∀ ∈ Ω= 


                                
.                (4.23) 

In terms of the 2D free propagator, the free time evolution of the wave state 

( ), ,x y tψ  suddenly released at time at 0t =  is expressed as 

    ( ) ( )
( ) ( )2 2

20
2

, , , ,
x x y yim

t
m

x y t dx dy x y e
i t

ψ ψ
π

 ′ ′− + −  

Ω
′ ′= ∫ ∫ ℏ

ℏ
  .                (4.24) 

    On the other hand, under the situation of paraxial approximation, optical waves 

propagate from 0z =  to the environment in the direction of the z+  axis can be  
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expressed as ( ) ( ), , , ,jkzE x y z e u x y z−=  . The spatial variation function ( ), ,u x y z   

stands for deviation of the beam from uniform plane wave, which is given by 

(Appendix B)  

    ( ) ( ) ( ) ( )
2 2

2 0, , , ,
k

i x x y y
z

i
u x y z dx dy e E x y

zλ

∞ ∞  ′ ′− − + −  

−∞ −∞

′ ′ ′ ′= ∫ ∫    .                (4.25) 

Besides, it has been derived that ( ), ,u x y z   obeys paraxial wave equation (Appendix 

B) 

    ( ) ( )2 0, , , ,t u x y z ik u x y z
z

∂∇ − =
∂

.                                 (4.26) 

Comparing Eq. (4.22) to Eq. (4.26) as well as Eq. (4.24) to Eq. (4.25), it is evident 

that the time evolution of a 2D quantum state is equivalent to Fresnel diffraction of a 

optical wave with the substitution of t z→  and 2m π λ→ℏ , where λ  is the 

wavelength of the optical wave. The good correspondence indicates that transient 

dynamics of particles in a quantum billiard would be analogously measured in terms 

of optical waves. As pointed out in section 4.3, near-field patterns of VCSELs can 

analogously stand for the coordinate-space wave functions of 2D quantum billiards. 

Accordingly, Fresnel diffraction of near-field patterns in VCSELs is expected to 

exhibit similar features to transient dynamics of particles in quantum billiards. In the 

following, VCSELs are utilized to investigate time evolution of coherent waves in 2D 

quantum billiard. 

    We construct the coherent state with morphology that can frequently be observed 

in various wave systems and theoretically analyze time evolution of this state released 

from 2D quantum billiard by using Eq. (4.24). As discussed in section 2.2.1, the 

coherent states in 2D square billiard associated with periodic orbits ( , , )p q φ  can be 

analytically expressed as  

( )
( )

1
, ,
, , , 1

0

( , ) ( , )
M

p q iK
N M M K qN pK pN q M K

K

x y C e x yφ φ ψ
−

± ±
+ + − −

=
Ψ = ∑ ,              (2.9) 

where N  represents the order of the coherent state, 
1/ 2

,

1

2M K M

M

K
C  =  

 
 is the  
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weighting coefficient, and 
!

!( )!

n n

k k n k

 
=  − 

 represents the binomial coefficient. 

( )
( )

1
, ,
, , , 1

0

( , ) ( , )
M

p q iK
N M M K qN pK pN q M K

K

x y C e x yφ φ ψ
−

± ±
+ + − −

=
Ψ = ∑  

( ) ( ) ( )
1

, 1
0

M
iK

M K qN pK pN q M K
K

C e x yφ
−

±
+ + − −

=
= Φ Φ∑ ,            (4.27) 

where ( ) ( )( )2 sin 2m a m a aχ π χΦ = +    ( )1,2 ; ,m x yχ= =⋯   is eigenstate for 

2D square billiard. For 0t > , the released coherent states of 2D square billiard can be 

obtained by substituting Eq. (4.27) into Eq. (4.24), and we have 

    ( ) ( ) ( )
( ) ( )2 2

2

2
, , , ,
, ,, , ( , )

x x y yim
p q p q t
N M N M

m
x y t dx dy x y e

i t
φ φ

π

 ′ ′− + −  
± ±

Ω
′ ′Ψ = Ψ∫ ∫ ℏ

ℏ
   

                

( )
( )

( ) ( )
( )

2

2

2

0

2
1

2

                          

,

x ximM
iK t

M K qN pK
K

y yim

t
pN q M K

m
C e dx x e

i t

dy y e

φ

π

 ′−  
±

+
=

 ′−  

+ − −


 ′= Φ



′ Φ 


∑ ∫

∫

ℏ

ℏ

ℏ
 

　　　　  

.  (4.28) 

The integral about x′  and y′  in Eq. (4.28) represents time evolution of the 

eigenfunction with order of qN pK+  and ( )1pN q M K+ − −  in 1D infinite 

potential well which has been worked out in Eq. (4.21). Consequently, Eq. (4.28) can 

be rewritten as 

    ( ) ( ) ( ) ( ) ( )1
02

, ,
, ,, , , ,

M
p q iK
N M M K qN pK pN q M K

K

m
x y t C e x t y t

i t
φ φ ψ ψ

π
± ±

+ + − −
=

Ψ = ∑
ℏ

  ,   (4.29)  

where ( ),m X tψ ′  is the derivative result of Eq. (4.21). It should be mentioned that Eq. 

(4.29) is the representation of traveling-wave. The standing-wave representation is 

described by  

 ( ) ( ) ( ) ( ), , , , , ,
, , ,, , ( , , ) ( , , )p q p q p q

N M N M N MS x y t x y t x y tφ φ φ± + −= Ψ ± Ψ .                  (4.30) 
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Figures 4.41(a)–4.41(f) illustrate the numerical patterns for the wave states 

( ) ( )
2

1,1,0.6
35,14 , ,S x y tπ+  at 0t = , 0 06. T    , 0 12. T    , 0 18. T    , 0 7. T    , and ∞ . The time T  

is the round trip time of the periodic orbit which is defined as 2po NT L ma kυ= = ℏ  

with Nk N aπ= . It is found that the transient dynamics of quantum waves presents 

apparent interference patterns in addition to behaviors of classical particle flow. 

Next, free-space propagation of the superscarred mode with similar structure as 

shown in Fig. 4.41(a) for a square-shaped VCSEL is illustrated. The experimental 

setup is similar to Fig. 4.2 except that a delay lens system is placed between 

charge-coupled device (CCD) camera and the objective lens (Mitsutoyo, numerical 

aperture 0.9). Wave patterns propagated to any distance z  can be measured by 

means of adjusting the effective focal length of the delay lens system. Figures 4.42 

(a)–4.42(e) shows the experimental transverse patterns of a square-shaped VCSEL for 

the free-space propagation at the positions of 0dz z = , 0 06. , 0 12. , 0 18. , 0 7. , 

and the far-field regime, respectively, where 2 z
d

t

akz nk=  is the characteristic 

length and n  is the refractive index of the semiconductor cavity. The factor dz  is 

derived from 2 NT ma k= ℏ  with substitution 2m π λ→ℏ . In other words, the 

characteristic length of the optical diffraction dz  is defined to be analogous to the 

characteristic time T  of the quantum diffraction in time. In this case, the value of 

dz  can be approximately calculated to be 161 mµ  with the parameters of the mode 

that 127 2.zk mµ −
≃     , 40a mµ=  , 3 5.n = , and 13 89.tk mµ −

≃     . The experimental 

results reveal that the experimental transverse patterns for the free-space propagation 

are exceedingly consistent with time evolution of quantum waves. The good 

agreement validates the fact that the transient dynamics of released coherent wave 

from 2D quantum billiard can indeed be analogously investigated in terms of the 

free-space propagation of lasing modes emitted from VCSELs.  

    Figures 4.43(a)–4.43(l) and 4.44(a)–4.44(l) display free-space propagation of 

another two lasing mode in a square-shaped VCSEL at different positions of dz z . 

The coherent state with the same morphology as depicted in Fig. 4.43(a) and Fig.  
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4.44(a) are reconstructed by [77] 

    ( ) ( ) ( )1,1,0.34 1,1,0.65
1 23,20 23,20, ,0 , ,x y S x y S x yπ π+ +Ψ = +                         (4.31) 

and 

    ( ) ( ) ( ) ( ) ( ) ( ) ( )2 40 11 39 14, ,0 sin 0.35 cos 0.35x y x y x yπ πΨ = Φ Φ + Φ Φ .    (4.32) 

Similarly, time evolution of the coherent state ( ) 2

1 , ,x y tΨ  and ( ) 2

2 , ,x y tΨ  can 

be calculated from Eq. (4.21) and Eq. (4.28), as shown in Figs. 4.45 (b)–4.45 (l) and 

Figs. 4.46 (b)–4.46 (l).  

    Moreover, we explore the transient dynamics of quantum waves released from 

2D equilateral-triangular billiard in terms of equilateral-Triangular VCSELs. For 

equilateral-triangular billiard, the characteristic time of the quantum diffraction in 

time is derived to be NT ma k= ℏ  with ( )4 3Nk a Nπ= . Thus, the characteristic 

length of the optical diffraction is calculated to be z
d

t

akz k= . Figures 4.47 and 4.48 

present the free-space propagation of two superscarred modes in 

equilateral-Triangular VCSELs at different positions. Unlike square billiard, the 

closed form of time evolution of coherent waves in a 2D equilateral-triangular billiard 

is hard to obtain since the eigenfunction of equilateral-Triangular billiard can not be 

separated into two orthogonal orientations. Hence, numerical calculation of Eq. (4.24) 

should be performed. The simulated transient dynamics of wave functions are 

illustrated in Figures 4.49 and 4.50. The calculated results are also in excellent 

correspondence with the experimental observations.  

    In summary, the consistence between theoretical predictions and experimental 

results validates the fact that the free-space propagation of coherent modes emitted 

from VCSELs can be employed as an analogous observation of the time evolution of 

quantum-billiard wave functions. 
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(d) (e) (f)
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Fig. 4.41 The numerical patterns for the wave states ( ) ( )
2

1,1,0.6
35,14 , ,S x y tπ+  at (a) 0t = , 

(b) 0 06.t T=     , (c) 0 12.t T=     , (d) 0 18.t T=     , (e) 0 7.t T=     , and (f) 10t T=     . 

(a) (b) (c)

(d) (e) (f)

(a) (b) (c)

(d) (e) (f)

 
Fig. 4.42 The experimental transverse patterns of a square-shaped VCSEL for the 

free-space propagation at the positions of (a) 0dz z = , (b) 0 06.dz z = , (c) 

0 12.dz z = , (d) 0 18.dz z = , (e) 0 7.dz z = , and (f) the far-field regime, respectively. 
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Fig. 4.43 The experimental transverse patterns of a square-shaped VCSEL for the 

free-space propagation at the positions of (a) 0dz z = , (b) 0 025.dz z = , (c) 

0 04.dz z = , (d) 0 08.dz z = , (e) 0 1.dz z = , (f) 0 14.dz z = , (g) 0 18.dz z = , (h) 

0 3.dz z = , (i) 0 4.dz z = , (j) 0 6.dz z = , (k) 1 5.dz z = , and (f) the far-field regime, 

respectively. 

 



Ch4 Analogous Experiments for Quantum Billiard Wave Functions from Lasing  
    Modes of VCSELs                                              

 169 

 

 

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

 

Fig. 4.44 The experimental transverse patterns of a square-shaped VCSEL for the 

free-space propagation at the positions of (a) 0dz z = , (b) 0 025.dz z = , (c) 

0 04.dz z = , (d) 0 08.dz z = , (e) 0 1.dz z = , (f) 0 14.dz z = , (g) 0 18.dz z = , (h) 

0 3.dz z = , (i) 0 4.dz z = , (j) 0 6.dz z = , (k) 1 5.dz z = , and (f) the far-field regime, 

respectively. 
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Fig. 4.45 The numerical patterns for the wave states ( ) 2

1 , ,x y tΨ  at (a) 0t = , (b) 

0 025.t T=     , (c) 0 04.t T=     , (d) 0 08.t T=     , (e) 0 1.t T=     , (f) 0 14.t T=     , (g) 

0 18.t T=     , (h) 0 3.t T=     , (i) 0 4.t T=     , (j) 0 6.t T=     , (k) 1 5.t T=     , and (f) 

10t T=     , respectively. 
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Fig. 4.46 The numerical patterns for the wave states ( ) 2

1 , ,x y tΨ  at (a) 0t = , (b) 

0 025.t T=     , (c) 0 04.t T=     , (d) 0 08.t T=     , (e) 0 1.t T=     , (f) 0 14.t T=     , (g) 

0 18.t T=     , (h) 0 3.t T=     , (i) 0 4.t T=     , (j) 0 6.t T=     , (k) 1 5.t T=     , and (f) 

10t T=     , respectively. 
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Fig. 4.47 The experimental transverse patterns of a square-shaped VCSEL for the 

free-space propagation at the positions of (a) 0dz z = , (b) 0 02.dz z = , (c) 

0 04.dz z = , (d) 0 068.dz z = , (e) 0 09.dz z = , (f) 0 15.dz z = , (g) 0 24.dz z = , (h) 

0 3.dz z = , (i) 0 4.dz z = , (j) 0 6.dz z = , (k) 1dz z = , and (f) the far-field regime, 

respectively. 
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Fig. 4.48 The experimental transverse patterns of a square-shaped VCSEL for the 

free-space propagation at the positions of (a) 0dz z = , (b) 0 01.dz z = , (c) 

0 03.dz z = , (d) 0 07.dz z = , (e) 0 085.dz z = , (f) 0 12.dz z = , (g) 0 14.dz z = , (h) 

0 25.dz z = , (i) 0 3.dz z = , (j) 0 45.dz z = , (k) 0 55.dz z = , and (f) the far-field 

regime, respectively. 
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Fig. 4.49 The numerical patterns for the wave states ( ) 2

1 , ,x y tΨ  at (a) 0t = , (b) 

0 02.t T=     , (c) 0 04.t T=     , (d) 0 068.t T=     , (e) 0 09.t T=     , (f) 0 15.t T=     , (g) 

0 24.t T=     , (h) 0 3.t T=     , (i) 0 4.t T=     , (j) 0 6.t T=     , (k) 1t T=     , and (f) 10t T=     , 

respectively. 
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Fig. 4.50 The numerical patterns for the wave states ( ) 2

1 , ,x y tΨ  at (a) 0t = , (b) 

0 01.t T=     , (c) 0 03.t T=     , (d) 0 07.t T=     , (e) 0 085.t T=     , (f) 0 12.t T=     , (g) 

0 14.t T=     , (h) 0 25.t T=     , (i) 0 3.t T=     , (j) 0 45.t T=     , (k) 0 55.t T=     , and (f) 

10t T=     , respectively. 
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Even though VCSELs are fabricated to be symmetric waveguide structures, 

mode degeneracy between two orthogonal polarizations is easily removed by 

anisotropy in devices. It can be seen in Eq. (1.11) that electric fields in the two 

polarized states correspond to the same 2D Helmholtz equation, which implies that 

optical mode density of cavity in two orthogonal polarizations are almost the same, 

but are with a slightly splitting in frequency. Figure 5.1(a) illustrates schematic 

diagram of optical mode density of cavity in two orthogonal polarized states.  

Compared to conventional lasers, VCSELs have extremely small cavity volume, 

high optical gain, and wide mode spacing. These properties make VCSELs easy to 

oscillate at single mode near threshold condition. According to laser theory, laser 

oscillation tends to occur at cavity modes with relatively high net gain. Therefore, 

under threshold operation, VCSELs often excite the single mode with definite linear 

polarization which experiences the highest net modal gain, as seen in Fig. 5.1(b). 

When the injected current is varied (and hence the device temperature is varied), 

cavity modes and gain curve undergo different frequency shift and thus the relative 

position of gain maximum and cavity modes can be altered, resulting in polarization 

switching between two orthogonal polarizations. Such polarization instability is the 

significant drawback for the use of VCSELs. In these years, the phenomenon of 

polarization switching has been well explained by several mechanisms such as spatial 

hole burning [1], and spin-flip model [2, 3]. We now give a brief synopsis for the 

cause of polarization switching by a useful phenomenological model, which is 

proposed by B. Ryvkin and coworkers [4]. 

    The laser will lase when the modal gain exceeds the total cavity losses. The total 

optical losses totα  in VCSELs can be expressed as the sum of internal optical losses 

pα  and other losses 0α , that is, 0tot pα α α= + . The internal losses pα  depend on 

photon energy and cavity temperature, which mainly arise from the DBR in VCSELs. 

Initially, the representation of the modal gain and the total cavity losses for VCSELs 

under threshold operation is assumed to be in Fig. 5.2(a), where xω  ( yω ) is the 

frequency of cavity mode in x-polarized state (y-polarized state) and ω∆  is the 

frequency splitting between two orthogonal polarizations. Under this circumstance,  
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the laser works at x-polarized state since its modal gain is larger than the total cavity 

losses. When the operation conditions such as injected current and temperature varied, 

two possible situations may take place, as illustrated in Fig. 5.2(b)–5.2(c). The results 

reveal that the lasing mode could still be in its original polarized state (Fig. 5.2(b)) or 

switch to another polarized state (Fig. 5.2(c)), which depends on the relative relation 

between modal gain and total cavity loss with varying operating condition. In general, 

polarization switching can be characterized as type I and type II switching. 

Polarization switching from the higher to the lower frequency (lower to higher 

frequency) with increasing current is referred to be type I (type II) switching. In 

addition, mode hopping between two polarized states can lead to abrupt change in 

output power of lasing mode.           

Although many reports have been proposed to investigate the polarization 

behaviors of VCSELs, most of them up to now were focused on small-area VCSELs. 

One of the most important reasons is that for the VCSELs with large aperture, spatial 

current distribution in the active layer has a significant influence on the gain 

anisotropy, which can alter the lasing properties of the two orthogonal polarizations. 

The effect of spatial current distribution is difficult to analyze due to the complexity 

of thermal effect and material imperfection in broad-area VCSELs. In recent years, 

spatial current distribution in the active layer of a VCSEL has been confirmed to play 

a crucial role for selection of modes [5].  

The transverse order of the lasing mode for VCSELs is determined by the 

aperture size and the frequency detuning cω ω ω∆ = − , where ω  is the frequency of 

the gain maximum and cω  is the longitudinal cavity resonance. Broad-area VCSELs 

is prone to excite high-order lasing modes. It is experimentally verified that under 

appropriate operating condition, the wave patterns can be concentrated along 

definitely classical trajectories [6, 7]. The polarization behaviors of these modes have 

been confirmed to be strongly correlated to the interplay between reflected wave and 

the cavity structure as well as the cavity boundary [8]. Hence, the polarization 

dynamics are strictly different for the VCSELs with different cavity geometry. In 

other words, VCSELs with cavity anisotropy can not only stabilize the polarization of 

lasing modes, but can be a crucial factor for determining the polarization dynamics in  



Ch5 Influence of Lateral Confinement Shape on Polarization Dynamics of VCSELs 

 185 

 

 

broad-area VCSELs. Inspired by this statement, we systematically investigate how the 

cavity geometry affects the polarization dynamics at different frequency detuning in 

broad-area VCSELs.  
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Fig. 5.1 Schematic diagram for (a) optical mode density of cavity in two orthogonal 

polarized states and (b) selection of linearly polarized lasing mode. 
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Fig. 5.2 Relation between gain profile and two orthogonal polarized states with varied 

operating condition. 
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5.1 Experimental Setup 

 

We fabricated various categories of broad-area VCSELs with different cavity 

shape. The device structures of the oxide confined VCSELs were similar to those 

described in [9]. The emission wavelengths of both VCSELs were approximately 

around 808 nm. Figure 5.3 illustrates the schematic of experimental setup. The 

VCSEL device was placed in a cryogenic system with a temperature stability of 0.1 K 

in the range of 200–300 K. A power supply providing current with a precision of 0.01 

mA was utilized to drive the VCSEL. The laser output is collimated by objective lens 

(Mitutoyo, numerical aperture 0.9) and is split into two orthogonal polarized lights by 

passing through a polarization beam splitter (PBS). We identify the light as 

x-polarized beam (y-polarized beam) whose direction of polarization is along x-axis 

(y-axis), as seen in Fig. 5.1(b). The intensity time traces of the two orthogonal 

polarized beams are detected by a fast (1 GHz) oscilloscope. The near-field patterns 

are measured by a charge-coupled device (CCD) camera (Coherent, Beam-Code). 

Different transverse orders for the lasing modes can be generated via detuning the 

device temperature. The spectral information of the radiation output was measured by 

a high-resolution optical spectrum analyzer (Advantest Q8347) with a resolution of 

0.002 nm. 
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Fig. 5.3 Schematic view of experimental setup. 
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5.2 Relation between L-I Curves and its Time Domain 

Dynamics 

 

    It has been known that polarization switching between two polarized states can 

occur in VCSELs when the operating condition is changed. The phenomenon of mode 

competition widely exists in a great deal of physical systems such as optical cavity, 

coupled oscillators, and two level systems in quantum world. In quantum mechanics, 

the probability for finding electron oscillates back and forth between two atomic 

states when the applied external field strongly interacts with the atom. The oscillation 

in the presence of strong field is so-called Rabi oscillation [10]. For laser cavity 

systems, competition between two oscillating modes is described by two modes rate 

equation [11]. When taking into account the effect of noise, the solution of rate 

equation in two modes exhibit anticorrelated oscillation between two of them, which 

is similar to Rabi oscillation. In recent years, it has been experimentally and 

theoretically confirmed that as polarization switching takes place in VCSELs, 

apparent anticorrelated oscillation between two orthogonal polarized states can be 

seen at the switching point in the L-I curve [4, 12-19]. However, in the past, most 

reports concentrated on small-area VCSELs with aperture size smaller than 15 mµ    . 

This is because compared to small-area VCSELs, broad-area VCSELs have relatively 

small mode spacing and thus they are prone to generate lots of transverse modes when 

the injected current is increased. Therefore, it is difficult to observe polarization 

switching between two pure single modes in broad-area VCSELs. In this section, we 

will briefly investigate the influence of multi-transverse modes on the L-I curves and 

its time domain dynamics in broad-area VCSELs. 

    The broad-area VCSEL was fabricated to have square shape with aperture size of 

240 40 mµ×  . Figure 5.4(a)–5.4(c) shows the near-field patterns near threshold 

operation in both polarized states and the L-I curve at the operating temperature of 

298 K for global view (Fig. 5.4(b)) and zoon-in view (Fig. 5.4(c)). It is found that the 

threshold current of two polarized states are almost the same due to the excitation of 

localized spots in wave patterns. Localized spots are caused by current crowding at  
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high temperature and they are linear polarized at some arbitrary orientation that is 

independent on the crystal axis. When the injected current is increased from threshold 

value (21.4mA    ) to about 50mA    , output power abruptly switches many times 

between two orthogonal polarized states with different variation in strength. After 

polarization switching, the output power of the suppressed polarized state will not 

reduce to the strength of spontaneous emission. The measurement is quite different 

from the previous reports about polarization switching. The intriguing observation is 

arising from the existence of other transverse modes in the suppressed polarized state. 

In other words, it is not the case of exactly two single modes competition.  

    Figure 5.5 displays the near-field patterns and the corresponding emission 

spectrum in two polarized states around switching current in L-I curve. The operating 

currents were selected to be 23mA    , 25mA    , 30mA    , 32mA    , and 35mA    . It can be 

seen that at these current, the number of transverse modes in two polarizations is so 

large that it is hard to distinguish which modes are in competition. The generation of 

multi-transverse modes results in irregular and vague wave patterns. We further 

measure intensity time trace of two polarized states at switching points of A –F  in 

L-I curve, as shown in Fig. 5.6. As our expected, anticorrelated oscillation between 

two polarized states can be observed. However, unlike the reports about polarization 

switching in previous, the oscillated amplitude in our results is comparatively small. 

This is because multi-transverse modes can induce large mode partition noise, which 

suppresses the effect of two mode competition [20]. 

 

 

 

 

 

 

 

 

 



Ch5 Influence of Lateral Confinement Shape on Polarization Dynamics of VCSELs 

 191 

 

(a)

20 25 30 35 40
0

1

2

I (mA)

 
P

 (
m

W
)

 Total
 y-polarized beam
 x-polarized beam

0 10 20 30 40 50
0

1

2

3

I (mA)

 
P

 (
m

W
)

 Total
 y-polarized beam
 x-polarized beam

A
B

C

D

E
F

(b)

(c)

y-polarization x-polarization

(a)

20 25 30 35 40
0

1

2

I (mA)

 
P

 (
m

W
)

 Total
 y-polarized beam
 x-polarized beam

0 10 20 30 40 50
0

1

2

3

I (mA)

 
P

 (
m

W
)

 Total
 y-polarized beam
 x-polarized beam

A
B

C

D

E
F

(b)

(c)

y-polarization x-polarization

 
Fig. 5.4 (a) Near-field patterns near threshold operation in both polarized states and 

the L-I curve at the operating temperature of 298 K for (b) global view and (c) 

zoon-in view. 
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Fig. 5.5 The near-field patterns and the corresponding emission spectrum in two 

polarized states around switching current in L-I curve. 
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Fig. 5.6 Intensity time trace of two polarized states at switching points of A –F  in 

L-I curve shown in Fig. 5.4(b). 
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5.3 L-I Curves of Square-Shaped VCSELs with Different 

Aperture Size 

     

In section 4.3.2, we have discussed the dependence of transverse order of lasing 

modes on the aperture size of VCSELs. Lasing modes in small-area square-shaped 

VCSELs exhibit irregular low-order patterns even when the operating temperature is 

varied. In contrast, when the area of square-shaped VCSELs is up to about 

230 30 mµ×     , lasing modes with wave localized on classical trajectories can be 

generated with changed operating temperature. It has been known that the polarization 

of these modes will be influenced by DBRs structure of VCSELs and the interplay 

between reflected wave and the cavity boundary [8]. It is also demonstrated in [8] that 

the polarization behavior of lasing modes in square-shaped VCSELs is correlated to 

its transverse order. In this section, the comparison of polarization resolved L-I curves 

in square-shaped VCSELs with different area are studied. 

    Figures 5.7–5.8 depict temperature dependence of threshold current, near-field 

patterns near threshold operation, and polarization resolved L-I curves for 

square-shaped VCSELs with area of 220 20 mµ×     , and 240 40 mµ×     . For 

square-shaped VCSELs with area of 220 20 mµ×     , it can be seen in Fig. 5.7 that when 

the injected current is increased, output power in two polarized states at each 

operating temperature increases monotonically without switching. There is always 

slight difference in threshold current between two polarizations at temperature in the 

range of 200–300 K, which indicates the existence of anisotropy in material. Since 

lasing modes at each temperature have low transverse order, the effect of interaction 

between waves and cavity structure can be negligible and thus the polarization 

behavior is mainly determined by the material anisotropy. The measurements reveal 

that the variation of temperature in the range of 200K to 300 K is insufficient to bring 

about polarization switching for square-shaped VCSELs with area of 220 20 mµ×     .  

    For square-shaped VCSELs with area of 240 40 mµ×     , the polarization resolved 

L-I curves show quite different characteristics with decreasing operating temperature.  
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At the temperature above 260K, lasing modes present irregular low-order patterns 

whose polarization properties depend on the material anisotropy. Apparent 

polarization switching can only be observed at operating temperature of 290K and 

300K, as seen in Fig. 5.8(a)–5.8(b). When the operating temperature decreases, wave 

patterns that localize on specific classical trajectories are generated. The polarization 

behaviors of these modes strongly relate to the interplay between waves and cavity 

structure. In the temperature range about 220K to 250K, lasing modes in two 

polarizations exhibit the morphology of bouncing ball mode or wavy pattern. The 

polarization directions of these modes are approximately orthogonal to the direction 

of transverse wave vector. It can be seen in Fig. 5.8(f)–5.8(i) that polarization 

switching does not occur in L-I curves and output power in two polarizations are 

getting closer with decreasing temperature. The observation indicated that tiny 

material anisotropy could be partly compensated even when the injected current 

increases. When the temperature further decreased to below 190K, the lasing mode 

corresponds to the pattern that is related to a classical periodic orbit with diamond 

shape. It is known that for the diamond shaped mode, two orthogonal polarizations 

synchronized locking to a single frequency due to the sufficiently small anisotropy 

[21, 22]. Such small anisotropy won’t cause the polarization switching. Instead, 

output power in both polarized states are almost the same and monotonically increase 

with pumping current, as shown in Fig. 5.8(j)–5.8(l). The results reveal that for large 

detuning in broad-area square-shaped VCSELs, material anisotropy is compensated 

by the interplay between wave and the cavity boundary and hence polarization 

switching will not take place.  
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Fig. 5.7 Temperature dependence of threshold current, near-field patterns near 

threshold operation, and polarization resolved L-I curves for square-shaped VCSELs 

with area of 220 20 mµ×     . 
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Fig. 5.8 Temperature dependence of threshold current, near-field patterns near 

threshold operation, and polarization resolved L-I curves for square-shaped VCSELs 

with area of 240 40 mµ×     . 
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5.4 Comparison of L-I Curves between Square-Shaped and 

Stadium-Shaped VCSELs 

    

In previous section, it is evident that when operating broad-area square-shaped 

VCSELs far above threshold, polarization behavior is significantly related to the 

excitation of high-order modes whose waves concentrate on specific classical 

trajectories. In the view of classical mechanics, system boundary has severe impact on 

the feature of trajectories. For two dimensional (2D) square systems, classical paths 

form many families of periodic orbits that have definite direction of motion. Therefore, 

wave patterns correlated to these classical periodic orbits have definite wave vectors 

which play dominant role for determining polarization properties in square-shaped 

VCSELs. It is reasonable to expect that VCSELs with different cavity geometry will 

present completely different characteristics in polarization resolved L-I curves. In this 

section, we design broad-area VCSELs with stadium shape to investigate this 

phenomenon. Stadium-shaped system has been known to be one of the most famous 

systems for investigating chaotic dynamics, which is first studied by Bunimovich [23, 

24]. Most classical motions in chaotic billiards are irregular and nonperiodic. 

    The schematic structure of stadium-shaped VCSELs is the same as what we have 

discussed in section 4.5. The aperture size of stadium-shaped VCSELs was fabricated 

to be 260 30 mµ×     . Figure 5.9 illustrates temperature dependence of threshold current, 

near-field patterns near threshold operation, and polarization resolved L-I curves for 

stadium-shaped VCSELs. At the operating temperature of 298K, the lasing modes 

exhibit irregular and low-order patterns due to the serious thermal effects and small 

frequency detuning at high temperature. Polarization switching does not occur in L-I 

curve of two orthogonal polarized states. Besides, the dominant polarization is along 

the short axes of the cavity, that is, the lasing mode is y-polarized beam. The cause of 

the observation is that for low-order lasing modes of VCSELs, polarization behavior 

mainly depends on both the material and cavity anisotropy, which is similar to the 

researches in the past. VCSELs with stadium cavity enhance the effective anisotropy 

difference between the two orthogonal directions, resulting in stable linear  
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polarization of lasing mode. This case also provides the same evidence as in [25-28] 

which indicates that VCSELs with cavity anisotropy can used to obtain the lasing 

mode that retains stable linear polarization state even when the operating condition is 

varied. 

When the operating temperature decreases to the range of 260K-290K, wave 

patterns exhibit the coexistence of whispering gallery mode and vivid scarred modes. 

The scarred modes at the temperature of 290K and 270K respectively display the 

structure of diamond and double diamond shape, as seen in Fig. 5.9(b) and 5.9(c). 

There are also no polarization switching in L-I curves at these operating temperature. 

Intriguingly, it can be seen in Fig. 5.9(g)–5.9(l) that when the operating temperature 

further decreases to below 240K, abrupt polarization switching can be observed in L-I 

curves. Lasing wave patterns have very high transverse order and have the 

morphology that shows complex structure mixed with whispering gallery mode and 

scarred modes. This high-order mode is generated by strong interaction between 

waves and cavity boundary. Stadium shape will cause wave vectors of the lasing mode 

to have indefinite direction as the operating condition is varied. The polarization of 

the mode is therefore possible to lie along any orientations, leading to polarization 

instability with varying injected current. In summary, our experimental results reveal 

that cavity anisotropy in stadium-shaped VCSELs can not only obtain stable linear 

polarized state, but can be a crucial factor for inducing the polarization instability as 

the frequency detuning is getting larger. 
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Fig. 5.9 Temperature dependence of threshold current, near-field patterns near 

threshold operation, and polarization resolved L-I curves for stadium-shaped VCSELs 

with area of 260 30 mµ×     . 
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5.5 Polarization Switching for very High-Order Single 

Modes 

     

It has been confirmed that polarization switching can attribute to two primary 

phenomena. First, linearly polarized lasing mode will change its polarization without 

changing its morphology. Second, two orthogonal polarized states can exhibit 

apparent anticorrelated oscillation at the switching point in the L-I curve. In this 

section, the characteristics of stadium-shaped VCSELs around the switching point in 

polarization resolved L-I curve is illustrated. The measurement was selected to be at 

the operating temperature of 200K (cf. Fig. 5.9(k)).The two switching points are 

labeled as A and B in Fig. 5.9(k), which are at the injection current about 1.18 Ith and 

1.29 Ith, respectively. 

Figure 5.10(a)–5.10(d) display polarization resolved wave patterns and the 

corresponding wavelength spectrum at the injected current of 1.14 Ith, 1.20 Ith, 1.26 Ith, 

and 1.32 Ith. The frequency spectrum at these injected current demonstrated that pure 

two mode competition involved in polarization switching only takes place at point A. 

In Fig. 5.10(a) and 5.10(b), when the injected current is increased across the switching 

point A, the single high-order mode switches from y-polarization state to 

x-polarization state with unchanged morphology. This single high-order mode 

disappears in both polarizations across the switching point B, as depicted in Fig. 

5.10(d). The experimental result is quite intriguing since it is believed that broad-area 

VCSELs are easy to generate multi-transverse modes due to their small mode spacing. 

To observe polarization switching between pure two modes in broad-area VCSELs is 

thus difficult. Our measurement is the first time for the observation on the polarization 

switching of very high-order single modes in broad-area VCSELs. 

Figure 5.11 shows the intensity time trace of the two polarized states at the 

switching point A and B. As expected, obvious anticorrelated oscillations between 

x-polarization and y-polarization can be observed at both switching current. However, 

the oscillated features at these switching points are somewhat different. The 

oscillation at the switching point A shows approximately equal amplitude whereas the  
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intensity time trace of the two polarizations oscillates in random amplitude at the 

switching point B. The explanation for the result is that switching point A arises from 

pure single mode hopping. In contrast, at the switching point B, multi-transverse 

modes in y-polarization are excited, which suppress the effect of two mode 

competition. 
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Fig. 5.10 Polarization resolved wave patterns and the corresponding wavelength 

spectrum at the injected current of 1.14 Ith, 1.20 Ith, 1.26 Ith, and 1.32 Ith. 
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Fig. 5.11 Intensity time trace of the two orthogonal polarized states at the switching 

point A and B. 
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6.1 Summary 

 

In this thesis, we exploited broad-area VCSELs to investigate the phenomena of 

wave chaos and also studied basic properties of broad-area VCSELs with various 

shapes. In chapter 2, we have presented the main characteristics of quantum billiards 

which are play central roles to realize mesoscopic systems. As discussed in section 

2.1-2.3, integrable billiards has highly symmetric geometry and thus all of their 

eigenstates display regular and symmetric arrangements. Tiny perturbation is able to 

cause integrable billiards to generate the state that is concentrated along stable 

classical periodic orbit, which is so-called superscar. For symmetric chaotic billiard 

such as stadium and Sinai billiards, eigenstates will exhibit scarred and symmetric 

wave patterns. Chaotic wave patterns with irregular and unsymmetrical structures can 

be induced by breaking symmetry of the system. Additionally, according to M. V. 

Berry’s conjecture, chaotic waves have proved to be manifested with a superposition 

of plane waves of fixed wave-vector magnitude with random amplitude, phase, and 

direction. In section 2.4, statistical analyses of wave states have been illustrated. 

Amplitude and intensity statistics of chaotic wave functions correspond to Gaussian 

and Porter-Thomas distribution, respectively. For localized wave states such as 

superscars and scars, statistical results apparently deviate from Gaussian and 

Porter-Thomas distribution. Besides, the intensity distribution of scarred modes can 

be well explained by the results of K. Damborsky et al. [1] and nonlinear σ model 

[2, 3]. In section 2.5, we theoretically analyzed energy spectra of billiard systems. It 

has been confirmed that energy level statistics for integrable and chaotic systems obey 

Poisson and Wigner distribution, respectively. Moreover, based on the concept of 

trace formula, the relation between energy spectra of quantum systems and periodic 

orbit theory is well established. 

In chapter 3, we have performed very-high-resolution measurement to 

demonstrate the signature of photon periodic orbits in the spontaneous emission 

spectra of large-aperture VCSELs with various shapes. For square-shaped VCSELs, it 

has been seen in section 3.3 that the coupling effects between the optical modes and  
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the spontaneous emission are found to increase with an increase in the injection 

current. Such phenomenon confirmed that the emission spectra we measured are the 

so-called amplified spontaneous emission. The resonant peaks that appeared in the 

Fourier-transformed spectrum are verified to excellently coincide with the theoretical 

ones obtained from the 2D quantum-billiard model. Furthermore, we have 

investigated angle resolved spontaneous emission spectra which can provide a more 

deep insight into relation between periodic orbit theory and transverse wave vector 

distribution of spontaneous emission. In section 3.4, similar procedure has been 

carried out to explore behaviors of subthreshold emission spectra of 

equilateral-triangular and stadium-shaped VCSELs. The Fourier-transformed 

spectrum ( )SE Lρɶ  has also proved to be in excellent correspondence with the 

theoretical analyses of 2D quantum-billiard model. In addition, the statistical analyses 

of the nearest-neighbor eigenvalue spacing distributions have been verified to obey a 

Poisson distribution for the equilateral-triangular device and a Wigner distribution for 

the stadium-shaped device. The good agreement between experimental results and 

theoretical predictions confirms that the subthreshold emission spectra of VCSELs 

can be analogously used to manifest the quantum-billiard spectra. 

In section 4.1, we have demonstrated that operating temperature and aperture 

size play significant roles for determining transverse order of lasing modes for 

VCSELs. The high-order lasing mode is feasible to be excited for the VCSEL with 

large aperture size or at low operating temperature. In section 4.3–4.4, we have 

presented typical lasing modes in integrable and chaotic VCSELs at various operating 

temperature. Experimental results reveal that for the integrable type of VCSELs, 

superscarred wave states are prone to be excited at low temperature. Based on the 

billiard models, superscars can be theoretically reconstructed. Since tiny perturbation 

always exist in devices of real world, chaotic wave patterns could be generated in 

integrable type of VCSELs. On the other hand, it has been observed that chaotic type 

of VCSELs can lead to the appearance of chaotic modes and scarred wave patterns. In 

section 4.5, it has been experimentally confirmed that aperture size is the vital factor 

for mode selection mechanism in stadium-shaped VCSELs. In section 4.6, we have 

performed statistical analyses on experimental chaotic and scarred wave states and  
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have verified that the results can be well explained by theoretical predictions. In 

section 4.7, we have discussed how to use far-field transverse patterns of VCSELs to 

analogously explore the momentum-space wave functions of a 2D quantum billiard. 

When the transverse order of lasing modes is so low that paraxial approximation is 

valid, the far-field patterns can be directly visualized as the momentum-space 

distributions of a 2D quantum billiard. In contrast, for high transverse order modes, it 

is essential to develop an appropriate correcting method for extracting the 

momentum-space wave functions from the experimental far-field patterns with 

significant non-paraxial contribution. In the final section of chapter 4, we have 

utilized the large-aperture VCSEL devices to experimentally verify that the transient 

dynamics of quantum-billiard wave functions can be analogously observed with the 

free-space propagation of the coherent lasing modes. 

    In chapter 5, we operated broad-area VCSELs far above threshold condition to 

investigate polarization behaviors of the lasers with different frequency detuning. 

Lasing modes with varied detuning can be precisely controlled by operating 

temperature. The experimental results reveal that for small detuning which excites 

low-order mode, polarization dynamics of VCSELs mainly depend by intrinsic 

anisotropy of devices. In contrast, for large detuning that generates high-order mode, 

polarization dynamics intensively influence by the interplay between reflected wave 

and the cavity structure as well as the cavity boundary and therefore cavity geometry 

will become a crucial factor for stabilizing polarization of broad-area VCSELs. 

Accordingly, for large frequency detuning, polarization switching will be observed in 

stadium-shaped VCSELs rather than square-shaped VCSELs owing to the chaotic 

features of the stadium cavity. We further investigate the morphology of lasing modes 

and the oscilloscope trace of power in the two orthogonal polarization states at the 

crossing point. Spontaneous mode hopping phenomenon have been observed in both 

the wave pattern morphology and the oscilloscope trace of power. 
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6.2 Future Works 

     

This works confirmed that subthreshold emission spectra and wave patterns of 

broad-area VCSELs can definitely be used to analogously explore energy spectra and 

wave functions of quantum systems. The discovery is valuable and can further be 

applied to realize characteristics of wave systems. Pseudointegrable systems have 

attracted much interest since they can present intermediate behavior between 

integrable and chaotic cases. Recently, it is theoretically verified that nonconcentric 

square torus billiards can indeed manifest the transition from regular to chaotic 

behaviors [4]. The phenomenon is able to be experimentally validated in terms of 

appropriately carrying out focused ion beam techniques upon VCSELs. In addition, 

VCSELs with artificial defects could utilize to analogously investigate the properties 

of disordered systems. Emission spectra and localization effect of lasing modes in 

VCSELs should exhibit quite distinct features with different degree of disorders 
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Appendix A 

Expansion Method for Solving Stationary States in 

Quantum Billiards 
 

The detailed derivation for utilizing eigenfunction expansion method to solve 

two dimensional (2D) time-independent Schrödinger equations is concerned. As 

shown in Fig. A.1, a particle of mass M  is confined in a 2D quantum billiard and 

then characteristics of the particle satisfy time-independent Schrödinger equation 

which is given by  

( ) ( ) ( )
2

2

2
V r r E r

M
ψ ψ 

− ∇ + = 
 

ℏ � � �
,                                (A.1) 

with 

( ) 0        

       

if r
V r

if r ℜ
∈Ω

= ∞ ∈

�
�

� , 

where Ω  is determined by the boundary of the billiard. Assume that functions 

( ) ( ) ( ){ }1 2, , ir r rφ φ φ� � �
⋯  form a set of orthonormal and complete basis and thus any 

state ( )rψ �
 in the billiard system can be represented as 

    ( ) ( )m m
m

r c rψ φ=∑
� �

,                                            (A.2) 

where mc  are coefficients to be determined. Inserting Eq. (A.2) into Eq. (A.1), 

multiplying the result by ( )n rφ ∗ �  and integrating the whole region of the potential, we 

have  

     

     

( ) ( ) ( ) ( ) ( )
2

2

2 m n m m n m
m m

c r r dr c r V r r dr
M ℜ ℜ

φ φ  φ  φ  ∗ ∗

+Ω +Ω

− ∇ +∑ ∑∫ ∫
ℏ � � � � � � �

 

    ( ) ( )m n m
m

E c r r dr
ℜ

φ φ  ∗

+Ω

= ∑ ∫
� � �

.                                     (A.3) 
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Since the potential ( )V r
�

 has the value of zero inside the region Ω , the second term 

in the left-hand of Eq. (A.3) becomes 

    ( ) ( ) ( ) ( ) ( ) ( )m n m m n m
m m

c r V r r dr c r V r r dr
ℜ ℜ

φ  φ  φ  φ  ∗ ∗

+Ω

=∑ ∑∫ ∫
� � � � � � � �

.           (A.4) 

Use the orthonormality requirement for ( ){ }i rφ �
 and let 

    
( ) ( )

( ) ( ) ( )

2
2

2nm n m

nm n m

H r r dr
M

V r V r r dr

ℜ

ℜ

φ φ  

φ  φ  

∗

+Ω

∗


= − ∇


 =


∫

∫

ℏ � � �

� � � �
,                               (A.5) 

we then get  

    ( )m nm nm n
m

c H V Ec+ =∑ ,   1,2,3 ,n m= ⋯                           (A.6) 

Eq. (A.7) is known as characteristic equation, which can be written as 

    ( ) E 0 + − =  cH V I ,                                          (A.7) 

where I  is the unit matrix. Solving Eq. (A.7), the eigenvalue NE  and the 

corresponding eigenfunction ( )N rψ �
 of the billiard can be obtained.  

Eigenfunction expansion method is useful for calculating eigenenergies and 

eigenfunctions of 2D time-independent Schrödinger equations. In order to attain high 

precision results and reduce the time consumption in the calculation, appropriate 

selection of basis functions is significant. In the following, we perform expansion 

method in terms of two sets of basis: eigenfunctions of a rectangular billiard and sinc 

function. 

 

 

A.1 Employing Eigenfunctions of a Rectangular Billiard as Basis  

Functions 

 

    Eigenfunctions corresponding to a rectangular infinite potential well with side 

length of a  and b  can be expressed as 
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    ( ) 1 2

4
sin sinm r m x m y

ab a b

π πφ    =    
   

�
,                             (A.8) 

where ( )1 2,m m m=  is the index of eigenstate. The advantage for employing these 

functions in calculation is that they are separable and hence the integral of nmH  and 

nmV  can be decomposed into two one-dimensional integral. Substituting Eq. (A.8) and 

( )n rφ ∗ �  with ( )1 2,n n n=  into Eq. (A.5), we have 

    

2 22

1 2

0 1 1 2 2

2

4
 sin sin sin sin

nm

nm

H m m
M a b

V V dxdy m x n x m y m y
ab a a b bℜ

π π

π π π π

     = +     
      


         =         

        
∫ ∫

ℏ

.  (A.9) 

It can be seen in Eq. (A.9) that whether to evaluate nmV  is difficult or not depends on 

boundary shape of the billiard. If the boundary is able be written as some analytical 

form with respect to x  or y , the integral of nmV  will turn into a one-dimensional 

integral, leading to the reduction of time for calculation. For this reason, expansion 

method by means of Eq. (A.8) frequently apply to analyze properties of quantum 

billiards with the boundary that can be expressed as function of x  or y  such as 

stadium, Sinai, square torus, quarter-circle, triangle, and polygonal billiards. On the 

other hand, for billiards with arbitrary shape, to evaluate integral of nmV  in Eq. (A.9) 

is a cumbersome task and therefore other set of basis functions should be taken into  

account for carrying out expansion method. 

 

 

A.2 Employing Sinc Functions as Basis Functions 

 

    Sinc functions have proved to be used to obtain proper discretization in the 

region which we are interested in. With optimal grid spacing, sinc functions can 

behave like a set of basis for physical systems. The numerical technique that utilizes 

sinc functions to deal with problems is referred to as sinc collocation method (SCM) 

[1, 2] which has been applied to solve a great deal of problems [3-7]. Here we  
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introduce how to perform expansion method by means of sinc functions to solve 2D 

time-independent Schrödinger equations.  

    First of all, the basic properties of sinc function are briefly discussed. A sinc 

function is defined as 

    ( )
( )

( )

sin
,k

x kh
h

S h x
x kh

h

π

π

 −  =
−

,                                     (A.10) 

where h  is the uniform grid spacing and k ∈ℤ . Figure A.2 depicts sinc functions of 

Eq. (A.10) with different values of k . It is found that the property of maximum value 

at k  for ( ),kS h x  provides a possible way for us to represent arbitrary function by 

means of sinc function. Besides, ( ),kS h x  can be written as integral representation as 

follow 

    ( ) ( )
2

,
h

i x kh t
k

h

h
S h x e dt

π

ππ
± −

−

= ∫ .                                     (A.11) 

From Eq. (A.11), some important integrals about ( ),kS h x  can easily be evaluated, 

which are given by 

    ( ),kS h x dx h
∞

−∞

=∫                                              (A.12) 

    ( ) ( )  , ,k l k lS h x S h x dx hδ
∞

−∞

=∫                                      (A.13) 

( ) ( ) ( )   , , ,k l p k l l pS h x S h x S h x dx hδ δ
∞

−∞

=∫                             (A.14) 

Note that Eq. (A.13) is the orthogonality property of ( ),kS h x . As seen in Fig. A.2, it 

is intuitive to suggest that arbitrary function ( )f x  is possible to be approximated by 

using sinc functions as [8] 

    ( ) ( ) ( ),k
k

f x f kh S h x
∞

=−∞
∑≃ .                                     (A.15) 

Similarly, the  thn  derivative of ( ),kS h x  can also be represented in terms of sinc  
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functions, which is written as 

    ( ) ( ) ( ), ,
n

n
k lk kn

l

d
S h x c S h x

d x

∞

=−∞
∑≃ ,                                  (A.16) 

where  

( ) ( ) ( ), ,
n

n
lk l kn

d
c S h x S h x dx

d x

∞

−∞

≡ ∫ .                                 (A.17) 

    Next, we exploit sinc function to numerically solve 2D time-independent 

Schrödinger equations. The sinc function that is peaked at ( ) ( )1 2  , ,x y m h m h=  can be 

described by 

    ( ) ( ) ( )
1 2

, ,m m mr S h x S h yφ =� ,                                     (A.18) 

where ( )1 2,m m m=  is the index of eigenstate. According to Eq. (A.15), the potential 

of the systems can be expressed as 

    ( ) ( ) ( ) ( )
, 

 , , ,k k
k k

V r V kh k h S h x S h y′
′

′=∑
�

.                         (A.19) 

Substituting Eq. (A.18), Eq. (A.19), and ( )n rφ ∗ �  with ( )1 2,n n n=  into Eq. (A.5), we 

have 

    ( ) ( ) ( ) ( )
1 1 2 2

2 2

2
, ,   , ,  

2nm n m n m

d
H S h x S h x dx S h y S h y dy

M dx


= − ⋅ +


∫ ∫

ℏ
 

( ) ( ) ( ) ( )
1 1 2 2

2

2
, ,   , ,  n m n m

d
S h x S h x dx S h y S h y dy

dy


= ⋅ 


∫ ∫             (A.20) 

and  

    ( ) ( ) ( ) ( )
1 1

, 

 , , , ,   nm n k m
k k

V V kh k h S h x S h x S h x dx
′

′= ×∑ ∫                  

( ) ( ) ( )
2 2

                                 , , ,n k mS h y S h y S h y dy′

∫ .                (A.21)   

Using Eq. (A.12)–(A.14), and finally we can obtain 

    
( ) ( )

( )
1 1 2 2 1 1 2 2

1 1 2 2

2
2 22
    

2
  1 2

2
 , 

nm n m n m n m n m

nm n m n m

H h c c
M

V h V m h m h

δ δ

δ δ


 = +  

 =

ℏ

.                            (A.22) 

The factor ( )2
 l kc  in Eq. (A.22) is straightforward to be obtained from directly 

evaluating Eq. (A.17), which is given by 
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( )
( )
( )

2

2

2
 

22

                if   
3

12
     if   

k ll k

k l
h

c

k l
h k l

π

−


− =
=  −− ≠
 −

.                                  (A.23) 

The derivation shown in Eq. (A.22) indicates that the representation of nmH  and nmV  

are so simple that it is not necessary to consider the difficulty of integrating about 

boundary. Therefore, numerical application of sinc functions can be utilized to 

calculate eigenfrequencies and eigenfunctions of 2D quantum billiard with arbitrary 

shape. 
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Fig. A.1 Schematic diagram of a two dimensional quantum billiard. 
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Fig. A.2 Sinc functions of ( ),kS h x  with different values of k . 
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Appendix B 

Derivation for Shutter Problem 

 

The detailed derivation of shutter problem is concerned. In section 4.8.1, it has 

been demonstrated that the time evolution of wave function ( ),x tψ  in shutter 

problem satisfies the time-dependent Schrödinger equation which is witten as 

( ) ( )
2

22
, ,x t i x t

m x t
ψ ψ∂ ∂= −

∂ ∂
ℏ

                                    (B.1) 

with the initial conditions  

    ( ) 0
0

0      0
,

ikxe x
x

x
ψ

 <
= 

>

  if    if    if    if      

if  if  if  if  
.                                        (B.2) 

According to quantum mechanics, free propagation of the beam at time t  can be 

obtained by using propagator ( )0x , x ,;K t t′� �
                     acting on initial wave state ( )0x,tψ �

 

which is expressed as [9] 

    ( ) ( ) ( )3
0 0x x , x , x, ; ,t d x K t t tψ ψ′ ′ ′= ∫

� � � �
                            .                            (B.3) 

In the case of shutter problem, beam of particles freely propagates in space for 

0t >  and thus propagator ( )0x , x ,;K t t′� �
                     is described by  

    ( ) ( )

( )
( )

2

02

0
0

, ,
2

;

im x x

t tm
K x t x t e

i t tπ

 ′−
 

− 
 ′ =

−
ℏ

ℏ
                    .                            (B.4) 

Substituting Eq. (B.2) and Eq. (B.4) into Eq. (B.3), then we have  

    ( )
( )

0
2

2
,

im x x
ikxtm

x t e e dx
i t

ψ
π

′−
′

−∞
′= ∫ ℏ
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20 2 22
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im k im kim x t x t xx t m t mtm
e e e dx

i tπ

    ′+ − − −    
    

−∞
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ℏ ℏ

ℏ ℏℏ

ℏ
     

22

02 2

2

k im ki kx t x t x
m t mm

e e dx
i tπ

    −  ′+ −   
    

−∞
′= ∫

ℏ ℏ

ℏ

ℏ
    .                       (B.5) 
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Let 
m k

u x t x
t mπ
  ′= + −  

  

ℏ

ℏ
     in Eq. (B.5) and we further obtain  

    ( )
2

2
2 21

2
,

k
i kx t y i um

x t e e du
i

π

ψ
 

−  − 
 

−∞
= ∫

ℏ

     

2

2
2 21

2

k
i kx t i um

y
e e du

i

π 
−  ∞ 

 = ∫
ℏ

    ,                                 (B.6) 

where 

    
m k

y x t
t mπ
 = − 
 

ℏ

ℏ
.                                           

The integral term in Eq. (B.6) is error intrgrals [10] which has the relatin of   

    
2 2

0

2 2
1

zt t

z
e dt e dt

π π
∞ − −= −∫ ∫ .                                   (B.7) 

Substituting Eq. (B.7) into Eq. (B.6), we get 

    ( )
2

2
2 2

0

1

2 2
,

k
i kx t y i um i

x t e e du
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π

ψ
 

−  
 

 
=  

 
∫
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 - - - -  

( ) ( )
2
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2 2

k
i kx t

m i
e C y iS y

i

 
−  

 
  

 = − +  
  

ℏ

    ,                      (B.8) 

where ( )C y  and ( )S y  are so-called Fresnel integrals which are given by 

( )

( )

2

0

2

0

2

2

cos

sin

y

y

C y u du

S y u du

π

π

 =  
 

 =  
 

∫

∫
.                                       (B.9) 

The probability current density can be directly calculated by using Eq. (B.6) and 

the form:  

( )
2

,J x t
im x x

ψ ψψ ψ
∗

∗ ∂ ∂= − ∂ ∂ 

ℏ
 

2 2

2 2

2

m m
i x i x

t t
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ik e ik e
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ψ ψ ψ ψ
π π

−∗ ∗
     = + − − +    
     

ℏ ℏ
ℏ
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( )
2

2 2 ,
m

i x
tk m

e x t
m t

ψ ψ
π

−   = +  
   

ℏ
ℏ

ℏ
Im ,                      (B .10) 

where ( )⋯Im  means the imaginary part of the function in the bracket. The second 

term is so small compared to the first term in the right hand side of Eq. (B.10) and 

thus probability current density ( ),J x t  becomes 

    ( ) ( ) 2
, ,

k
J x t x t

m
ψ= ℏ  

( ) ( )
2 2

1 1

2 2 2
C y S y

υ      = − + −    
     

,                         (B.11) 

where k mυ = ℏ  is the stationary current that occurs as t → ∞ . 
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Appendix C 

Fresnel Diffraction Integral and Paraxial Wave 

Equation 

 

Based on the electromagnetic theory, propagation of electric field obeys vector 

wave equation. When we look for the field in some direction and decompose the field 

into spatial and time-varying portion, the field in specific direction which has the form 

( ), ,x y zψ  satisfies Helmholtz equation  

    ( ) ( )2 2 0, , , ,x y z k x y zψ ψ∇ + = ,                                   (C.1) 

where k  is the propagation wave vector. In Eq. (C.1), plane wave solutions form a 

set of basis and thus the general solution ( ), ,x y zψ  can be represented as 

superposition of these plane waves which is given by 

    ( ) ( ) ( ), , , x y zi k x k y k z

x y x yx y z dk dk k k eψ
∞ ∞

− + +

−∞ −∞

= Ψ∫ ∫  ,                       (C.2) 

where 2 2 2
z x yk k k k= − −  is the wave vector in z  direction and ( ),x yk kΨ  is the 

amplitude distribution with particular transverse components of xk  and yk . It can be 

seen in Eq. (C.2) that functions ( )0, ,x yψ  and ( ),x yk kΨ  is a Fourier transform 

pair. 

Under the circumstance of paraxial approximation zk k≪ , and we have  

    
2 2

2
x y

z

k k
k k

k

+
−≃ .                                             (C.3) 

Substituting Eq. (C.3) into Eq. (C.2) and expressing ( ),x yk kΨ  in terms of 

( )0, ,x yψ , we get 
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∞ ∞
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∞ ∞′ ′− − − −

−∞ ∞
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∫ ∫
-

 

   

.             (C.4) 

The integral about xk  and yk  in Eq. (C.4) is the so-called Fresnel kernel and has 

the analytical form which is written as 

    
( ) ( ) ( ) ( )

22
2 2

+ +
2 2 2

2yx
x y

kk k
ik x x z ik y y z i x x y y

k k z
x y

ik
dk e dk e e

z

π∞ ∞  ′ ′ ′ ′− − − − − − + −  

−∞ ∞

=∫ ∫
-

  .           (C.5) 

As a result, substituting Eq. (C.5) into Eq. (C.4) and then the general solution 

( ), ,x y zψ  can be expressed as follow 

    ( ) ( ) ( ) ( )
2 2

2 0, , , ,
kjkz

i x x y y
z

ie
x y z dx dy e x y

z
ψ ψ

λ

∞ ∞−  ′ ′− − + −  

−∞ −∞

′ ′ ′ ′= ∫ ∫    .              (C.6) 

Eq. (C.6) is also called Fresnel diffraction integral. In addition, rewriting Eq. (C.6) as 

( ) ( ), , , ,jkzx y z e u x y zψ −=  and substituting it into Eq. (C.1), we can obtain paraxial 

wave equation that is given by 

    ( ) ( )2 0, , , ,t u x y z ik u x y z
z

∂∇ − =
∂

,                                 (C.7) 

where 
2 22

2 2t x y
∂ ∂∇ = +∂ ∂ . As pointed out in section 4.8.3, paraxial wave equation 

has exactly same form as the time-dependent Schrödinger equation. 
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Transient Dynamics of Coherent Waves Released from Quantum Billiards
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The transient dynamics of the eigenstates and coherent states released from a square quantum billiard is

analytically and numerically investigated. It is experimentally verified that this transient dynamic can be

analogously observed with the free-space propagation of the lasing modes emitted from the laterally

confined, vertically emitted cavities. Furthermore, we exploit a chaotically shaped cavity to originally

demonstrate the diffraction-in-time characteristics of the chaotic wave functions. It is found that the

transient patterns of chaotic wave functions exhibit a striking feature of random branching behavior with

the appearance of intricate interference fringes.

DOI: 10.1103/PhysRevLett.102.044101 PACS numbers: 05.45.Mt, 03.65.�w, 42.55.Px, 42.60.Jf

One of the most relevant quantum transient phenomena
in matter waves is the diffraction-in-time effect for a
suddenly released coherent beam, which appears to have
first been introduced by Moshinsky in 1952 [1]. The hall-
mark feature of the diffraction-in-time effect is the tempo-
ral quantum interference patterns, by analogy with the
spatial interference patterns of light diffracted by a sharp
edge [2–5]. The experimental test for this effect was indeed
hard to reach at the time of its first introduction. However,
because of the development of an ultrafast laser [6], atom
cooling, and optical trapping [7], the transient dynamics
has been recently observed in a wide variety of systems
including neutrons [8], ultracold atoms [9], electrons [10],
and Bose-Einstein condensates [11].

Another physical connection to the diffraction-in-time
effect would be the transient response to abrupt changes of
the confined potential in semiconductor structures and
quantum dots [12,13]. Semiconductor quantum dots, in
which electronic motion is predominately ballistic in na-
ture, have been widely used as two-dimensional (2D)
quantum billiards to explore the properties of quantum
chaos [14–16]. Understanding the time evolution of sud-
denly released quantum-billiard waves has some important
applications, as it can provide the nanostructure transport
properties for developing novel ultrahigh-speed semicon-
ductor devices [12]. Moreover, it is closely related to atom
laser dynamics from a tight waveguide whose boundary
shape can be modified with the laser trapping beam
[13,17]. Nevertheless, the investigation for the transient
dynamics of 2D quantum-billiard coherent waves has not
been performed as yet.

In this Letter we first theoretically investigate the
diffraction-in-time effect of quantum eigenstates in square
billiards. We further use the analytical result to explore the
transient dynamics of the quantum coherent states that
have intensities to concentrate on the classical periodic
orbits. With the numerical visualization and experimental
identification, we verify that the transient dynamics of
coherent waves suddenly released from quantum billiards

can be analogously observed with the free-space propaga-
tion of the lasing modes emitted from the laterally confined
vertically emitted cavities. More importantly, we design a
chaotically shaped laser cavity to experimentally demon-
strate for the first time the characteristics of the diffraction
in time of the chaotic billiard waves.
The 2D square billiard is one of the simplest billiards in

classical mechanics [18,19]. The quantum eigenstates
c ~m;~nðx; yÞ for the vertices are at ð�a=2;�a=2Þ and

ð�a=2;�a=2Þ and are given by

c ~m;~nðx;yÞ¼ ð2=aÞsin½k ~mðxþa=2Þ�sin½k~nðyþa=2Þ�; (1)

where kn ¼ n�=a (n ¼ 1; 2; 3; . . . ) and a is the length of
the square boundary. In terms of the 2D free propagator,
the free time evolution of the eigenstates c ~m;~nðx; yÞ sud-
denly released at time t ¼ 0 is given by [1,2]

c ~m;~nðx; y; tÞ ¼ m

2�i@t

Z a=2

�a=2
dy0

Z a=2

�a=2
dx0c ~m;~nðx0; y0Þ

� exp

�
im

2@

½ðx� x0Þ2 þ ðy� y0Þ2�
t

�
: (2)

Substituting Eq. (1) into (2), after some algebra, the wave
function c ~m;~nðx; y; tÞ is given by

c ~m;~nðx; y; tÞ ¼ e�ði=@ÞE ~m;~nt

4i3a
½Gðx; t; k ~m; aÞ �Gðx; t;�k ~m; aÞ�

� ½Gðy; t; k~n; aÞ �Gðy; t;�k~n; aÞ�; (3)

with

Gðx; t; k ~m; aÞ ¼ eik ~mðxþa=2Þ½Fð�ðx� a=2; t; k ~mÞÞ
� Fð�ðxþ a=2; t; k ~mÞÞ�; (4)

where E ~m;~n¼@
2ðk2~mþk2~nÞð2mÞ, Fð�Þ is the complex Fres-

nel integral, Fð�Þ ¼ R�
0 expði�u2=2Þdu, and the integral’s

argument is given by �ðx; t; kÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mð�@tÞp ½ð@kt=mÞ � x�.

Figures 1(a)–1(f) depict the numerical results calculated
with Eq. (3) and the parameters of ð ~m; ~nÞ ¼ ð25; 25Þ to
illustrate the wave patterns jc ~m;~nðx; y; tÞj2 at t ¼ 0, 0:1T,
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0:25T, 0:50T, 1:0T, and 1, where T ¼ 2ma=@k ~m corre-
sponds to the round trip time of the wave in the x direction.
The time-evolution wave distributions clearly exhibit
strong interference patterns in the time interval between
0:1T and T. Note that the wave function c ~m;~nðx; y; tÞ in an

infinite time is just the Fourier transform of the initial wave
function c ~m;~nðx; yÞ, corresponding to the momentum-

space representation. Therefore, the four-lobed beam pat-
tern in Fig. 1(f) reveals the momentum distribution.

The results of recent studies of open square quantum
dots show that the wave functions localized on classical
periodic orbits are not only the persistent states but also are
associated with the striking phenomena of conductance
fluctuations [14–16]. The primitive periodic orbits in a
2D square billiard can be described with three parameters
(p; q;�), where p and q are two positive integers describ-
ing the number of collisions with the horizontal and verti-
cal walls, and the phase factor� is in the range of�� to �
that is related to the wall positions of specular reflection
points [19]. Recently, we have employed the representation
of SU(2) coherent states to analytically establish the rela-
tion between the quantum wave functions and the classical
periodic orbits. As in the Schwinger SU(2) representa-
tion, the wave functions associated with periodic orbits

(p; q;�) is analytically expressed as �p;q;�
N;M ðx; yÞ ¼P

M
K¼�M CM;Ke

iK�c qNþpK;pN-qKðx; yÞ, where N represents

the order of the coherent state and

CM;K ¼ 2�M

�
2M!

ðM� KÞ!ðMþ KÞ!
�
1=2

is the weighting coefficient. Note that the discussion for the
asymptotic property of the coherent states can be found in
Ref. [19].

The free time evolution of the coherent states

�p;q;�
N;M ðx;yÞ suddenly released at time t ¼ 0 can be ex-

pressed as �p;q;�
N;M ðx; y; tÞ ¼ P

M
K¼�M CM;Ke

iK��
c qNþpK;pN-qKðx; y; tÞ. Note that the coherent states

�p;q;�
N;M ðx; yÞ behave as the traveling waves in the transverse

plane. The standing-wave representation is given by

Sp;q;��
N;M ðx; yÞ ¼ ½�p;q;�

N;M ðx; yÞ ��p;q;��
N;M ðx; yÞ�= ffiffiffi

2
p

. As a re-

sult, the time evolution of the coherent states Sp;q;��
N;M ðx; yÞ

suddenly released at time t ¼ 0 can be expressed as

Sp;q;�N;M;�ðx; y; tÞ ¼ ½�p;q;�
N;M ðx; y; tÞ � �p;q;��

N;M ðx; y; tÞ�= ffiffiffi
2

p
.

Figures 2(a)–2(f) illustrate the numerical patterns for the

wave patterns jSp;q;�N;M;þðx; y; tÞj2 with the parameters of

ðp; qÞ ¼ ð1; 1Þ, ðN;MÞ ¼ ð42; 6Þ, and � ¼ 0:6� at t ¼ 0,
0:08T, 0:15T, 0:25T, 0:5T, and 1, where T ¼ 2ma=@kN
corresponds to the round trip time of the periodic orbit and
kN ¼ N�=a. It can be seen that the transient dynamics of
the coherent state displays not only the feature of classical
flow but also the salient interference patterns.
Similarities between paraxial optics and nonrelativistic

quantum mechanics have long been recognized and re-
cently been used to make analog studies of quantum wave
functions [20]. This correlation has been used to manifest
the spatial morphology of wave functions [21] and energy-
level statistics [22] in 2D quantum billiards with the oxide-
confined vertical-cavity surface-emitting lasers (VCSELs).
The literatures [23] revealed that the chessboardlike pat-
terns of the eigenstates c ~m;~nðx; yÞ could be similarly gen-

erated with the lasing modes from phase-coupled VCSEL
arrays or photonic resonator crystals. In addition to reso-
nant stationary states, the free time evolution of quantum
wave functions can be expressed as an analogous way to
the free-space propagation of coherent lights. However, the
free-space propagation of the lasing modes had not been
investigated. Here we use the coherent lasing modes gen-
erated from the large-aperture VCSELs to experimentally
investigate the time evolution of the coherent state.
Schematics of the laser device structure and the experi-

mental setup are shown in Fig. 3. The separability of the
wave function in the VCSEL device enables the wave
vectors to be decomposed into kz and kt, where kz is the
wave-vector component along the direction of vertical
emission and kt is the transverse wave-vector component.
Under the circumstance of paraxial optics, kt � kz, the
longitudinal field is significantly small in comparison with
the transverse field. Therefore, the electric field can be

FIG. 1 (color online). Numerical patterns calculated with Eq. (3) and the parameters of ð ~m; ~nÞ ¼ ð25; 25Þ to illustrate the wave
patterns jc ~m;~nðx; y; tÞj2 at (a) t ¼ 0, (b) 0:1T, (c) 0:25T, (d) 0:50T, (e) 1:0T, and (f) 1, where T is defined in the text.

FIG. 2 (color online). Numerical patterns for the wave patterns jSp;q;�N;M;þðx; y; tÞj2 with the parameters of ðp; qÞ ¼ ð1; 1Þ, ðN;MÞ ¼
ð42; 6Þ, and � ¼ 0:6� at (a) t ¼ 0, (b) 0:08T, (c) 0:15T, (d) 0:25T, (e) 0:5T, and (f) 1, where T is defined in the text.
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approximated to have only transverse components and no
longitudinal component, i.e., so-called quasi-TEM waves.
After separating the z component in the wave equation, we
are left with a two-dimensional Helmholtz equation: ðr2

t þ
k2t Þc ðx; yÞ ¼ 0, where r2

t means the Laplacian operator
operating on the coordinates in the transverse plane and
c ðx; yÞ is a scalar wave function that describes the trans-
verse distribution of the laser mode. Consequently, the
transverse modes of the oxide-confined VCSEL device
are equivalent to the eigenfunctions of the 2D
Schrödinger equation with hard wall boundaries of the
same geometry. The vertical cavity is formed by two
distributed Bragg reflectors and its optical length is de-
signed to be nearly one wavelength. The resonant optical
wave emitted from the cavity end z ¼ 0 to the environment
in the direction of the þz axis can be expressed as the
Fresnel transformation:

c ðx; y; zÞ ¼ ie�ikz

�z

Z
dy0

Z
dx0 exp

�
� ik

2

� ½ðx� x0Þ2 þ ðy� y0Þ2�
z

�
c ðx0; y0Þ: (5)

Comparing Eqs. (2) and (5) it is evident that the time
evolution of a 2D quantum state is equivalent to the
Fresnel transformation of a near-field optical wave with
the substitution of t ! z and m=@ ! 2�=�, where � is the
lasing wavelength.

First we used square-shaped VCSELs with 40 �m oxide
aperture to explore the free-space propagation of coherent
modes. The VCSEL devices were placed in a cryogenic
system with a temperature stability of 0.1 K at the range of
80–300 K. A current source with a precision of 0.01 mA
was utilized to drive the VCSEL device. The transverse
patterns at different propagation distances were reimaged
onto a CCD camera with a very large numerical aperture

(NA) microscope objective lens (Mitsutoyo, NA ¼ 0:9)
mounted on a translation stage.
Although an ideal 2D square billiard has many possible

eigenstates, the coherent states related to classical periodic
orbits with ðp; qÞ ¼ ð1; 1Þ are experimentally found to be
the persistent states at the temperature below 260 K.
Figure 4(a) shows the near-field pattern of the lasing
mode at T ¼ 260 K. The experimental transverse patterns
for the free-space propagation are shown in Figs. 4(b)–4(e)
measured at the positions of z=zd ¼ 0:08, 0.2, 0.35, and
0.70, respectively, where zd ¼ 2akz=nkt is the character-
istic length and n is the refractive index of the semicon-
ductor cavity. Note that the characteristic length of the
optical diffraction is analogous to the characteristic time
T of the quantum diffraction in time. With the properties
that kz ¼ 26:3 �m�1, a ¼ 40 �m�1, n ¼ 3:5, and kt ¼
4:2 �m�1, zd can be found to be approximately 143 �m.
Figure 4(f) depicts the far-field pattern which was mea-
sured by a digital camera for the direct projection of the
laser beam on a paper screen at a distance of�20 cm from
the laser device. It can be seen that the experimental
patterns agree quite well with the numerical results shown
in Fig. 2. The good agreement validates the fact that the
free-space propagation of coherent modes emitted from
VCSELs can be employed as an analogous observation
of the time evolution of quantum-billiard wave functions.
Next we exploit a deformed-square-shaped VCSEL with

a ripple boundary to experimentally study the transient dy-
namics of the wave functions released from 2D chaotic bil-
liard systems. With a ripple boundary, the experimental
near-field patterns are found to be randomly distributed
over the laser cavity, i.e., so-called chaotic wave modes.
Note that rough billiards and related systems are also of
considerable interest elsewhere [24]. Figures 5(a)–5(e)
depict the experimental transverse patterns obtained at
the near-field position and z=zd ¼ 0:25, 0.4, and 0.6, and
the far-field regime, respectively. It can be seen that the
transverse patterns in the propagation position between
0:1zd and 1:0zd display a striking feature of random
branching behavior with the appearance of intricate inter-
ference fringes.
It has been shown that the universal features of sta-

tionary chaotic wave functions in quantum billiards can
be manifested with a superposition of plane waves of fixed
wave-vector magnitude with random amplitude, phase, and
direction [25]. Therefore, the standing-wave chaotic wave
functions in a deformed square-shaped quantum billiard

kz

p-type  DBR    

n-type  DBR    

Oxide layers    
Active layer

Metal contact 

Metal contact 

VCSEL

Objective Lens

Relay lens

CCD Camera

Cryogenic 
System 

dc Power 
Supplier 

FIG. 3 (color online). Schematics of the laser device structure
and the experimental setup. (DBR is distributed Bragg reflector.)

FIG. 4 (color online). Experimental transverse patterns for the free-space propagation of the coherent lasing mode measured at the
positions of (a) near field, (b) z=zd ¼ 0:08, (c) z=zd ¼ 0:2, (d) z=zd ¼ 0:35, (e) z=zd ¼ 0:70, (f) far field, where zd is defined in the
text.
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can be described as �ðx; yÞ ¼ P
~m;~n cosð� ~m;~nÞc ~m;~nðx; yÞ,

where the eigenstates c ~m;~nðx; yÞ in the summation are

subject to the condition that the values
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2~m þ k2~n

q
are nearly

constant and the phase factors � ~m;~n are random. With the

superposition principle, the free time evolution of the
chaotic wave �ðx; yÞ is then given by �ðx; y; tÞ ¼P

~m;~n cosð� ~m;~nÞc ~m;~nðx; y; tÞ. We use this expression for

the states c ~m;~nðx; y; tÞ in the range of 492 < ~m2 þ ~n2 <
512 and random values for � ~m;~n to numerically generate

typical wave patterns which are shown in Figs. 5(a0)–5(e0)
at t ¼ 0, 0:25T, 0:4T, and 1. The general features of the
numerical patterns are clearly similar to the experimental
observation shown in Figs. 5(a)–5(e). Therefore, the free-
space propagation of the chaotic modes emitted from
VCSELs can be used to manifest the transient dynamics
of the chaotic wave functions in quantum billiards.

In conclusion, we have analytically and numerically
investigated the diffraction-in-time effect of the eigenstates
and coherent states suddenly released from a square quan-
tum billiard. We have utilized the large-aperture VCSEL
devices to experimentally verify that the transient dynam-
ics of quantum-billiard wave functions can be analogously
observed with the free-space propagation of the coherent
lasing modes. Moreover, we have exploited a chaotically
shaped laser cavity to originally study the diffraction-in-
time characteristics of the chaotic wave functions. The
transient wave patterns of chaotic modes are found to dis-
play a striking feature of random branching interference
fringes. We believe that the present investigation can pro-
vide an important insight into quantum physics and wave
optics.

This work is supported by the National Science Council
of Taiwan (Contract No. NSC-97-2112-M-009-016-MY3).

*yfchen@cc.nctu.edu.tw
[1] M. Moshinsky, Phys. Rev. 88, 625 (1952).
[2] S. Godoy, Phys. Rev. A 65, 042111 (2002); M. Kleber,

Phys. Rep. 236, 331 (1994).
[3] E. Granot and A. Marchewka, Europhys. Lett. 72, 341

(2005).
[4] V. I. Man’ko, M. Moshinsky, and A. Sharma, Phys. Rev. A

59, 1809 (1999).

[5] A. del Campo, J. G. Muga, and M. Moshinsky, J. Phys. B
40, 975 (2007).

[6] G. G. Paulus, F. Lindner, H. Walther, A. Baltuška, E.
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Goulielmakis, F. Krausz, D. B. Milošević, D. Bauer, W.
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The origin of the direction emission from a microcavity is investigated with a large-aperture surface-
emitting laser with an equilateral-triangular shape. Experimental results reveal that a wide-spread eigen-
mode and a localized superscar mode can display quite similar far-field directional emissions. This experi-
mental finding is theoretically confirmed with the quantum-billiard wave function and the approximation of
the paraxial propagation. © 2009 Optical Society of America

OCIS codes: 140.3410, 140.5960, 260.5740.
Optical microcavities, regarded as billiards for light,
have great potential for applications in miniature la-
sers, optoelectronics, and biological sensors [1–3]. In
the aspect of basic research on modern physics,
microcavity lasers have been recently used to inves-
tigate the ray–wave correspondence in mesoscopic
systems [4–6]. The directional emissions in chaotic
microdisk lasers are usually interpreted with the
concept of quantum scar effect that signifies the wave
patterns to be localized on the isolated and unstable
periodic orbits (POs) [7]. To be distinguishable, the
resonant modes associated with the stable and non-
isolated POs are called the superscar or quasi-scar
modes [8–10]. The superscar modes have been theo-
retically studied in square [11], equilateral-
triangular [12], and circular quantum billiards [13].
In experiments, microdisk lasers have been recently
employed to explore the characteristics of resonant
modes in square [14] and equilateral-triangular
[15,16] cavities. Since the spatial morphologies of the
lasing modes cannot be directly observed from the
lateral radiation of microdisk lasers, the directional
emission is often identified to originate from the su-
perscar modes. However, the correspondence be-
tween the directional emission and the spatial local-
ization in laser modes has not been investigated yet.

In contrast to two-dimensional (2D) microdisk
lasers, the vertical-cavity surface-emitting lasers
(VCSELs) are designed to have a dominant longitu-
dinal wave vector kz that can bring out the near-field
patterns to be directly reimaged with simple optics.
Recently, the transverse modes of the oxide-confined
VCSELs have been verified to be analogous to the
wave functions in the 2D quantum billiards with the
shapes the same as the lateral confinements [17–19].
This analogy enables us to clarify the correspondence
between the far-field emission and the near-field mor-
phology in microcavity lasers. In this Letter we use a
large-aperture equilateral-triangular VCSEL to ex-
plore the relationship between the far-field emission
and the near-field morphology. Experimental results
reveal that a wide-spread eigenmode can display a
far-field directional emission quite similar to that

emitted from a superscar mode. We also use the wave

0146-9592/09/121810-3/$15.00 ©
functions of the eigenstates and the coherent states
to numerically confirm the experimental observation.
Our finding indicates that the far-field directional
emission from a microcavity is just a necessary not
sufficient condition for the emergence of a superscar
mode.

First of all, we present a brief synopsis for the
near- and far-field characteristics of lasing modes
emitted from an oxide-confined VCSEL. The separa-
bility of the wave function in the VCSEL device en-
ables the wave vectors to be decomposed into kz and
kt, where kz is the wave-vector component along the
direction of vertical emission and kt is the transverse
wave-vector component. Under the circumstance of
paraxial optics, kt�kz, the longitudinal field is sig-
nificantly small in comparison with the transverse
field. Therefore, the electric field can be approxi-
mated to have only transverse components and no
longitudinal component, i.e., the so-called quasi-TEM
waves. After separating the z component in the wave
equation, we are left with a 2D Helmholtz equation
��t

2+kt
2���x ,y�=0, where �t

2 means the Laplacian op-
erator operating on the coordinates in the transverse
plane and ��x ,y� is a scalar wave function that de-
scribes the transverse distribution of the laser mode.
Consequently, the transverse modes of the oxide-
confined VCSEL device are equivalent to the eigen-
functions of the 2D Schrödinger equation with hard
wall boundaries of the same geometry. Based on the
paraxial approximation, the resonant mode �o�x ,y�
that emits from the cavity boundary z=0 to the sur-
roundings in the direction of the +z axis can be ex-
pressed as the Fresnel transformation,

��x,y,z� =
ie−ikz

�z � dy�� dx�

�exp�−
ik

2

��x − x��2 + �y − y��2�

z ��o�x�,y��.

�1�

In the far-field region, z�x� and z�y�, Eq. (1) can be

reduced to be the Fraunhofer diffraction formula,
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��x,y,z� =
ie−ikz

�z
exp�−

ik�x2 + y2�

2z 	� dy�� dx�

�exp�−
ik�xx� + yy��

z 	�o�x�,y��. �2�

In this regime, ��x ,y ,z� is just the 2D Fourier trans-
form of �o�x� ,y�� except for a multiplicative phase fac-
tor, which does not affect the intensity of the light. To
be brief, the near- and far-field transverse patterns of
an oxide-confined VCSEL represent the coordinate-
and momentum-space wave functions of a 2D quan-
tum billiard, respectively.

The schematics of the laser device structure and
the experimental setup are shown in Fig. 1. The edge
length of the oxide aperture was measured to be ap-
proximately 66.8 �m. The VCSEL device was placed
in a cryogenic system with a temperature stability of
0.01 K in the range of 80–300 K. The near-field pat-
terns were reimaged into a charge-coupled device
(CCD) camera (Coherent, Beam Code) with an objec-
tive lens (Mitsutoyo, NA of 0.9). As found in our pre-
vious study, the typical lasing modes include the hon-
eycomb eigenmode and the superscar mode. Here the
far-field patterns are measured with a CCD placed
behind a screen. Figure 2 shows the experimental
near-field morphologies [Figs. 2(a)–2(c)] and the cor-
responding far-field patterns [Figs. 2(a�)–2(c�)] for
the honeycomb eigenmode, the superscar mode, and
the chaotic mode. It can be seen that the near-field
patterns for the honeycomb eigenmode and the su-
perscar mode are conspicuously different; however,
their far-field patterns display fairly similar direc-
tional emission. The directional emission for a super-
scar mode can be easily traced from its localization in
the near-field feature. It is demanding, however, to
associate the directional emission with a honeycomb
lasing mode. Therefore, this finding deserves to be
confirmed with theoretical analysis.

Setting the three vertices to be at (0,0),
�a /2 ,
3a /2�, and �−a /2 ,
3a /2�, where a is the side
length, the eigenstates of the equilateral-triangular
billiard are given by [19]

�m,n
± �x,y� =
 16

a23
3�e±i�m+n��2�x/3a�

�sin��m − n�
2�y


3a	
+ e	�2m−n��2�x/3a� sin�n

2�y


3a	
− e	i�2n−m��2�x/3a� sin�m

2�y


3a	� , �3�

with 2n
m. The eigenstates �m,n
± �x ,y� embody

the traveling waves. The eigenstates for the stand-
ing waves can be given by Sm,n

± �x ,y�=�m,n
+ �x ,y�

±�m,n
− �x ,y�. In terms of Sm,n

− �x ,y�, the experimental

honeycomb pattern shown in Fig. 2(a) can be well re-
constructed with m=6 and n=60, as depicted in Fig.
3(a).

On the other hand, the wave functions for the su-
perscar modes can be represented with the coherent
states and given by [12,19]

�N,M
± �x,y;p,q,�� =

1


M
�
K=0

M−1

e±iK��mo+pK,no+q�M−1−K�
± �x,y�,

�4�

with mo= �p+2q�N and no= �2p+q�N, where mo and
no indicate the order of the coherent state and M
stands for the number of eigenstates that are in-
volved in the superposition. Note that the param-
eters �p ,q ,�� are used to classify the POs in the
equilateral-triangular billiard, where the parameters
p and q are nonnegative integers with the restriction
that p
q and the parameter  is in the range of
−� to � [12]. In the same way, the traveling-wave
form �N,M

± �x ,y ;p ,q ,�� can be used to express the
standing-wave representation as CN,M

± �x ,y ;p ,q ,��
=�N,M

+ �x ,y ;p ,q ,��±�N,M
− �x ,y ;p ,q ,��. In terms of

CN,M
+ �x ,y ;p ,q ,��, the experimental superscar pattern

shown in Fig. 2(b) can be well reconstructed with N
=22, M=6, and �p ,q ,��= �1,1,0.3��, as depicted in
Fig. 3(b).

With the theoretical wave functions S6,60
− �x ,y� and

C22,6
+ �x ,y ;1 ,1 ,0.3��, we use Eq. (2) to calculate the

corresponding far-field patterns. Figures 3(a�) and
3(b�) depict the calculated far-field patterns for the
modes S6,60

− �x ,y� and C22,6
+ �x ,y ;1 ,1 ,0.3��, respec-

tively. The far-field patterns for the modes S6,60
− �x ,y�

Fig. 1. (Color online) Schematics of the laser device struc-
ture and the experimental setup.

Fig. 2. (Color online) Experimental near-field morpholo-
gies: (a) honeycomb eigenmode, (b) superscar mode, (c) cha-
otic mode. The far-field patterns (a�), (b�), and (c�) corre-

spond to (a), (b), and (c), respectively.
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and C22,6
+ �x ,y ;1 ,1 ,0.3�� can be found to exhibit simi-

lar directional emissions, in good consistency with
the experimental results shown in Figs. 2(a�) and
2(b�). As a consequence, we can confirm that the far-
field directional emission is just a necessary not suf-
ficient sign for the emergence of a superscar mode.
Finally, we employed the method described in [20] to
reconstruct the wave function for the experimental
chaotic mode shown in Fig. 2(c). With the recon-
structed wave function, the far-field pattern was cal-
culated with Eq. (2). It can be seen that the numeri-
cal results depicted in Figs. 3(c) and 3(c�) agree very
well with the experimental results shown in Figs.
2(c) and 2(c�), respectively. The excellent agreements
between the experimental and reconstructed results
both in near- and far-field patterns confirm our
physical analyses and experimental observations.

In conclusion, we have experimentally investigated
the relationship between the far-field emission and
the near-field morphology with a large-aperture
equilateral-triangular VCSEL. It was found that not
only the localized superscar mode but also the wide-
spread eigenmode may radiate very similar far-field
directional emission. Based on the quantum-billiard
wave function and the paraxial approximation, we
have successfully confirmed the experimental finding
that the far-field directional emission from a micro-

Fig. 3. (Color online) (a) Numerical wave pattern
�S6,60

− �x ,y��2 corresponding to the experimental honeycomb
pattern shown in Fig. 2(a). (b) Numerical wave pattern
�C22,6

+ �x ,y ;1 ,1 ,0.3���2 corresponding to the experimental
patterns shown in Fig. 2(b). (c) Reconstructed wave pattern
corresponding to the experimental patterns shown in Fig.
2(c). The far-field patterns (a�), (b�), and (c�) correspond to
(a), (b), and (c), respectively.
cavity is just a necessary not sufficient condition for
the emergence of a superscar mode. More impor-
tantly, the present result can provide what we believe
to be a new prospect in designing a microcavity laser
with directional emissions.

The authors acknowledge the National Science
Council of Taiwan (NSCT) for their financial support
of this research under contract NSC-95-2112-M-009-
041-MY2.
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We report our observation of the signature of photon periodic orbits in the spontaneous emission spectra of large-
aperture vertical-cavity surface-emitting lasers (VCSELs). The high-resolution measurement clearly demonstrates
that over a thousand cavity modes with a narrow linewidth can be perfectly exhibited in the spontaneous emission
spectrum just below the lasing threshold. The Fourier-transformed spectrum is analyzed to confirm that the spon-
taneous emission spectra of large-aperture VCSELs can be exploited to analogously investigate the energy spectra of
the 2D quantum billiards. © 2010 Optical Society of America
OCIS codes: 140.3410, 140.5960, 260.5740.

Optical microcavities have great potential for applica-
tions in miniature lasers, biological sensors, optical tele-
communications, and basic research on modern physics
[1–4]. Recently, large-aperture oxide-confined vertical-
cavity surface-emitting lasers (VCSELs), serving as an
analogous quantum billiard, have been employed to ex-
plore the quantumwave functions in mesoscopic systems
[5–7]. An interesting phenomenon has been observed in
that the electromagnetic field distributions of the lasing
modes are mostly localized on the periodic ray trajec-
tories, signifying the particle-wave duality [7]. Nowadays,
periodic orbits are ubiquitously recognized as the most
prominent feature in a wide range of systems, including
particle accelerators [8], atomic spectra [9], and astron-
omy [10]. To the best of our knowledge, all studies to date
related to photon periodic orbits have been restricted las-
ing spectra [2,5,6,11], and none has explored the role of
photon periodic orbits from spontaneous emission spec-
tra. As proposed by Purcell [12], the spontaneous emis-
sion rate of a radiating system can be significantly
modified by using a cavity to tailor the coupling of an
emitter with the vacuum field. This question naturally
arises: would it be possible that photon periodic orbits
play an important role in the spontaneous emission of
an emitter in the large-aperture microcavity?
In this Letter we fabricate a large-aperture square-

shape oxide-confined VCSEL to explore the spontaneous
emission spectra in very high resolution. Experimental
results clearly reveal that the coupling effects between
the optical modes and the spontaneous emission in-
crease with the increase of the injection current. We ob-
served that several thousand cavity modes can be almost
perfectly displayed in the spontaneous emission spectra.
The Fourier transform of the spontaneous emission spec-
trum just below the lasing threshold reveals a recurrence
spectrum in which each photon periodic orbit appears a
peak in a plot of intensity versus length. This finding casts
light on the new application of large-aperture VCSELs in
studying the energy spectra of 2D quantum billiards with
spontaneous emission spectra.
In this investigation, the VCSEL device, grown with

metal–organic chemical vapor deposition, consists of a

multiple quantum-well active region and doped semicon-
ductor distributed Bragg reflector (DBR) mirrors to form
the vertical cavity. The active region comprises three
Al0:07Ga0:93As-Al0:36Ga0:64As quantum wells with well
and barrier thickness of 70 and 100 Å, respectively.
The spacers at both sides of a quantum well were added
to form a 1 − λ cavity. For exploring the optical mode
spectrum by electroluminescence spectroscopy, a large
detuning between the quantum-well ground-state exciton
and the fundamental cavity mode was designed. The de-
tuning magnitude was approximately Δω=2π ¼ 2:7 THz.
The periods for the top and bottom DBR mirrors
are 23 and 29, respectively. A high Al composition
Al0:97Ga0:03As layer is placed at the first positive-DBR
mirror, which is oxidized for current and optical confine-
ment. The device processing was carried out as follows.
The wafers were wet oxidized at 425 °C, and the oxida-
tion time is controlled to fabricate a 40 μm oxide square
aperture in a 110 μm mesa structure.

Schematics of the laser device structure and the ex-
perimental setup are shown in Fig. 1. The VCSEL device
was placed in a temperature-controlled systemwith a sta-
bility of 0:1 °C near room temperature. A current source
with a precision of 0:01 mA was utilized to drive the
VCSEL device. The emitted pattern was reimaged onto
a CCD camera with a very-large-NA microscope objec-
tive lens (Mitutoyo, NA ¼ 0:9) mounted on a translation
stage. The spectral information of the radiation output

Fig. 1. (Color online) Schematics of the laser device structure
and the experimental setup.
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was measured by a high-resolution optical spectrum
analyzer (Advantest Q8347). The present spectrum anal-
yzer employs a Michelson interferometer with a Fourier
spectrum system to reach a resolution of 0:002 nm; con-
sequently, the cavity-mode spectral information can be
resolved to a large extent.
Figures 2(a)–2(e) depict the emission spectrameasured

for several injection currents. Below the lasing threshold
of 26 mA, the scale of the modulation depth in the emis-
sion spectra was clearly seen to deepen with an increase
of the injection current, as shown in Figs. 2(a)–2(e). The
presence of sharp emission peaks arises from the high-Q
optical confinement andeachpeakat the injection current
of 25 mA [Fig. 2(d)] is clearly resolved with less back-
ground. These peaks not only correspond to optical reso-
nance modes but also signify the fact that transition
probabilities are enhanced for emission wavelengths near
the optical modes. As shown in the inset of Fig. 2(d), the
linewidth of each isolated optical mode can be down to
narrower than 0:01 nm. Because the linewidth of the
quantum-well emitter is 103 − 104 wider than the average
mode spacing of the cavity mode, there are several thou-
sand cavity modes to be almost perfectly exhibited in the
spontaneous emission spectra. More specifically, all the
observed modes are the transverse modes of the cavity
[13]. The change of cavity finesse with current indicates
that the observed spectra should be referred to as the am-
plified spontaneous emission. When the injection current
amounts to 26 mA, a few optical modes reach the lasing

threshold and start to dominate the emission intensity, as
seen in Fig. 2(e).

It has been confirmed that the character of classical
periodic orbits can be extracted from observed quantum
spectra with a Fourier transform [14–16]. Analogously,
the Fourier transform of the amplified spontaneous
emission spectra should exhibit resonances correspond-
ing to photon periodic orbits in VCSEL cavities. Because
the longitudinal wavenumber in the VCSEL device is
unique and given by kz ¼ 2π=λo, the experimental
amplified spontaneous emission spectrum can be inter-
preted as the equivalent 2D density of state ρSEðKÞ ¼P

nδðK − KnÞ, where K is the variable for the transverse
wavenumber, Kn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n − k2z

p
, kn ¼ 2π=λn, and λn are the

observed cavity modes. As a consequence, the Fourier
transform of the amplified spontaneous emission spec-
trum with K as the variable is given by ~ρSEðLÞ ¼R
dKρSEðKÞ eiKL ¼ P

ne
iKnL, where the sum is over all

observed wavenumbers and L is the conjugate variable
of the wavenumber. To be precise, ~ρSEðLÞ represents
the autocorrelation function of the amplified sponta-
neous emission spectrum and each peak showing up in
j~ρSEðLÞj is associated with the length of a resonant ray
orbit. Note that the value of λo can be determined by
the longest emission wavelength in the experimental
spectrum. As shown in Fig. 2(a), the value of λo is ap-
proximately 820:8 nm. Numerical analysis reveals
that the extracted resonant lengths were found to be
almost unchanged for the value of λo varying within
820:8� 0:1 nm.

Figures 3(a)–3(e) depict the Fourier-transformed spec-
tra j~ρSEðLÞj, corresponding to the spontaneous emission
spectra shown in Figs. 2(a)–2(e), respectively. It can be
also seen that below the lasing threshold, the higher the
current is injected, the more resonance peaks appear in
j~ρSEðLÞj. This result indicates that the coupling strength
between the optical modes and the spontaneous emis-
sion spectra increase with increasing the injection cur-
rent. The origin of the resonance peaks in j~ρSEðLÞj can
be confirmed to be associated with the photon periodic
orbits in the transverse plane. In a square lateral confine-
ment, the formation of periodic orbits for photons under-
going specular reflection at each side wall is subject to
the conditions of kx=ky ¼ p=q, where p and q are two in-
tegers and kx and ky are the x component and y compo-
nent of the transverse wavenumber, respectively. The
path length of the periodic orbit ðp; qÞ is then given
by Lðp; qÞ ¼ 2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ q2

p
, where a is the length of the

square boundary. Note that if p and q have common fac-
tors, such an orbit categorically corresponds to a recur-
rence of a simpler one in which the photon undergoes
two or more periods. As seen in Figs. 3(a)–3(d), the re-
sonance peaks in j~ρSEðLÞj are in good agreement with the
results of the geometric orbits, which manifest the impor-
tance of the photon periodic orbits in spontaneous emis-
sion spectra. More intriguingly, the discernible orbits
ðp; qÞ become more and more complex as the injection
current increases. On the other hand, Fig. 3(e) illustrates
that just above the lasing threshold, the stimulated emis-
sion significantly affects the interplay between the opti-
cal modes and the spontaneous emission, causing the
elimination of the resonance peaks in j~ρSEðLÞj. Recently,

Fig. 2. (Color online) Emission spectra measured for several
injection currents: (a)–(d) below lasing threshold and (e) just
above lasing threshold.
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Du et al. [17] theoretically found that the concept of
periodic-orbit theory can be extended from electron to
photon in analyzing the spontaneous emission rate of
an atom near a dielectric interference. It is the first time,
to our knowledge, to discover the significance of photon
periodic orbits in the feature of the spontaneous emis-
sion spectra of large-aperture VCSELs, as found in the
atomic absorption spectra [18]. More importantly, it is
worth mentioning that there was no obvious difference
in the spectra from sample to sample for devices growth
in the same batch.
In conclusion, we have performed very-high-resolution

measurement to demonstrate the signature of photon
periodic orbits in the spontaneous emission spectra of
large-aperture VCSELs. The coupling effects between

the optical modes and the spontaneous emission are
found to increase with an increase in the injection cur-
rent. Just below the lasing threshold, we have observed
that more than a thousand cavity modes with a narrow
linewidth are precisely displayed in the spontaneous
emission spectra. The resonant peaks that appeared in
the Fourier-transformed spectrum are verified to excel-
lently coincide with the theoretical ones obtained from
the 2D square quantum-billiard model. Based on all the
agreement, large-aperture VCSELs can be confirmed to
function as “photonic billiards,” and their spontaneous
emission spectra can be employed to analogously inves-
tigate the energy spectra of quantum billiards.

This work is supported by the National Science
Council of Taiwan (NSCT) (contract NSC-97-2112-M-
009-016-MY3).
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Abstract
We investigated experimentally non-paraxial contributions to the high-order far-field pattern of
large-area vertical-cavity surface-emitting lasers in order to explore by analogy the
momentum-space wave distributions of quantum billiards. Our results reveal that non-paraxial
contributions significantly influence the morphology of the high-order far-field pattern. A fast
reliable method is developed for transforming the experimental far-field patterns to the correct
Fourier transform of the corresponding near-field lasing modes. In this way we visualize the
momentum-space (p–q) wavefunctions of quantum billiards.

Keywords: surface-emitting laser, non-paraxial effect, far-field pattern, quantum billiards

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The vertical-cavity surface-emitting laser (VCSEL) has been
identified as a promising light source for applications in short
distance communication, data transmission, and sensors [1, 2].
There has been intensive research on physical properties
of the VCSEL, including the optical feedback dynamics,
polarization, and transverse pattern formation [3–6]. Recently,
the analogy between the Helmholtz equation and the time-
independent Schrödinger equation has enables us to exploit
the transverse near-field patterns of oxide-confined VCSELs to
visualize the coordinate-space wavefunctions of 2D quantum
billiards with the same lateral shapes [7–10]. Quantum billiard
systems have been widely used to explore many striking
mesoscopic phenomena such as electron transport [11],
conductance fluctuations in quantum dots [12, 13], and the
diffraction in time effect [14].

Since the far-field pattern is the Fourier transform of

1 Address for correspondence: Department of Electrophysics, National Chiao
Tung University, 1001 Ta Hsueh Road, Hsinchu 30050, Taiwan.

the near-field pattern based on the paraxial approximation,
the momentum-space wavefunctions of 2D quantum billiards
can also be analogously observed with the high-order lasing
modes of VCSELs [8]. Generation of the higher-order
transverse modes can provide more interesting perspectives for
the exploration of the quantum–classical connection. However,
during the free-space propagation of the higher-order lasing
modes, non-paraxial contributions to the total wavevector k
may significantly influence the far-field patterns. Therefore,
it is essentially important to develop an appropriate correcting
method for extracting the momentum-space wavefunctions
from the experimental far-field patterns with the substantial
non-paraxial contribution.

In this work, we first exploit square-shape large-aperture
VCSELs to experimentally investigate the difference between
the low-order and high-order far-field transverse patterns.
Experimental results reveal that the high-order far-field
patterns display significant bowing toward the center of the
device. We define this effect as the pincushion curving of the
Fourier transform of the near-field wavefunction and we refer
to it as pincushion curving. We employ the stationary phase

2040-8978/11/075705+07$33.00 © 2011 IOP Publishing Ltd Printed in the UK & the USA1

http://dx.doi.org/10.1088/2040-8978/13/7/075705
mailto:yfchen@cc.nctu.edu.tw
http://stacks.iop.org/JOpt/13/075705


J. Opt. 13 (2011) 075705 Y T Yu et al

Figure 1. (a) Theoretically calculated coherent state |S1,1,0.55π
22,5,+ (x, y)|2 in a 2D square billiard; (b) the correspondence momentum space.

method [15] to confirm that the curving feature arises from
the non-paraxial contribution. Moreover, a useful mapping is
developed to recover the momentum-space wave patterns of
2D quantum billiards from the experimental far-field lasing
patterns. We further numerically explore the higher-order
eigenstates of equilateral triangular VCSELs to demonstrate
that the pincushion curving is a typical feature of the non-
paraxial contribution to the far-field patterns.

From the viewpoint of experimental measurements, the
motivation and significance of this research as well as relevant
materials can be more clearly appreciated. The observation
of near-field patterns of lasing modes inevitably requires a
re-imaging optics with sufficiently high numerical aperture,
whereas the far-field patterns can be directly measured without
any re-imaging optics by simply using a screen. It is
well known that the far-field pattern can be numerically
obtained from the experimental near-field patterns with the
diffraction theory. However, under the circumstances of a
strong non-paraxial contribution, it is scientifically important
to extract the information of the near-field pattern from the
experimental far-field pattern. Our work is aimed at developing
a straightforward procedure for mapping the experimental far-
field lasing pattern into the accurate Fourier transform pattern
of the near-field mode.

2. Coherent states in square quantum billiards

To begin with, we give a brief synopsis for the coordinate-space
and momentum-space representations of the coherent states in
a square billiard. The choice of the square-shape geometry
is motivated by a recent experiment where the wavefunctions
localized on classical periodic orbits were found not only to
be the persistent states in open square quantum dots but also
to be associated with the striking phenomena of conductance
fluctuations [12, 13]. For a square billiard with the vertices at
(±a/2, ±a/2) and (±a/2, ∓a/2), the quantum eigenstates
ψm̃,ñ(x, y) are given by [16]

ψm̃,ñ(x, y) = (2/a) sin
[
km̃ (x + a/2)

]
sin

[
kñ (y + a/2)

]
,

(1)

where kn = nπ/a (n = 1, 2, 3, . . .) and a is the length of the
square boundary. On the other hand, each family of classical
periodic orbits in a square billiard can be denoted by with three
parameters (p, q, φ), where p and q are two positive integers
describing the number of collisions with horizontal and vertical
walls, and the phase factor φ is in the range of −π to π that is
related to the wall positions of specular reflection points [16]. It
has been verified that with the Schwinger SU(2) representation
the coherent states associated with periodic orbits (p, q, φ) can
be analytically expressed as [16]

�
p,q,φ
N,M (x, y) =

M∑

K=−M

CM,K eiKφψq N+pK ,pN−q K (x, y), (2)

where N represents the order of the coherent state, CM,K =
1

2M

( 2M
M + K

)1/2
is the weighting coefficient, and

( n
k

) = n!
k!(n−k)!

represents the binomial coefficient. Note that the coherent
states obtained as a linear superposition of a few nearly
degenerate eigenstates have been verified to be the persistent
stationary states in real mesoscopic systems and to display
quantum interference features in the classical periodic orbits.

With the Fourier transform, the momentum-space
representation of the coherent states � p,q,φ

N,M (x, y) is given by

�̃
p,q,φ
N,M (kx, ky) =

M∑

K=−M

CM,K eiKφ

× {[F(kx; kq N+pK , a)− F(kx ; −kq N+pK , a)]
× [F(ky; k pN−q K , a)− F(ky; −kq N+pK , a)]} (3)

with

F (ki; kn, a) = e
ikn a

2
sin[(ki + kn) a/2]

(ki + kn)
, (4)

where ki (i = x, y) are the wavevectors in the x-direction
and y-direction, respectively. Note that the coherent
states �

p,q,φ
N,M (x, y) behave as traveling waves in the

transverse plane. The standing-wave representation is given
by S p,q,φ

N,M,±(x, y) = [� p,q,φ
N,M (x, y)±�

p,q,−φ
N,M (x, y)]/√2.

Consequently, the momentum-space representation of the
coherent states S p,q,±φ

N,M (x, y) is given by S̃ p,q,φ
N,M,±(kx, ky) =

[�̃ p,q,φ
N,M (kx, ky)± �̃

p,q,−φ
N,M (kx , ky)]/

√
2. Figures 1(a) and (b)
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Figure 2. Schematics of the VCSEL device structure and the experimental setup: (a) measurement of the near-field pattern and (b)
measurement of the far-field pattern.

Figure 3. Experimental patterns of a square-shape VCSEL obtained with the detuning of �ω/2π = 2.7 THz: (a) near-field pattern;
(b) far-field pattern.

illustrate the numerical patterns for the coordinate-space
wave patterns |S p,q,φ

N,M,+(x, y)|2 and the momentum-space wave

patterns |S̃ p,q,φ
N,M,+(kx, ky)|2, respectively, with the parameters

(p, q) = (1, 1), (N,M) = (22, 5), and φ = 0.55π . It can
be seen that the real-space wave pattern is concentrated along
a diamond-shaped classical trajectory in the transverse plane
(x–y) and the corresponding momentum-space wavefunction
exhibits high-intensity lobes at the corners of the aperture with
flower-like structure and relatively weak stripes connecting
them.

3. Experimental results

For VCSELs, the transverse order of the lasing mode depends
on the frequency detuning �ω = ω − ωc, where ω is
the emission angular frequency and ωc is the longitudinal
cavity resonance. Experimentally, we fabricated several
large-aperture square-shape VCSELs with different frequency
detunings to explore the far-field transverse patterns of higher-
order modes. Figure 2 depicts a top view of the VCSEL to
show the square aperture and the experimental setup for near-
field (figure 2(a)) and far-field (figure 2(b)) measurements.
The size of the oxide aperture was 30 × 30 μm2 and the
emission wavelength was designed to be around 800 nm. The
device structures of the oxide-confined VCSELs were similar
to those described by [6]. The VCSELs were placed in a

cryogenic system with a temperature stability of 0.1 K in the
range of 80–300 K. A power supply providing current with a
precision of 0.01 mA was utilized to drive the VCSEL. The
near-field patterns were measured by a charge-coupled device
(CCD) camera (Coherent, Beam-Code) with an objective lens
(Mitsutoyo, numerical aperture 0.9). The far-field pattern was
measured using a digital camera by directly projecting the laser
beam on a scattering paper screen at a distance about 20–30 cm
away from the VCSEL.

Figure 3 shows the near-field pattern and the corre-
sponding far-field pattern for the experimental lasing mode
obtained with the detuning of �ω/2π = 2.7 THz. It can be
seen that the experimental patterns agree very well with the
numerical results shown in figure 1 for the coordinate-space
and momentum-space wavefunctions of a square quantum
billiard. Next we generated a higher-order coherent state with
a larger detuning. Figure 4 shows the experimental near-field
pattern and the corresponding far-field pattern of the lasing
mode obtained with the detuning of �ω/2π = 6.9 THz. The
morphology of the near-field pattern (figure 4(a)) can be found
to be in good agreement with the theoretical result; however,
the far field (figure 4(b)) displays a significant pincushion
curving when compared with a mode of lower transverse order
(figure 3(b)). Experimental results reveal that the pincushion
curving in the far-field distribution is independent of the
pumping current in the range of 1.0–1.5 times the threshold

3
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Figure 4. Experimental patterns of a square-shape VCSEL obtained with the detuning of �ω/2π = 6.9 THz: (a) near-field pattern;
(b) far-field pattern.

level. Furthermore, the optical spectra indicate that the gray
area in the central part of the far-field patterns in figures 3 and 4
arises from the amplified spontaneous emission. Consequently,
the thermal lensing effect can be confirmed to be not the
major mechanism in the formation of the pincushion curving.
The origin of the present pincushion curving comes from the
non-paraxial contribution because the transverse wavevector kt

is no longer much smaller than the longitudinal wavevector
kz for very high-order modes of VCSELs. Therefore, the
non-paraxial contribution needs to be considered to obtain
an accurate correspondence between the far-field pattern of
high-order lasing modes of VCSELs and the momentum-space
wavefunctions of quantum billiards. In section 4 we exploit
the stationary phase method [15] to analyze the non-paraxial
contribution and to develop a fast procedure for recovering the
momentum-space wave patterns from the far-field patterns of
high-order lasing modes of VCSELs.

4. Theoretical analysis and the recovery method

The propagation of a monochromatic near-field distribution
u0(x, y) at z = 0 can be described in terms of a superposition
of plane waves [17]:

u(x, y, z) =
∫ ∞

−∞
dkx

∫ ∞

−∞
dky ũ0(kx, ky)e

i(kx x+ky y+kz z), (5)

where kz =
√

k2 − k2
x − k2

y , and ũ0(kx, ky) is the Fourier

transform of the near-field distribution u0(x, y). When the
Fraunhofer approximation is valid, the far-field distribution
with kz → ∞ can be shown to be [17]

u(x, y, z) = 2πk

iz
ei[k(x2+y2)/(2z)]eikz ũ0

(
k

x

z
, k

y

z

)
. (6)

Equation (6) indicates that the far-field pattern |u(x, y, z)|
is related to the Fourier transform pattern of the near-field
distribution |ũ0(kx, ky)| with the arguments of kx = kx/z and
ky = ky/z. When the non-paraxial contribution is significant,

the stationary phase method [15, 18–20] is usually employed
to derive the far-field distribution and this results in

u(x, y, z) = 2πkz

ir 2
eikr ũ0

(
k

x

r
, k

y

r

)
, (7)

where r = √
x2 + y2 + z2. As a consequence, the accurate

relationship between the far-field distribution and the Fourier
transform of the near-field distribution is given by equation (7)
instead of equation (6).

We used equations (2) and (7) to calculate the near-field
and far-field VCSEL patterns and to show the analogy between
them and the trajectories of the coherent states of square
billiards with different orders N . Figure 5 shows the calculated
results for the near-field patterns |S p,q,φ

N,M,+(x, y)|2 with different
orders of N = 20, 30, and 40 (figures 5(a)–(c)) and the
corresponding far-field patterns (figures 5(a′)–(c′)). The values
of the parameters used in the calculation are (p, q) = (1, 1),
M = 5, and φ = 0.55π . It can be seen that the influence of
the non-paraxial contribution leads to the pincushion curving in
the far-field pattern with respect to the Fourier transform of the
near-field distribution. The higher the transverse order is, the
more curved the far-field pattern becomes. This result enables
us to confirm the origin of the experimental patterns shown in
figure 4. Since the far-field patterns of the VCSEL’s lasing
modes can be straightforwardly observed, it is practically
useful to develop a transform procedure for recovering the
momentum-space wave patterns from the experimental far-
field patterns.

Equation (7) reveals that the far-field pattern |u(x, y, z)|
beyond the paraxial approximation is related to the Fourier
transform pattern of the near-field distribution |ũ0(kx, ky)| with
the arguments of kx = kx/r and ky = ky/r . In other
words, the experimental far-field pattern |u(x, y, z)| can be
used to obtain the Fourier transform pattern of the near-field
distribution |ũ0(kx, ky)| via the change of the arguments of
x = kxr/k and y = kyr/k. However, since the variable
r is a function of the variables x and y, the expressions
x = kxr/k and y = kyr/k cannot be applied directly. For
solving this problem, we use the asymptotic property of the
free-space propagation to obtain the identity r/k = z/kz =

4
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Figure 5. Numerically calculated near-field patterns of resonance modes with transverse order: (a) N = 20, (b) N = 30, (c) N = 40, and
((a′)–(c′)) the corresponding far-field patterns obtained by using the stationary phase method.

Figure 6. Reconstructed pattern for the far-field pattern shown in
figure 4(b), to correspond to the Fourier transform pattern of the
near-field distribution shown in figure 4(a).

z/
√

k2 − k2
x − k2

y . With this identity, the expressions x =
kxr/k and y = kyr/k can be given as

x = kx z

/√
k2 − k2

x − k2
y (8)

and

y = kyz

/√
k2 − k2

x − k2
y. (9)

As a result, the Fourier transform pattern of the near-field
distribution |ũ0(kx, ky)| can be straightforwardly obtained
from the experimental far-field pattern |u(x, y, z)| with the
change of the arguments as in equations (8) and (9). Note
that the far-field distribution intrinsically represents an angular
field distribution that is essentially independent of the distance

from the source. Equations (8) and (9) clearly reveal that the
relationship between the transverse momentum (kx, ky) and the
screen position (x, y) for recording the experimental far-field
amplitude is not a linear mapping. It can be easily found that
only when the non-paraxial contribution is negligible, i.e. k2 �
k2

x,y , can the screen position (x, y) be linearly mapped to the
specific transverse momentum (kx, ky). To the best of our
knowledge, this is the first time that a useful mapping has been
developed for obtaining the Fourier transform pattern of a near-
field distribution from a corresponding far-field pattern that is
subject to the influence of a non-paraxial contribution.

Applying the arguments of equations (8) and (9) to
the experimental result shown in figure 4(b), the accurate
Fourier transform pattern of the near-field distribution shown in
figure 4(a) can be numerically reconstructed and it is depicted
in figure 6. It can be seen that the pincushion curving of the
original far-field pattern is almost completely eliminated. The
morphology of the reconstructed pattern agrees very well with
the momentum-space distribution of the coherent state shown
in figure 1(b) with the transverse order of N = 36. In order
to analyze quantitatively the correlation of these patterns, we
calculate the spatial correlation function which is given by

g (�τ ) = 〈 f1 (�r + �τ ) f2 (�r)〉 , (10)

where f1(�r + �τ ) and f2(�r) are normalized functions with the
variable of position. Two functions are highly related to each
other when g(�τ ) approaches the value of 1. Substituting the
normalized reconstructed wave pattern and the momentum-
space distribution of the coherent state with the transverse
order of N = 36 into equation (8), we can obtain the value
of 0.837. The calculated result reveals that the two patterns are
highly correlated.

In addition to square billiards, the equilateral triangular
structure is a classically non-separable but integrable system
which also plays an important role in quantum billiards.
Recently, various high-order modes of equilateral triangular
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Figure 7. Numerically calculated wave patterns of eigenstates of an equilateral triangular VCSEL with transverse order: (a) (m, n) = (5, 58),
(b) (m, n) = (5, 78), (c) (m, n) = (5, 98), and ((a′)–(c′)) the corresponding far-field patterns obtained by using stationary phase method.

VCSELs have been investigated via controlling device
temperatures [7]. It was confirmed that the near-field patterns
of these high-order modes display the wavefunctions of
equilateral triangular quantum billiards [7, 21]. Therefore,
it is useful and pedagogical to elucidate the influence of the
non-paraxial contribution to the high-order far-field pattern of
VCSELs with optical apertures having an equilateral triangle
shape.

For an equilateral triangular billiard with the vertices
at (0, 0), (a/2,

√
3a/2), and (−a/2,

√
3a/2), the quantum

eigenstates 	±
m,n(x, y) are given by [21]

	±
m,n (x, y) =

√
16

a23
√

3

{
e±i(m+n)(2π/3a)x sin

[
(m − n)

2π√
3a

y

]

+ e∓i(2m−n)(2π/3a)x sin

[
n

2π√
3a

y

]

− e∓i(2n−m)(2π/3a)x sin

[
m

2π√
3a

y

]}
(11)

with 2n � m (m = 1, 2, 3, . . . ; n = 1, 2, 3, . . .), where
m and n represent the order of the eigenstates and a is
the side length of the equilateral triangle. Equation (11)
is the representation of the traveling-wave eigenstates. The
standing-wave representation of the eigenstates can be given by
S±

m,n(x, y) = 	+
m,n(x, y) ± 	−

m,n(x, y). The wave patterns of
the eigenstates are generally confirmed to display honeycomb
patterns [7]. To explore the influence of the non-paraxial
contribution, we used equations (2) and (7) to calculate the
near-field and far-field patterns for the lasing modes S±

m,n(x, y)
of VCSELs with different transverse orders. Figure 7 shows
the numerical wave patterns |S+

m,n(x, y)|2 (figures 7(a)–(c))
and the corresponding far-field patterns (figures 7(a′)–(c′)) with
the transverse order of (m, n) = (5, 58), (m, n) = (5, 78),
and (m, n) = (5, 98). As seen in figure 5 for the case of
square billiards, the non-paraxial contribution causes the far-
field patterns to display the feature of pincushion curving. To

sum up, the characteristic of pincushion curving is a typical
sign of a non-paraxial contribution to the far-field patterns.

5. Conclusion

In conclusion, we have experimentally investigated the
difference between the low-order and high-order far-field
transverse patterns of VCSELs with a square-shape aperture. It
was experimentally found that the high-order far-field patterns
displayed the feature of pincushion curving with respect to
the Fourier transform of the near-field wavefunction. We have
theoretically confirmed that the pincushion curving arises from
the non-paraxial contribution. On the basis of the stationary
phase method, we have developed a fast procedure for
obtaining the Fourier transform of the near-field patterns from
the experimental far-field patterns, for accurately visualizing
the momentum-space wavefunction of 2D quantum billiards.
Finally, we have also analyzed the influence of the non-paraxial
contribution for equilateral triangular VCSELs to confirm that
the pincushion curving of the far-field pattern is a typical
feature in high-order transverse modes.
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Manifestation of quantum-billiard eigenvalue statistics from subthreshold emission of
vertical-cavity surface-emitting lasers
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We report that the subthreshold emission spectra of vertical-cavity surface-emitting lasers (VCSELs) can be
analogously used to manifest the quantum-billiard energy spectra. The Fourier-transformed distributions of the
subthreshold emission spectra are demonstrated to display various peak structures that are in good agreement
with the results of the quantum-billiard model. We also verify that the statistical analyses of the nearest-neighbor
eigenvalue spacing distributions obey a Poisson distribution for an equilateral-triangular device and a Wigner
distribution for a stadium-shaped device.

DOI: 10.1103/PhysRevE.83.016208 PACS number(s): 05.45.Mt, 42.65.Sf, 42.55.Sa

I. INTRODUCTION

Quantum manifestations of classical chaos recurrently
attract much attention because the experimental techniques
exploring the quantum classical correspondence have been
continuously improved [1–4]. The two-dimensional (2D)
billiard problem is particularly useful for studying the classical
behaviors in the corresponding quantum regime due to their
simplicity [5,6]. Ballistic-electron transport in quantum dots
is often regarded as experimental realizations of quantum
billiards [7–9]. The similarity between Schrödinger and
Helmholtz equations has been widely used to develop elec-
tromagnetic wave resonators, ranging from 2D microwave
cavities [10–12] to optical microdisk lasers [13–15], as another
class of experimental and theoretical quantum-chaotic model
systems.

Recently, the lateral oxide confinements of the vertical-
cavity surface-emitting lasers (VCSELs) with a unique longi-
tudinal wave vector kz have been justified to be equivalent to
2D wave billiards with hard walls [16]. The special superiority
of oxide-confined VCSELs is that the unique longitudinal wave
vector kz brings out the lasing transverse modes to be directly
reimaged with simple optics for analogous observations of 2D
quantum-billiard wave functions. More recently, Gensty et al.
[17] utilized the emission spectra far above lasing threshold to
analyze the eigenvalue spacing distribution and confirmed the
oxide-confined VCSELs to be fascinating devices for wave
chaos studies. However, the mode-competition phenomena
usually induce mode-hopping instability and only several
tens of cavity modes can be simultaneously lasing in the
emission spectra far above lasing threshold. So far, the VCSEL
devices have never been successfully employed to manifest the
signatures of classical chaos and the role of periodic orbits in
the quantum-billiard spectra.

Shortly after the invention of the semiconductor laser early
in the 1960s, it was found that several hundreds to a thousand
cavity modes could be clearly observed just below the lasing
threshold in conventional edge-emitting semiconductor lasers
[18,19]. In the same way, it was recently demonstrated that
the oxide-confined VCSELs could emit several hundreds of

*Author to whom correspondence should be addressed.
yfchen@cc.nctu.edu.tw

transverse modes in the subthreshold emission spectra [20].
This result casts light on the prospect of using the VCSEL
device to realize the experimental manifestations of classical
chaos in the quantum-billiard spectra.

In this work we first employ a large-aperture equilateral-
triangular VCSEL to explore the subthreshold emission
spectrum and the Fourier transformed length spectrum. It
is found that the experimental length spectrum agrees very
well with the result of the quantum-billiard model to exhibit
a series of sharp peaks at multiples of the lengths of the
primitive periodic orbits. Furthermore, we use the subthreshold
emission spectrum in a stadium-shaped VCSEL to investigate
the signatures of wave chaos. Experimental results noticeably
reveal that the isolated periodic orbits, corresponding to the so-
called scar modes, play an essential role in the genuine chaotic
wave resonators. We also confirm that the nearest-neighbor
eigenvalue spacing distributions for the equilateral-triangular
and stadium-shaped VCSELs obey a Poisson distribution and
a Wigner distribution, respectively.

II. PERIODIC-ORBIT THEORY

Periodic-orbit theory developed by Gutzwiller [5] and
Balian and Bloch [21] has been extensively used to analyze the
long-range correlations in quantum spectra [22–24]. Here we
give a brief synopsis for the application of periodic-orbit theory
on the analysis of quantum-billiard spectra. Mathematically,
the energy level density ρo(E) can be split into a smoothly vary-
ing part ρ(E) and a remaining oscillatory part. According to the
Gutzwiller trace formula, the oscillatory part of the eigenvalue
density is given by the actions of classical orbits, Sμ (E).
Therefore the energy level density ρ(E) can be expressed as

ρ(E) =
∞∑

n=1

δ(E − En)

= ρo(E) +
∞∑

ν=1

∑

μ

ρν,μ cos

[
ν

(
Sμ(E)

h̄
− φμ

)]
, (1)

where the index μ labels the periodic orbits and ν = 1,2, . . .

run over all recurrences of such orbits. For quantum-billiard
systems, the action Sμ(E)/h̄ is given through the term kLμ,
where k is the wave number and Lμ is the path length of
the periodic orbit. The eigenvalue density for the billiard
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problem can be expressed as
∑∞

n=1 δ(k − kn), where kn are the
quantized wave numbers. As a result, the Fourier-transformed
spectrum of the eigenvalue density is given by

ρFT(L) =
∞∑

n=1

∫ ∞

−∞
δ(k − kn)eikL =

∞∑

n=1

eiknL

=
∞∑

ν=1

∑

μ

ρν,μδ(L − νLμ). (2)

Equation (2) indicates that the length spectrum ρFT(L) will
display a series of intense peaks at multiples of the lengths
of the periodic orbits, i.e., at L = νLμ. In other words, the
character of classical periodic orbits can be revealed in the
Fourier-transformed spectrum of the eigenvalue density. For
numerical evaluation, the length spectrum can be written as
ρN (L) = ∑N

n=1 eiknL, where N should be large but finite.

III. EXPERIMENTAL RESULTS AND
THEORETICAL ANALYSIS

The experimental VCSEL devices were grown with metal-
organic chemical vapor deposition. Each device consists of
a multiple quantum-well active region and a vertical cavity
formed by two distributed Bragg reflector (DBR) mirrors. The
active region comprises three Al0.07Ga0.93As-Al0.36Ga0.64As
quantum wells with well and barrier thickness of 70 and 100 Å,
respectively. The spacers at both sides of quantum well were
added to form a 1-λ cavity. The longitudinal wave number
is given by kz = 2π/λoand the values of λo are designed to
be approximately 782.6 nm for the experimental devices. The
periods for the top and bottom DBR mirrors are 23 and 29,
respectively. A high-Al composition Al0.97Ga0.03As layer was
placed at the first p-type doped DBR mirror and was oxidized to
define an aperture for current confinement. This oxide aperture
simultaneously induces an optical confinement because of the
large difference of the refractive index between the semicon-
ductor material and the oxide layer, thus forming an essentially
rigid wall waveguide [16,17]. Here we fabricated two different
shapes of oxide apertures, an equilateral-triangular shape and
a stadium shape, to explore the signature of wave chaos
in the subthreshold emission spectra. The optical micro-
scope photographs of the experimental VCSELs are shown
in Fig. 1.

The VCSEL device was placed in a temperature-controlled
system with a stability of 0.1 ◦C near room temperature. We
employed an optical spectrum analyzer based on a Michelson
interferometer to measure the subthreshold emission spectra
with a resolution up to 0.002 nm. With the relation of
kz = 2π/λo, the subthreshold emission spectrum ρ(λ)can be
changed from a function of the emission wavelength λ to a
function of the transverse wave number k by using the relation
k = √

(2π/λ)2 − k2
z . We first investigate the subthreshold

emission spectrum of an equilateral-triangular VCSEL with
the side length of a = 66 μm, as shown in Fig. 1(a).
Figure 2(a) shows the experimental emission spectrum ρ(k) of
the equilateral-triangular VCSEL just below the lasing thresh-
old. With the experimental data, the Fourier transform of the
subthreshold spectrum ρFT(L) can be numerically calculated.

a

a

b=a/2

(a) (b)

FIG. 1. (Color online) Optical microscope photographs of the
experimental VCSELs for (a) equilateral-triangular device with
a = 66 μm and (b) stadium-shaped device with a = 42 μm and
b = 21 μm.

Figure 2(b) depicts the calculated results for the path-length
spectrum |ρFT(L)|2 corresponding to the experimental data
shown in Fig. 2(a). We experimentally found that there was
no obvious difference in the path-length spectra from sample
to sample for device growth in the same batch. To make a
comparison with the quantum-billiard spectrum, we calculated
the Fourier transform of the density of states for an equilateral-
triangular quantum billiard. The quantized wave numbers in
an equilateral-triangular quantum billiard of side a can be
analytically given by [25,26] km,n = (4π/3a)

√
m2 + n2 − mn

for integral values of m and n, with the restriction that
m � 2n. The length spectrum was numerically calculated with
the expression ρN (L) = ∑N

n=1

∑2N
m=2n eikm,nL and N = 15.

Figure 2(b) depicts the calculated results for the billiard model.
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FIG. 2. (Color online) (a) Experimental emission spectrum ρ(k)
of the equilateral-triangular VCSEL just below the lasing threshold;
(b) Fourier-transformed spectrum |ρFT(L)|2. The experimental and
numerical results are displayed as mirror images.
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Note that the path length of the periodic orbit (p,q) can be
expressed as LPO(p,q) = a

√
3
√

p2 + pq + q2. If p and q
have common factors, such an orbit categorically corresponds
to a recurrence of a simpler one in which the particle undergoes
two or more periods. It can be seen that the experimental length
spectrum agrees very well with the theoretical spectrum of the
billiard model to exhibit a series of sharp peaks at multiples of
the lengths of the primitive periodic orbits. This good agree-
ment signifies the feasibility of exploiting the spontaneous
emission spectra of large-aperture VCSELs to investigate the
energy spectra of quantum billiards in an analogous way. In
earlier times, the energy spectra of quantum billiards have been
successfully studied by flat microwave resonators [4,10–12].
Here we manifest the quantum-billiard path-length spectra
from the active devices in the optical regime. The observation
of numerous cavity modes with narrow linewidth implies that
the subthreshold emission spectra of VCSELs may be useful
in developing wide-band tunable light sources for optical data
communication.

Next, we fabricated a VCSEL, which has the shape of
a Bunimovich stadium billiard, as shown in Fig. 1(b), with
the dimensions a = 42 μm and b = 21 μm, corresponding
to γ = (a − b)/b = 1. Figure 3(a) shows the experimental
emission spectrum ρ(k) of the stadium-shaped VCSEL just
below the lasing threshold. Figure 3(b) depicts the calculated
result for the Fourier-transformed spectrum |ρFT(L)|2 of the
experimental data shown in Fig. 3(a). To make a comparison
with the quantum-billiard spectrum, we employed the so-
called expansion method [27] to calculate the theoretical
eigenvalue density for the stadium billiard with the same
geometry. The numerical result of the quantum-billiard model
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FIG. 3. (Color online) (a) Experimental emission spectrum ρ(k)
of the stadium-shaped VCSEL just below the lasing threshold;
(b) Fourier-transformed spectrum |ρFT(L)|2. The experimental and
numerical results are displayed as mirror images.
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FIG. 4. (Color online) Experimental statistics for the nearest-
neighbor eigenvalue spacing distribution p(s) in form of histogram
for (a) equilateral-triangular device and (b) stadium-shaped device.
The curves represent (a) a Poisson distribution and (b) a Wigner
distribution.

is shown in Fig. 3(b). It can be seen that the positions of
the experimental peaks for the short-range periodic orbits,
(L/a) < 3.0, agree well with the theoretical analysis. The
short-range periodic orbits are associated with the scar modes
that are numerically found to be rather insensitive to the
geometry imperfection. For the long-range length distribution,
the experimental spectrum comes close to the theoretical one
to exhibit the complicated oscillations without conspicuous
peaks. Numerical results indicate that the detailed structure in
the long-range length distribution is more or less changed
by the tiny perturbation, even though the salient feature
of the complicated oscillations is quite similar. Therefore
it is somewhat problematic to make a more quantitative
comparison between the experimental and theoretical peaks for
the long-range periodic orbits. Nevertheless, it is judiciously
confirmed that the subthreshold emission spectra of the
VCSELs with classically chaotic shape can manifest the path-
length distributions to be in good agreement with the charac-
teristics of the quantum-billiard model.

Finally, we employed the experimental emission spec-
tra of the VCSELs to perform a statistical analysis. We
searched all the peak positions in the experimental spectra
and recorded these wave numbers as the sequence of eigen-
values {k1,k2, . . . ki, . . .}. The spacings si = (ki+1 − ki)/	k

between adjacent eigenvalues were subsequently obtained
by calculating the mean spacing 	k. We obtained 817 and
548 spacings of eigenmodes for the equilateral-triangular
and stadium-shaped VCSELs, respectively. Figure 4 shows
the experimental statistics for the nearest-neighbor eigenvalue
spacing distribution p(s) in the form of a histogram. It can be
seen that the statistical results for the equilateral-triangular and
stadium-shaped VCSELs are in good agreement with a Poisson
distribution p(s) = exp(−s)and a Wigner distribution p(s) =
(πs/2) exp(−πs2/4), respectively. The good consistency of
the experimental statistics with the theoretical prediction
further confirms that the subthreshold emission spectra of
VCSELs can be analogously used to manifest the quantum-
billiard spectra.

IV. CONCLUSIONS

In conclusion, we have investigated the manifestation
of quantum-billiard energy spectra from the subthreshold
emission spectra of equilateral-triangular and stadium-shaped
VCSELs. The Fourier-transformed path length distribution
for an equilateral-triangular VCSEL exhibits various peak
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structures to be in good agreement with the results of the
quantum-billiard model. We also employed a stadium-shaped
VCSEL to manifest the path-length distribution correspond-
ing to the characteristics of the quantum chaotic billiards.
Furthermore, the statistical analyses of the nearest-neighbor
eigenvalue spacing distributions have been verified to obey
a Poisson distribution for the equilateral-triangular device
and a Wigner distribution for the stadium-shaped device.

The good agreement confirms that the subthreshold emission
spectra of VCSELs can be analogously used to manifest the
quantum-billiard spectra.
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Wave pattern and weak localization of chaotic versus scarred modes in stadium-shaped
surface-emitting lasers
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We explore the lasing mode selection between the chaotic and scarred modes in stadium-shaped vertical-cavity
surface-emitting lasers (VCSELs). Experimental results reveal that the spatial gain distribution in the active layer
of a VCSEL can be modified via the aperture size to favor the generation of either the chaotic or the scarred
modes. Experimentally obtained chaotic and scarred modes are further employed to perform statistical analysis
of wave function intensities for making a comparison with predictions based on the nonlinear σ model. We
verify that the scarring effect can be quantitatively relevant to the weak-localization correction in the intensity
probability distribution.
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I. INTRODUCTION

Current research in quantum chaos or wave chaos is mainly
focused on wave function structure and transport in wave
systems with a chaotic ray limit [1]. One of the most intriguing
discoveries is the presence of scarred states that deviate
significantly from a Gaussian random fluctuation by exhibiting
a large excess of intensity near extraordinary unstable periodic
orbits of the corresponding classical dynamics [2]. Since
their theoretical discovery in a quantum framework, scars
have been observed and predicted both experimentally and
numerically in a wide variety of physical systems, including
microwave cavities [3], Faraday surface waves [4], vibrating
soap films [5], acoustic radiation [6], hydrogen atoms in a
magnetic field [7], electrons in a resonant tunneling diode
with a magnetic field [8], and molecular vibration [9].

The spatial structures of laser modes in broad-area res-
onators have received much interest for a long time because
they give a deep insight into the pattern formation of natural
waves [10–17]. Scarred modes have also been observed in
microdisk lasers [18,19] and have been confirmed to possess
the highest quality factors and high directionality. However,
only a few efficient scarred modes can be supported in
microdisk lasers because boundary losses played a critical
role in the mode selection mechanism [20]. Moreover, the
reimaging of lasing wave patterns on the vertical surface is a
thorny subject due to the lateral radiation of microdisk lasers.
The spatial patterns of lasing modes have significant value for
exploring the statistical properties of wave function intensities
in position space, which can be compared with the related
theoretical model for verifying the presence of the scarring
phenomenon.

In contrast to two-dimensional (2D) microdisk lasers,
vertical-cavity surface-emitting lasers (VCSELs) have a dom-
inant longitudinal wave vector kz that makes it quite feasible
to measure the spatial patterns of lasing modes with simple
optics. Recently, the transverse modes of oxide-confined large-
aperture VCSELs have been identified as novel emulations
of the wave functions of 2D quantum billiards with the same
confinement [21–23]. Even though the spatial gain distribution
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has been verified to play an important role in the usual optical
resonators for the selective excitation of modes [24,25], its
influence on mode selection in large-aperture VCSELs is still
an open issue [26].

The spatial gain distribution of VCSELs is mainly de-
termined by the oxide aperture size for a given operation
temperature. To illustrate the influence of the aperture size,
we use a distributed resistance network [27] to numerically
analyze the carrier density distribution for VCSEL devices
with mesa diameter of 140 μm and aperture diameters of 40
and 60 μm, respectively. As shown in Fig. 1, the carrier density
of the very-large-aperture (60 μm) VCSEL is concentrated
more in the neighborhood of the aperture boundary, compared
with the 40 μm VCSEL. This result indicates that the aperture
size considerably affects the spatial gain distribution and may
be a functional parameter in mode selection. Inspired by this
finding, we fabricated stadium-shaped VCSELs of different
sizes to explore the scarring effect on the resonant modes and
to further analyze the position-space wave function statistics
in real devices. The experimental results reveal that chaotic
modes and scarred modes can be effectively selected by use of
different aperture sizes. Furthermore, we analyze the mode
intensity statistics to make a comparison with predictions
based on the nonlinear σ model [28,29]. Numerical analyses
indicate that the intensity statistics of experimental scarred
modes agree very well with the theoretical predictions for the
weak-localization phenomenon.

II. EXPERIMENTAL RESULTS AND DISCUSSION

To investigate the influence of the aperture size on the
lasing mode, we fabricated two categories of VCSELs with
the same stadium shape but with different aperture sizes of
30 × 60 and 20 × 40 μm2. The device structures of the oxide-
confined VCSELs were similar to those described in [14].
The emission wavelengths of all VCSELs were approximately
808 nm. Figure 2 shows an optical microscope image of
the device operated with an electric current under threshold
current at room temperature. The bright region indicates the
stadium-shaped pattern of spontaneous emission. The VCSEL
device was placed in a cryogenic system with a temperature
stability of 0.1 K in the range of 200–300 K. A power supply
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FIG. 1. (Color online) Calculated normalized carrier density in
the active region of circular VCSELs with small (solid line) and large
(dashed line) aperture size.

providing current with a precision of 0.01 mA was utilized to
drive the VCSEL. The near-field patterns are measured by a
charge-coupled device (CCD) camera (Coherent, Beam-Code)
with an objective lens (Mitutoyo, numerical aperture 0.9). With
thermal detuning, different transverse orders for the lasing
modes can be generated.

First, we simulated the carrier density distribution in
stadium-shaped VCSELs with different aperture sizes by using
the distributed resistance network [27], as seen in Figs. 3(a)
and 3(a′). As mentioned previously, the carrier density was
distributed more nonuniformly in the large-aperture VCSEL
than in the small one. We then observed the change of the
lasing modes with operating temperature in the vicinity of the
threshold for the stadium-shaped VCSEL with aperture size of
20 × 40 μm2. It was found that the lasing patterns exhibited
morphologies like those of chaotic modes from low to high
order when the operating temperature was changed from 280 to
200 K. Figures 3(b) and 3(c) depict the observed lasing patterns

(a) (b)

60 m 40 m

30 m 20 m

FIG. 2. (Color online) Schematics of stadium-shaped VCSEL
device structure with aperture size of (a) 30 × 60 μm2,
and (b) 20 × 40 μm2 which are measured with an optical
microscope.
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FIG. 3. (Color online) Calculated normalized carrier density in
the active region of stadium-shaped VCSEL with (a) small aperture
size and (a′) large aperture size. Observed lasing patterns for the
stadium-shaped VCSEL of 20 × 40 μm2 at the device temperature
of (b) 260 K and (c) 210 K and for the VCSEL of 30 × 60 μm2 at
the device temperature of (b′) 260 K and (c′) 210 K. The emission
spectra (d) and (d′) correspond to (c) and (c′), respectively.

at the operating temperatures of 260 K [Fig. 3(b)] and 210 K
[Fig. 3(c)], respectively. More intriguingly, we found that the
lasing patterns of the stadium-shaped VCSEL with the aperture
size of 30 × 60 μm2 displayed spatial features like those of
scarred modes from low to high order when the operating
temperature was changed from 280 to 200 K. Figures 3(b′) and
3(c′) show the experimental lasing patterns at the operating
temperatures of 260 K [Fig. 3(b′)] and 210 K [Fig. 3(c′)],
respectively. It can be seen that the lasing patterns noticeably
display the spatial localization on a double diamond structure.
This is a realization of the scarred modes in stadium-shaped
VCSELs based on the spatial gain nonuniformity arising from
the aperture size. In brief, the aperture size actually affects the
spatial gain distribution, leading to an effective mode selection
between the chaotic and scarred modes. We also measured
the emission spectra of these observed lasing patterns. We
observed that both of them are single modes. Figures 3(d)
and 3(d′) illustrate the experimental emission spectra which
correspond to Figs. 3(c) and 3(c′).

III. STATISTICS OF EXPERIMENTAL WAVE PATTERNS

Although statistics of wave function intensities have been
experimentally explored in the case of a diffusive billiard and
have been compared with predictions based on the nonlinear σ

model, such explicit analyses for chaotic and scarred modes in
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FIG. 4. (Color online) Intensity probability distribution P (I ) (a),(b) for the experimental chaotic modes shown in Figs. 3(b) and 3(c),
respectively, and (a′),(b′) for the experimental scarred modes shown in Figs. 3(b′) and 3(c′), respectively. Black lines, Porter-Thomas (PT)
distribution; blue lines, corrected distribution of Eq. (1). WL indicates weak localization.

the ballistic billiard are still lacking. Therefore, performing a
statistical analysis for the observed chaotic and scarred lasing
modes could provide real insight into the actual resonant wave
function intensities. It is well known that the intensity statistics
of theoretical chaotic wave functions are given by the classic
Porter-Thomas (PT) distribution PPT (I ) = exp(−I/2)

√
2πI

[30], where I = |�|2 and � is the normalized wave function.
Fyodorov and Mirlin [28,29] employed the nonlinear σ model
to develop the relation for intensity statistics for the wave
function with weak localization:

PFM (I ) = PPT (I )
[
1 + (〈I 2〉 − 3)

(
1
8 − 1

4I + 1
24I 2

)]
, (1)

where 〈I 2〉 = ∫
I 2d2r is the inverse participation ratio (IPR),

which is a parameter manifesting the degree of localization.
The universal value for the theoretical chaotic wave functions
can be evaluated to be 〈I 2〉 = ∫ ∞

0 I 2PPT (I )dI = 3.0. The IPR
〈I 2〉 is inversely proportional to the effective mode area. This
result signifies that the IPR value for the scarred mode should
be considerably larger than 3.0 and the mode with stronger
scarring possesses a larger IPR value.

We numerically analyzed the observed lasing modes shown
in Figs. 2 to acquire the intensity probability distribution.

Figures 4(a) and 4(b) show the intensity probability dis-
tribution P (I ) for the experimental chaotic modes shown
in Figs. 3(b) and 3(c), respectively. The theoretical PT
distribution PPT (I ) is also plotted in Figs. 4(a) and 4(b)
for comparison, and fairly good agreement can be seen. Fig-
ures 4(a′) and 4(b′) show the intensity probability distribution
P (I ) for the experimental scarred modes shown in Figs. 3(b′)
and 3(c′), respectively. The IPR values for the experimental
scarred modes shown in Figs. 3(b′) and 3(c′) are numerically
found to be 5.08 and 5.34, respectively. By substitution of these
IPR values into Eq. (1), the theoretical distributions with weak-
localization correction,PFM (I ), are calculated and depicted in
Figs. 4(a′) and 4(b′) to make a comparison with the experi-
mental results shown in Figs. 3(b′) and 3(c′), respectively. It is
found that the intensity statistics for the experimental scarred
modes are in good agreement with the corrected distributions
PFM (I ) but deviate from the PT distribution by different
amounts. The good agreement confirms that the scarring effect
can be quantitatively analyzed via the intensity probability
distribution with weak-localization correction, PFM (I ). We
observe that this fit with the nonlinear σ model result works
at the larger aperture, and also observe localization consistent
with that fit, but the theoretical explanation must be left for
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future work. Note that the lasing scarred modes are essentially
related to the nonuniformity of carrier density distributions.

IV. CONCLUSIONS

In summary, we have experimentally confirmed that the
aperture size can affect the spatial gain distribution in VCSELs
and can be controlled to generate chaotic and scarred modes
in stadium-shaped devices. Experimental results reveal that
stadium-shaped VCSELs with aperture size of 20 × 40 μm2

have a comparatively uniform gain distribution and favor the
generation of chaotic modes with spatially widespread pat-
terns. In contrast, the stadium-shaped VCSELs with aperture
size of 30 × 60 μm2 favor the generation of scarred modes

with spatial patterns localized on a double diamond structure.
We also employed experimental chaotic and scarred modes to
perform a statistical analysis of wave function intensities and
to compare the results with the predictions of the nonlinear σ

model. It is confirmed that the scarring phenomenon can be
quantitatively analyzed via the weak-localization effect in the
intensity probability distribution.
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Level statistics and eigenfunctions of square torus billiards:
Manifesting the transition from regular to chaotic behaviors
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We thoroughly analyze the level statistics and eigenfunctions in concentric as well as nonconcentric square
torus billiards. We confirm the characteristics of quantum and classical correspondence and the existence of
scarred and superscarred modes in concentric square torus billiards. Furthermore, we not only verify that the
transition from regular to chaotic behaviors can be manifested in nonconcentric square torus billiards, but also
develop an analytical distribution to excellently fit the numerical level statistics. Finally, we intriguingly observe
that numerous eigenstates commonly exhibit the wave patterns to be an ensemble of classical diamond trajectories,
as the effective wavelengths are considerably shorter than the size of internal hole.

DOI: 10.1103/PhysRevE.85.026202 PACS number(s): 05.45.Mt, 03.65.Ge

I. INTRODUCTION

Two-dimensional billiards has long been a useful tool for
studying quantum chaos issues due to its simplicity [1,2]. The
dynamical behaviors, from the most regular (integrable) to
the most chaotic (nonintegrable), are found to depend on the
geometry of the billiard boundary. The integrable systems with
classical trajectories confined to an invariant torus in phase
space display the Poisson distribution in level spacing statistics
[3]. In contrast, the nonintegrable systems with ergodic
trajectories have been verified to obey the Wigner statistics
of level spacing [4]. Besides the two extreme classes, there
is a diverse category called pseudointegrable systems whose
phase space trajectories are not fully ergodic but are bounded
on invariant multihandled spheres (topological structure with
genus 2 � g < ∞) [5–7]. Pseudointegrable billiards, such as
rational polygons, staircase billiards, and integrable billiards
with singular scatter inside, have been widely explored in
the last few decades [8–13]. It was found that the energy
spectra in pseudointegrable systems could reveal intermediate
cases between integrable and chaotic ones [12,14,15]. The
existence of intermediate cases attracts considerable attention
with regard to investigating the transition between the two
limiting behaviors. It has been verified that there is a systematic
change from Poisson-like toward Wigner-like behavior with
increasing the genus number in pseudointegrable systems
[16–18]. To the best of our knowledge, the exploration for the
continuous transition between integrable and chaotic behaviors
for the pseudointegrable system with a fixed genus number has
not been performed in depth.

Square torus billiards, a genus 5 pseudointegrable system
with special geometry similar to the Sinai billiard, has the po-
tential to explore field chaos problems in the coaxial waveguide
[19,20]. It was found [6] that the eigenenergies of eighth square
torus billiards exhibit the level repulsion phenomenon with
level statistics lying between Poisson and Wigner distributions.
This finding leads us to conjecture whether nonconcentric
square torus billiards is a paradigm system with a fixed genus
number for exploring the transition between integrable and
chaotic behaviors. Nonconcentric square torus billiards means

*yfchen@cc.nctu.edu.tw

that the position of the internal square hole deviates from the
center of the external square boundary.

In this work we perform thorough numerical analyses to
verify that the level statistics of nonconcentric square torus
billiards can manifest the transition between integrable and
chaotic behaviors. We first analyze the level statistics and
eigenfunctions of concentric square torus billiards to confirm
the validity of the numerical computation based on the expan-
sion method [21,22]. The Fourier-transformed length spectrum
of numerical energy levels is clearly found to reveal quantum
and classical correspondence. The scarred and superscarred
modes [23–25] are noticeably observed to further validate
the numerical analysis. We then employ the same numerical
method to analyze the level statistics and eigenfunctions
of nonconcentric square torus billiards. It is found that the
transition from regular to chaotic behaviors can be manifested
with continuously offsetting the position of the internal square
hole. The transition property can be further confirmed from the
Fourier-transformed length spectra. Finally, we systematically
explore the morphologies of eigenfunctions from low-order
to very high-order eigenstates for nonconcentric square torus
billiards with different offsetting conditions. We observed
that when the effective wavelengths are considerably shorter
than the hole size, numerous eigenstates commonly exhibit
the wave patterns to be an ensemble of classical diamond
trajectories, independent of offsetting conditions.

II. CONCENTRIC SQUARE TORUS BILLIARDS

Rational polygon billiards is a system with only rational
interior angles niπ/mi , where ni,mi ∈ N and at least one
ni > 1. For this kind of pseudointegrable billiards, the genus
number can be described by [6,26]

g = 1 + M

2

J∑

i=1

ni − 1

mi

, (1)

where J is the number of interior angles and M is the least
common multiple of mi . Figure 1(a) shows the geometry
of square torus billiards whose side-length of outer square
boundary and inner square hole are a and b, respectively.
According to Eq. (1), square torus billiards with eight rational
interior angles (four equal to π/2and four equal to 3π/2) can

026202-11539-3755/2012/85(2)/026202(6) ©2012 American Physical Society
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FIG. 1. (Color online) Geometries of (a) concentric square torus
billiards and (b) nonconcentric square torus billiards.

be classified as genus 5 with phase space to be a five-handled
sphere. We exploit the expansion method [22] to calculate
the eigenenergies and eigenfunctions of square torus billiards.
Since the matrix elements of the Hamilton can be analytically
expressed with the help of eigenstates φm(⇀r) of square
billiards, only a few minutes are taken to obtain about 2000
reliable energy levels by a conventional personal computer.

We give a brief synopsis for the expansion method as
follows. The time-independent Schrödinger equation for bil-
liard problems can be written as Ĥψn(⇀r) = Enψn(⇀r), where
En is the eigenenergy and ψn(⇀r) is the eigenfunction of
the Hamiltonian operator Ĥ . With the help of eigenstates
φm(⇀r) of square billiards, the eigenfunction ψ(⇀r) for square
torus billiards can be expanded as ψ(⇀r) = ∑

m cmφm(⇀r). By
substituting this expression into the differential equation, we
obtain a linear matrix problem of Hmncm = Ecn with matrix
elements of Hmn = H 0

mn + V0vmn, where H 0
mn is the matrix

element of square billiards, V0 is a sufficiently large constant
to approximate the infinite potential of billiards, and vmn is
the matrix element to be associated with the geometry of
billiards. The matrix element vmn can be written as vmn =∫
�

d2φ∗
m(⇀r)φn(⇀r), where � includes all regions with infinite

potential. For square torus billiards, the matrix element vmn is
explicitly given by

vmn =
(

2

a

)2 [∫ (a+b)/2

(a−b)/2
sin

(
m1πx

a

)
sin

(
m2πx

a

)
dx

]

×
[∫ (a+b)/2

(a−b)/2
sin

(
n1πy

a

)
sin

(
n2πy

a

)
dy

]
, (2)

where we denote m = (m1,m2) and n = (n1,n2). Since the
matrix elements Hmn can be integrated analytically, the time
consumption is significantly reduced in the calculation of
eigenenergies and eigenfunctions.

The number of reliable eigenstates was found to be nearly
1850s when we used 2100 eigenstates of square billiards in
the calculation. We employed the periodic orbit theory [2,27]
to analyze the calculated energy spectra for confirming the
accuracy of computation. According to the Gutzwiller trace
formula, the characteristics of classical periodic orbits can
be extracted from the Fourier-transformed spectra of the
eigenvalue density:

ρFT (L) =
∞∑

n=1

∫ ∞

−∞
δ(k − kn)eikLdk =

∞∑

n=1

eiknL

=
∞∑

n=1

∑

μ

ρν,μδ(L − νLμ), (3)

where index μ labels the periodic orbits, and ν = 1,2,... run
over all recurrences of such orbits. Equation (3) indicates
that the Fourier length spectrum ρFT (L) is formed by a
series of intense peaks at multiples of the lengths of classical
periodic orbits, i.e., at L = νLμ. For numerical evaluation,
we substituted all the calculated energy levels into the
expression ρN (L) = ∑N

n=1 eiknL, where N is the total number
of energy levels. Figure 2 depicts the Fourier length spectrum
|ρN (L)|2of a square torus billiard with b = a/5. It is clearly
seen that there is a series of sharp peaks at the lengths
corresponding to classical periodic orbits. We also investigated
the eigenfunctions and confirmed the existence of superscarred
[24,25] modes in the pseudointegrable system, as shown in
Figs. 3(a)–3(c). To our surprise, an anomalous mode which
is wave-function localized on unstable periodic orbit can also
be observed in our square torus model, as seen in Fig. 3(d),
so-called scarred modes [23]. Scarred and superscarred modes
have been confirmed to play an important role in interpreting
the lasing modes of microcavity lasers [28–30]. Besides, we
found that the scarred mode indicated in Fig. 3(d) is one kind
of diffractive orbit studied in semiclassical physics [31,32].
The diffractive effects of quantum waves may be important in
analyzing the energy spectra of pseudointegrable systems. In
our square torus model, the numerical wave functions asso-
ciated with the diffractive orbits can be found; however, their

FIG. 2. (Color online) Fourier-transformed length spectrum |ρN (L)|2for numerical energy levels of concentric square torus billiards with
b = a/5. A series of intense peaks in accord with classical periodic orbits.
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FIG. 3. (Color online) (a, b, c) Superscarred modes and (d)
scarred mode observed in the eigenfunctions of concentric square
torus billiards with b = a/5.

contribution to the characteristic length spectrum |ρN (L)|2 is
rather insignificant, as shown in Fig. 2.

Next, we analyzed the probability distribution of the
normalized spacing si = (Ei+1 − Ei)/ 〈s〉 to investigate the
level statistics, where Ei+1and Ei are two consecutive energy
levels and 〈s〉 is the mean spacing. Figure 4 depicts the
numerical histograms for the level spacing statistics. We also
plot the Poisson distribution pP (s) = e−s and the Wigner
distribution pW (s) = (πs/2) exp(−s2π/4) in the same figure
for comparison. It can be seen that the level statistics of
concentric square torus billiards exhibit the level degeneracy
phenomenon and are quite close to Poisson distribution. The
level degeneracy mainly comes from the high symmetry
along the three reflecting axes for square geometry, i.e., the
horizontal, perpendicular, and diagonal lines passing the center
of the outer square boundary. Next, we employ the same
numerical method to explore how the level degeneracy is split
by offsetting the internal square hole away from the center of
the external square boundary.

III. NONCONCENTRIC SQUARE TORUS BILLIARDS

As shown in Fig. 1(b), nonconcentric square torus billiards
can be completely specified by the size b and the location

FIG. 4. (Color online) Level spacing statistics of concentric
square torus billiards with b = a/5.

(d, θ ) of the internal hole, where d is the offsetting distance
from the center and θ is the offsetting direction with respect
to the horizontal axis. It was numerically found that if the
offsetting direction is along the symmetric axes of square torus,
i.e., θ = 0, π/4, and π/2, the level spacing statistics always
display the Poisson distribution, independent of the size b

and the offsetting distance d. In other words, the parameter θ

plays a critical role in determining the basic property of level
spacing statistics of nonconcentric square torus billiards. In
contrast, as long as the offsetting direction θ deviates from
the symmetric axes, the level spacing statistics is numerically
found to gradually change from Poisson distribution toward
Wigner-like distribution by increasing the offsetting distance
d or increasing the size b.

Without loss of generality, we demonstrate the calculated
results using the offsetting distance d as a variable for all
cases with a fixed size b and a fixed direction θ . Hereafter,
unless otherwise noted, the hole size and offsetting direction
are fixed to be b = a/5 and θ = 3π/8, respectively. Figure 5(a)
depicts the level spacing statistics of nonconcentric square
torus billiards for different offsetting distances (curves with
histogram). It can be clearly seen that the level spacing
statistics exhibit a conspicuous transition from regular to
chaotic behavior with increasing the offsetting distance d.
The value of smax, indicating the mean spacing for maximum
probability of level statistics, clearly shifts from 0 to 2/π ,
corresponding to the transition from Poisson to Wigner
distribution. With the calculated energy levels we compute
the Fourier-transformed length spectra ρN (L) for all cases.
As shown in Fig. 5(b), not only the amplitudes but also the
total numbers for the resonant peaks prominently decrease
with increasing the offsetting distance d. From a classical
point of view, some of the stable periodic orbits originating
by reflection on the central hole will be removed due to this
kind of shift. Also, the shift may cause a large amount of
periodic orbits in the square billiard to be blocked by the
central hole. However, some of the family of stable periodic
orbits will split into different classes with different lengths,
as indicated in Fig. 5(b). For the case of d = a/5, only
principal peaks corresponding to the bouncing-ball mode and
the recurrence survive in the length spectrum. To be brief, both
the level spacing statistics and the characteristic length spectra
of nonconcentric square torus billiards noticeably display the
continuous transition from regular to chaotic behavior.

An analytical distribution is practically useful for quantita-
tively describing the intermediate properties between regular
and chaotic systems. Berry and Robnik [33] previously
proposed an analytical formula formed by the superposition of
Poisson and Wigner distributions:

pBR(s) = w(s)pP (s) + [1 − w(s)] pW (s), (4)

where w(s) is the weighting function derived from the phase
space of the pseudointegrable system. Although the Berry-
Robnik distribution can describe the variation from level clus-
tering to level repelling for small spacing, it cannot precisely
illustrate the smax shifting of the numerical histograms shown
in Fig. 5(a).

Lenz and Haake [34,35] also derived a distribution
for the level statistics of pseudointegrable systems with
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FIG. 5. (Color online) (a) Level spacing distribution: numerical statistics (histograms), analytical fitting distribution with Eq. (6) (solid
line), and Wigner distribution (dashed line). (b) Fourier-transformed length spectra corresponding to each case in (a).

approximating the Hamiltonian as Hλ = (1 + λ2)−1/2(H0 +
λV ), where H0 and V belong to Poisson and Gaussian
orthogonal ensemble (GOE) contributions, respectively. The
coupling coefficient λ can describe the system changing from
regular to fully chaotic behavior by varying its value from 0 to

∞. The Lenz-Haake distribution is given by

pLH(s; λ) = u(λ)2

λ
se−[u(λ)s/2λ]2

∫ ∞

0
e−(x2+2xλ)I0(u(λ)xs/λ)dx

(5)
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FIG. 6. (Color online) Dependence of the fitting parameters λ and
γ on the offsetting distance d in nonconcentric square torus billiards.

with

u(λ) = √
πU (−1/2,0,λ2),

where I0(x) is the modified Bessel function and U (a,b,x)
is the Kummer function. We found that the Lenz-Haake
distribution could fit the smax shifting of level spacing
statistics of nonconcentric square torus billiards. However,
pLH(0; λ) is always equal to zero for any λ �= 0. Consequently,
the Lenz-Haake distribution pLH(s; λ) cannot characterize
intermediate cases in the neighborhood of s = 0 very
well .

We combine the Berry-Robnik and Lenz-Haake models
to develop an analytical distribution in terms of pBR(s) and
pLH(s; λ) for fitting the numerical histograms of nonconcentric
square torus billiards:

p(s; λ,γ ) = γpP (s) + (1 − γ )pLH(s; λ), (6)

where γ is the weighting parameter for characterizing the
detailed structure of level spacing statistics. Note that the
parameter λ in pLH(s; λ) mainly exemplifies the peak po-
sition of level spacing statistics. As shown in Fig. 5(a),
the distribution p(s; λ,γ ) in Eq. (6) can fit the numerical
histograms of level spacing statistics very well. Figure 6
depicts the dependence of parameters λ and γ on the
offsetting distance d to quantitatively manifest the rate of
transition from regular to chaotic properties. It can be seen
that there is an abrupt change for both parameters λ and γ

in the region of small offsetting distance d = 0 ∼ 0.02a. In
contrast, both γ and λ evolve smoothly for the offsetting
distance d greater than 0.02a. These results confirm that
nonconcentric square torus billiards is an excellent pseudointe-
grable system for revealing the continuous transition between
regular and chaotic behaviors without changing the genus
number.

Furthermore, we investigate the morphologies of eigen-
functions of nonconcentric square torus billiards. We select
two representative cases with a hole size of b = a/10 for
illustration, one with a small offsetting distance of d = 0.054a

and the other with a relatively large distance of d = 0.224a.

FIG. 7. Wave patterns from low-order to high-order eigenstates
for nonconcentric square torus billiards with a hole size of b = a/10
under two different offsetting conditions: (a) d = 0.054a and (b) d =
0.224a.

Figure 7 shows the typical wave patterns of the two cases for
different orders ranging from hundreds to thousands. For the
eigenstates with order between the 100th and 300th states,
the wave patterns of the case with d = 0.054a are found
to be similar to the symmetric and regular morphologies of
the eigenstates in concentric square torus billiards. On the
other hand, the wave patterns of the case with d = 0.224a

are found to be quite irregular because of a greater symmetry
breaking. For the eigenstates with order between the 400th
and 1100th states, the wave patterns are found to display
rather disordered morphologies. For the eigenstates with order
greater than the 1800th state, the effective wavelengths are
conspicuously shorter than the hole size and the wave patterns
of numerous states are found to exhibit an ensemble of
classical diamond trajectories, as seen in Fig. 7. This intriguing
feature of particlelike trajectories reveals the importance of the
comparison between the effective wavelength of eigenstates
and the hole size of the billiards.

Finally, it is worthwhile to mention that the energy spectra
may be obtained from the periodic orbits and the length spectra.
Although this approach is somehow more intricate, it has been
performed for several systems [36–39]. In principle, a similar
procedure is possible to obtain the energy spectra for the square
torus model. However, the current difficulty is to establish
a relationship between the periodic orbits and the offsetting
distance d.

IV. CONCLUSIONS

We have thoroughly analyzed level statistics and eigen-
functions for square torus billiards to explore the quantum and
classical correspondence and the transition between integrable
and chaotic behaviors. For concentric square torus billiards, we
not only confirmed the Fourier-transformed length spectrum of
numerical energy levels to clearly display the characteristics of
quantum and classical correspondence, but we also observed
the existence of scarred and superscarred modes. For noncon-
centric square torus billiards, we verified that the transition
from regular to chaotic behaviors can be manifested with con-
tinuously offsetting the position of the internal square hole. The
transition property can be revealed as well from the Fourier-
transformed length spectra. We also developed an analytical
distribution to fit the numerical level statistics of nonconcentric
square torus billiards in an excellent way. Finally, we observed
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that numerous eigenstates commonly exhibit the wave patterns
to be an ensemble of classical diamond trajectories when the
effective wavelengths are considerably shorter than the hole
size.
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