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Full-Wave Segmentation Analysis of
Arbitrarily Shaped Planar Circuit
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Abstract—This paper presents a novel full-wave segmentation
method for analyzing a complex and large microwave planar
circuit which is divided into several smaller segments with corre-
sponding multiport network parameters. They are obtained by a
full-wave space-domain integral-equation technique in connection
to a proposed excitation model based on the equivalence princi-
ple. The integral equation is solved numerically by Galerkin’s
procedure resulting in the generalized scattering-matrix (GSM)
descriptions of all the subcircuit segments. The combination of
these GSM’s yields an overall network characterization of the
composite circuit. Rigorous convergence studies and extensive
validity checks confirm the reliability and accuracy of the pro-
posed method. The novel technique immediately demonstrates its
obvious application for quantitative characterization of higher
order modes associated with a microwave-circuit discontinuity
problem. Finally, very good agreement is obtained in a com-
parative study of an arbitrary planar structure analyzed by our
full-wave method with and without segmentation, respectively.

Index Terms—Equivalence principle, equivalent source exci-
tation, full-wave segmentation method, generalized scattering
matrix (GSM), higher order modes, multimode, near disconti-
nuity de-embedding, space-domain integral equation.

I. INTRODUCTION

T HE segmentation method has been extensively developed
in the past for the analyses of two-dimensional (2-D)

planar microwave circuits [1]–[3]. Sorrentino and his co-
workers extended this method to solve three-dimensional (3-D)
electromagnetic (EM) problems such as waveguide circuits
[4], [5], via-hole grounds in microstrip [6], and coplanar
waveguide (CPW) discontinuity problem [7], and further to
develop an efficient optimization tool for the design of wave-
guide components [8], [9]. The segmentation method applies
the concept of subdividing a microwave circuit into several
smaller portions called segments and analyzes these segments
individually by field-theoretic means such as the planar-circuit
approach (PCA) [1]–[3] and mode-matching (MM) method
[4]–[7]. To facilitate the tangential fields matching along the
interfaces between all the segments to obtain a complete
solution of the entire microwave-circuit, equivalent network
representations of the segments in terms of(scattering) [1],

(impedance) [2], [3], and (admittance) [4]–[7] matrices
allow analysis of the complicated microwave circuit by linear
network manipulation.
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The full-wave segmentation method published in open lit-
erature applied the MM technique by properly dividing a
3-D passive microwave component into typical well-known
waveguide sections [4]–[7]. Strictly speaking, the conventional
MM method applied to the cascaded step discontinuity prob-
lems of the microstrip [10], [11] and the finline [12] also
belongs to the segmentation technique since it combines the
solutions for the cascaded junctions and the interconnecting
line section between them—however, using the generalized
scattering matrix (GSM). Here we propose an alternative
full-wave segmentation approach to solve a planar circuit of
complicated geometry. We invoke the space-domain integral-
equation technique to solve individual smaller segments and
then obtain the equivalent multiport network model for each
segment using the GSM representation, from which the net-
work parameters of the entire microwave circuit are a direct
result of combining all the GSM’s.

The full-wave segmentation method presented here has the
following advantages.

1) The segmentation of a complicated microwave circuit
has, in general, no limitation to the geometry of the
circuit, while the EM fields over the interface planes
between adjacent segments can be precisely defined.
This makes the method very flexible and versatile.

2) Adoption of the GSM representation for the solution
obtained by the present method facilitates quantitative
analysis of higher order modes or multimodes without
the need to know their characteristic impedance. Further-
more, the reference plane for extracting the scattering
parameters can be arbitrarily defined unlike the discon-
tinuity junction in the conventional MM method. Thus,
much fewer normal modes are required in our technique
than the MM method, resulting in much less numerical
effort in evaluating the additional modes.

3) The method is especially suitable for analyzing a com-
plicated and large microwave circuit. Each segment
of the circuit in the segmentation procedure is solved
individually with less memory storage, which overcomes
a memory problem in solving a large microwave circuit,
and less central processing unit (CPU) time in particular.
Total computational time for all individual segments is
considerably reduced according to our extensive nu-
merical studies, when compared with the CPU time
needed for analyzing the entire circuit as a whole. In
many circumstances, only one or a few segments in
a microwave circuit need modification when tuning or
optimizing the circuit without resorting to changing all
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(a)

(b)

Fig. 1. (a) An arbitrarily shaped printed planar circuit to be analyzed by the
proposed full-wave segmentation method and (b) the equivalent segmented
multiport GSM model.

the segmented networks. When this is the case, we
only need to iteratively obtain the new GSM’s of these
fewer segments, and then evaluate the overall circuit
performance by combining the new GSM’s with the
previously saved GSM’s of the unaltered segments. This
makes our method very appealing as part of an efficient
full-wave EM optimization tool.

Section II-A will describe a model that enables us to extract
the GSM representation of an arbitrarily shaped microwave
discontinuity problem. A space-domain integral equation for
the equivalent model is derived by using the reciprocity theo-
rem and the equivalence principle, and is solved subsequently
by Galerkin’s procedure of the moment method. These will be
presented in Section II-B. An extensive convergence study for
a particular circuit is reported in Section III-A to examine the
accuracy and reliability of the novel full-wave segmentation
technique. A comparison of our theoretical results with other
available results for the same circuit is shown in Section III-B,
which also illustrates the quantitative behavior of higher order
modes excited near the discontinuity of the circuit. Section III-
C further reports a self-explanatory result to validate the
present method. Finally, in Section IV, the numerical results
of applying the full-wave segmentation technique to a complex
structure are presented to demonstrate the usefulness and
potential of the proposed method. A discussion about the novel
segmentation method is given in Section V.

II. M ODEL AND GSM SPACE-DOMAIN

INTEGRAL-EQUATION METHOD

In this paper, we attempt to develop a full-wave seg-
mentation approach to accurately and efficiently investigate
a complicated microwave planar circuit. Undoubtedly, one
may be inclined to directly analyze the entire circuit without

Fig. 2. Equivalent magnetic-current sources as the excitation model for a
physical two-port discontinuity problem.

knowing the merits of the segmentation approach. Fig. 1
pictorially illustrates the proposed segmentation model. As-
suming that a planar microwave circuit of arbitrary shape is
printed on a system of stratified substrates [Fig. 1(a)], one
may divide the printed circuit into, say, four smaller segments
denoted as blocks , , , and , respectively. Two external
ports are connected to blocks and , respectively. The
interconnections between various segments can be uniform
transmission lines in the form of microstrip or multiple cou-
pled microstrips. Four additional reference planes are placed
across the interconnecting lines between the adjacent blocks
to define the input or output ports for the respective segments.
The coupling between diagonal blocks and is
assumed negligible. The EM fields in the individual segments
can be uniquely determined by knowledge of the tangential
electric (or magnetic) fields over the corresponding reference
planes. Therefore, using the equivalence principle [13], we
characterize each segment by the integral-equation technique
as a multiport network, as shown in Fig. 1(b), in terms of GSM
representation. At the interface plane between any two blocks,
Fig. 1(b) illustrates multiple electric ports in terms of modes
rather than the physical interconnection line(s).

A. Equivalent Source Excitation of a Segmented Circuit

Fig. 2 depicts the fundamental underlying concept of the
equivalent EM model of a certain smaller segment of Fig. 1.
For convenience of illustration, we use a typical two-port
circuit as an example of the segment. Applying the equivalence
principle [13], we place two fictitious electric walls at the refer-
ence planes and , respectively; equivalent magnetic-
current sources and are, therefore, imposed on the
respective walls to retain the original EM field of the structure.
The current sources are directly related to the incident waves
and reflected waves, which are both represented in terms of
normal modes on the interconnecting lines. They are given as

(1)

(2)

where the superscripts (1) and (2) denote the reference planes
at physical port one and port two, respectively; is the
normalized transverse vector electric field of theth mode;
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and are the complex amplitude coefficients of theth mode
incident on, and scattered from, physical port, respectively,

. Each physical port supports electrically multiple
ports for modes to as illustrated in Fig. 1(b).
The expansion number of modes , in theory, should be
infinite to represent the total transverse electric field
at the reference plane. However, in practice, we apply the
first few dominant and higher order modes to approximate the
total field. This assumption is valid so long as the reference
plane is not very close to the discontinuity. Note that the
equivalent sources also serve as an excitation mechanism
for the discontinuity problem in our method. Besides the
antenna and scattering problems, a similar concept of applying
the equivalence principle was also reported elsewhere in the
literature [5], [6], [14], [15].

Careful manipulations of (1) and (2) should be exercised for
obtaining accurate scattering parameters provided the surface
waves [16], EM radiation [17], or leaky modes [18] are
excited at discontinuities. However, the discontinuity problems
or models defined in the paper do not exhibit the above-
mentioned leakage phenomena since the test circuits are placed
in a rectangular waveguide tube.

B. GSM Space-Domain Integral Equation

Let a testing current be applied on the location where the
arbitrarily shaped conducting strips reside, as shown in Fig. 2.
The resultant electric and magnetic fields are denoted by
and , respectively. On the other hand, an induced surface
current on the conducting strips caused by the impressed
sources and helps contribute the total electric
field that vanishes on the conducting strips. Applying the
reciprocity theorem [13], [15], the reaction relation for the two
sets of sources , , and becomes

(3)

Since the total tangential electric field on the conducting
strips must be zero, the left-hand side (LHS) of (3) vanishes.
Simplifying (3), we obtain

(4)

where is the cross section at physical port.
Note that referring to Fig. 2, one may wish to place magnetic
walls at the reference planes instead of electric walls, and
two sheets of electric currents are imposed over the walls
to set up an alternative equivalent problem to Fig. 2 [13].
The electric and magnetic fields in (4) can be
obtained by the principle of superposition when the dyadic
Green’s functions of the boundary-value problem are known.
Using (4) and applying the reciprocity property of the dyadic

Green’s function, one may also derive the well-known integral-
equation formulation reported by Jansen (see the Appendix).

The excited surface current distribution can be expanded
by the conventional rooftop bases denoted by

(5)

where and are unknown current coefficients of the
rooftop expansion functions and respectively, and

and are the total numbers of the rooftop bases. Sub-
stituting (1), (2), and (5) into (4), and applying the Galerkin’s
procedure where the testing currentis in sequence identical
to each of the bases that expand the current, we may express
the unknown current expansion coefficients in terms of the
unknown modal amplitudes , , , and at both
physical port one and port two as follows:

(6)

where and are column vectors with elements of
the unknown complex modal amplitudes and , respec-
tively, for and or . Column vectors

and consist of the unknown current coefficients
and , respectively. The elements of other matrices are given
by

(7a)

(7b)

(7c)

where is defined as the component of the
electric field arising from the current source , and
similar definitions are for and . Finally,
we impose the continuous tangential magnetic fields at the
reference planes and , respectively, yielding the
following two equations:

at the plane (8)

at the plane (9)

where , , and represent the magnetic
fields caused by the magnetic or electric current sources of
their respective arguments. Next, we take the inner products
of (8) and (9) with the known transverse modal fields for
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(a)

(b)

Fig. 3. A shielded asymmetric meander microstrip structure for validating
the proposed full-wave segmentation method. (a) Cross section of the shielded
microstrip. (b) Asymmetric meander line."r = 10:2; h = 0:635 mm,
w = 0:6 mm, a = 11 h, b = 6 mm, andd = 3 mm.

and for , receptively, over
the corresponding cross sections, leading to

(10)

(11)

where the superscriptrepresents a matrix transpose operation
and

(12a)

(12b)

and are the magnetic fields arising from the

magnetic sources with the same distribution as and ,
respectively. The inner product satisfies the modal orthogo-
nality given as

(13)

where is the Kronecker delta function.

Fig. 4. Dispersion curves of the microstrip line in Fig. 3(a).

Making use of (10), (11), and (6), and eliminating the
unknown vector of , we can obtain the GSM from the
following:

(14)

with

(15a)

(15b)

(15c)

(15d)

and is the identity matrix. Each partition is a submatrix,
where every element represents the scattering
parameter of the th mode scattered at physical portfor
the th mode incident on physical port. Finally, the overall
generalized scattering parameters of the composite planar
circuit of Fig. 1, with respect to the two physical external ports,
are readily obtained by combining the four GSM’s computed
using (14) and (15). The present method is versatile in that it
can be reduced to solve physical one-port circuits or extended
for physical multiport circuits. When a great number of basis
functions are needed in analyzing a large printed circuit, most
CPU time is spent calculating the elements of matrix
[(6) and (7)]. If the circuit is divided into segments, then
the total CPU time requirement will be reduced approximately
by a factor , showing one of the advantages of the method
in efficiency.

III. N UMERICAL RESULTS

Before entering the segmentation procedure for analyzing a
complicated planar circuit, we have to validate the developed
method. Here, a simple shielded microstrip structure of an
approximately 50- meander line with its cross-sectional
view and top view shown in Fig. 3(a) and (b), respectively,
is investigated. This structure is clearly asymmetric. Fig. 4
plots the dispersion characteristics of the boxed 50-uniform
microstrip line. There are three modes plotted in Fig. 4. The
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Fig. 5. Convergence study for the GSM values over the scaling factork with
the discretization resolutionNr as a controlling parameter.

dominant mode and the second higher order mode are in
even symmetry, whereas the first higher order mode is in odd
symmetry. We will use only three modes to approximate the
total fields at both reference planes and [Fig. 3(b)].
The truncated values of and in (1) and (2), equal to
three, reflect the assumption that all the rest of the higher order
modes generated in the discontinuity problem have negligible
contribution to the total fields at the reference planes.

A. Convergence Study for a Partial Segmented Printed Circuit

The dyadic Green’s functions are introduced in (7) and
(12) to derive the electric and magnetic fields. The Green’s
functions for the shielded structure of Fig. 3 can be represented
by double infinite sums of the Fourier series [15], where
the summation terms (spectral terms) must be truncated in
practice. Ideally, on the other hand, the numbers of the rooftop
bases and in (5) have to also be infinite. Thus, it
is necessary to study the convergence property of the GSM
against the numbers of the Fourier series and the rooftop bases
simultaneously. To this end, we define a resolution factor
as the number of subsections per guided-wave wavelength for
circuit discretization. In the process of gridding, we assume the
mesh is a square. Therefore, the mesh has dimensionequal
to , or the ratio of the dominant mode’s guided wavelength

to the resolution factor . The numbers of the double
summation terms in computing the dyadic Green’s functions
are expressed as and , where is a scaling
factor and has been investigated elsewhere [15], [19].

With these notations, Fig. 5 shows the convergence proper-
ties of the computed transmission coefficients at 21
GHz using and as controlling parameters. For any given
value of the resolution factor , the values of ,

, and converge quickly after greater than
1.5. Increasing the value of means the number of spectral
terms is increased. On the other hand, the magnitudes of the
scattering parameters converge to almost the same values

within 0.6% when the number of bases per wavelength
is greater than 34 while the value of is greater than 2.
The results shown in Fig. 5 manifest the absolute convergence
property in our formulation in the same manner reported earlier
for the study of waveguide and scattering problems, where
the converged solutions were obtained by a sufficiently large
number of satisfactory basis functions coupled with a large
inner-product truncation point [20]. Therefore, in the following
computations of GSM’s, we are confident of applying
and for the converged and correct solutions.

B. Validity Check Against the Spectral-Domain
Approach Program

We continue validating the present method by compar-
ing our results with those obtained from the
package1 which employs the SDA [spectral-domain approach
(SDA)] for the same circuit of Fig. 3. Fig. 6(a) and (b) plots
and compares the magnitude and phase of the scattering
parameters, respectively. Very good agreement is obtained
for both methods. Only slight deviation in magnitude is
observed throughout the wide frequency span below 20 GHz
while the phase agrees excellently. Notice that the simulated
environments for our method and LINMIC are different in
that the former assumes two semi-infinite long microstrip lines
enclosed by the rectangular shielding of Fig. 3(a), whereas the
latter assumes a fully enclosed electric box. The former allows
the higher order modes to either decay or propagate outside
the reference planes. We speculate this is the reason for the
small discrepancy in the -parameter’s magnitude.

We next focus our attention on the data between 20 and
25 GHz in Fig. 6, where the first two higher order modes
become influential. Referring to Fig. 4, we realize that the
cutoff frequencies of the first two higher order modes are
located at approximately 20.7 and 22.9 GHz, respectively.
The meander line under analysis isasymmetric, resulting in
simultaneous excitation of these two higher order modes with
considerable amount at higher frequencies. Not surprisingly,
the transmission parameters and extracted
from the GSM show peak values approximately at the thresh-
old frequencies. The first (second) higher order odd (even)
mode transmitted from the reference plane has about

7 dB 11 dB) in magnitude at the cutoff frequency. These
values are significant, resulting in a noticeable impact on the

at higher frequencies where our results start to depart
from the LINMIC’s results.

The power conservation and the reciprocity condition as-
sociated with the GSM of the particular problem of Fig. 3
are investigated. The reciprocal network mandates the GSM
is symmetric. The assumed loss-free problem requires that
in each column of the GSM, the sum of the squares of the
elements corresponding to the scatteredpropagating modes
due to an incidentpropagatingmode must be equal to unity
[21]. This is expressed by

(16)

1LINMIC+=N; Jansen Microwave, Ratingen, Germany.
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(a)

(b)

Fig. 6. Comparisons of theS-parameters obtained by the present method and
by LINMIC. (a) Magnitude of the scattered dominant mode and the transmis-
sion parameters of the first two higher order modes at higher frequencies. (b)
Phase of the scattered dominant mode.

where and are the indexes for the scattered and the
incident propagatingmodes, respectively. Careful numerical
studies show that the computed GSM’s are indeed reciprocal
and satisfy (16). We also analyze a variety ofsymmetric
planar structures such as the cascaded microstrip step discon-
tinuities and coupled microstrips-to-microstrip transition using
the present method. Assuming that one propagating even/odd
mode is incident on any physical port, we find no generation
of the odd/even modes, whether above or below cutoff. This
agrees with our physical expectation.

C. Shifting Reference Plane for Near-Discontinuity
Characterization

By shifting the reference plane gradually away from
the discontinuity while fixing the position of plane and

Fig. 7. Comparison of the transmission parameters of the calculated GSM
(indicated by various symbols) at different reference planes and three predicted
straight lines directly obtained from the dispersion curves of Fig. 4.

computing the GSM of Fig. 3 at 21 GHz, the magnitude
and phase of the transmission parameters at the physical
port two for all three modes are plotted in Fig. 7 with three
sets of symbols, against the distancemeasured right from
the discontinuity. The three modes include two propagating
modes and one evanescent mode at 21 GHz. When
moves, as seen in Fig. 7, the transmitted propagating modes,

and , should maintain their field magnitudes
and experience phase delays only. In contrast, the transmitted
evanescent mode should preserve its phase rather
than magnitude. Fig. 7 also plots three straight lines drawn
from the location of the discontinuity with slopes directly eval-
uated from the corresponding propagation constants of Fig. 4.
For the two propagating modes, the slopes are

69.9 / 4.1 /mm, respectively. For the evanescent mode, the
line with slope of 1.82 dB/mm is obtained.
These three lines coincide with the computed GSM data very
well. As a result, the data obtained from the GSM show
great agreement with the predicted data from the dispersion
characteristics of the various modes. It is noted that larger
discrepancy will occur when approaches zero for the three
straight lines, and hence, more normal modes are required
in the formulation to obtain accurate solutions. On the other
hand, in this particular case, three modes are sufficient to
approximate the transverse fields asis 1 mm away from
the discontinuity. According to the experience gained in a
number of studies, the excited higher order evanescent modes
of magnitude below 25 dB at the reference planes may
negligibly influence the computed GSM of lower order modes.

IV. FULL-WAVE SEGMENTATION APPLIED WITH GSM
SPACE-DOMAIN INTEGRAL-EQUATION METHOD

In the previous section we learn that the GSM space-domain
integral-equation method is a powerful approach for obtaining
the GSM network representation of arbitrarily shaped segment,
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Fig. 8. Example of a complex circuit structure, which is unintentionally
divided into three segments for the full-wave segmentation method. Various
widths and lengths of the circuit arew1 = w2 = 0:6 mm, w3 = 0:3

mm, w4 = 0:45 mm, L1 = 1:2 mm, L2 = 1:8 mm, L3 = 0:9 mm, and
L4 = 3:3 mm.

in contrast to the conventional PCA and the MM segmentation
method requiring regular shapes. By means of direct algebraic
manipulation of the GSM’s of various segments according to
the interconnection lines between the segments [10], [12], the
complete GSM representation of the whole network can be
obtained by spending almost negligible CPU time. While ma-
nipulating the GSM’s algebraically, we are in effect matching
the fields across the interfaces between the various segments
in a network sense. Fig. 8 shows a test example to illustrate
how the full-wave segmentation technique proceeds. It consists
of a 50- microstrip line with an enlarged step discontinuity
followed by coupled microstrip lines, and combined to form
the output port with two bends. This complex two-port printed
circuit is placed in a waveguide tube as shown in Fig. 3(a).

Fig. 8 depicts how we unintentionally divide the structure
into three segments in cascade. Totally, there are four reference
planes in Fig. 8, namely, , , , and .
In view of the results shown in Figs. 6 and 7, we apply the
GSM space-domain integral-equation method to obtain the
GSM’s of the three segments using three modes within the
frequency band up to 17 GHz. Since the segments are in
cascade configuration, the overall scattering parameters can
be obtained by sequentially combining two GSM’s. The new
GSM after combining segment and segment (Fig. 8) can
be derived using a straightforward procedure [10] and given
by [12]

(17a)

(17b)

(17c)

(17d)

where

(18)

and and for or , are the submatri-
ces of the new GSM and the old GSM’s for segments
and , respectively. Fig. 9(a) and (b) plot the magnitude
and phase of the transmission and reflection coefficients of
the dominant mode for the comparative studies of the full-
wave segmentation method against the full-wave analysis of
the entire network without segmentation. The two solutions
almost coincide with each other without noticeable difference.

(a)

(b)

Fig. 9. Comparison of (a) the magnitude and (b) the phase of the GSM’s
obtained by analyzing the circuit of Fig. 8 with and without the segmentation
approach.

Thus the three-mode approximation of the GSM is a good
assumption in our test study and good tangential field matching
by the network interface is achieved.

V. CONCLUSION

A novel full-wave segmentation method is presented, em-
ploying the full-wave space-domain integral equation for ob-
taining the GSM’s of the various subcircuit segments, then
followed by network matching the fields across the interfaces
between the interconnected segments to form the complete
network description of an arbitrarily shaped multiport printed
circuit. The GSM space-domain integral equation is well
suited for obtaining the GSM of any multilayered planar or
quasi-planar printed circuit. A series of validity checks of
the GSM space-domain integral equation confirms that all
the data presented in this paper are converged and correct
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solutions. The criterion for obtaining such converged solutions
for the GSM is reported in Section III-A, while the results in
Section III-C imply that only three modes are required to yield
satisfactory network matching the fields between the various
segments for the particular case study.

A printed-circuit test example of Fig. 8 is divided at random
into three segments. The combined results of connecting the
individual GSM’s of each segment agree excellently with the
scattering parameters obtained by analyzing the complete net-
work without segmentation for the complex and large circuit.
The proposed full-wave segmentation method demonstrates
the following features, namely: 1) approximately 65% saving
in CPU time for analyzing the structure of Fig. 8 with three
segments as compared to that required for the whole circuit
without segmentation; 2) estimated two-thirds in memory
reduction for the same test case; and 3) the capability of
near discontinuity de-embedding of higher order modes or
multimodes. Furthermore, the efficiency of the segmentation
method increases with the complexity and dimension of the
circuit under analysis, as well as the number of segments.

Although the full-wave segmentation method using three-
mode approximation works well for all the case studies re-
ported here, it is highly possible that a great number of modes
are needed to faithfully represent the transverse field across
the segmentation plane between two subdivisions to obtain
accurate scattering parameters. Consequently when the planar
circuit contains strongly coupled subcircuits, one may exercise
certain EM expertise to pick the location of division that
avoids the region of strong coupling. Otherwise one has to
significantly increase the number of modes.

APPENDIX

If magnetic walls and equivalent electric-current sheets are
used in Fig. 2, (4) should be modified as

(A-1)

where the electric field can be replaced in terms of the dyadic
Green’s function by

(A-2)

By application of the reciprocity relation for the dyadic
Green’s function [22]

(A-3)

(A-1) and (A-2) lead to

(A-4)

Since the testing current is arbitrary on the conducting
strips, the expression inside the bracket of (A-4) has to
vanish, which is the commonly used integral equation [19].
This signifies that total (tangential) electric field on the strips
contributed by both the impressed sources and
and the induced current must be zero. The integral
equation (A-4) is viewed as a result of the weighted residuals
procedure with a testing (weighting) function of. When is
expanded by known basis functions, (A-4) leads to the method
of moments, and to the Galerkin’s method forequal to the
basis functions.
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