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When an asymmetric triangle voltage signal is applied to drive an electro-optic modulator, interference
signals with two groups of periodic sinusoidal segments with different frequencies are obtained. An im-
proved method is proposed to fit these two groups of segments, and their associated phases can be de-
termined. The absolute phase can be obtained by subtracting the initial phase from the phases of these
two groups. This technique is applied to all pixels, and the full-field absolute phase measurements can be
achieved. The validity of this method is demonstrated. © 2010 Optical Society of America
OCIS codes: 230.2090, 040.2840, 120.5050, 120.3180.

1. Introduction

In our previous paper [1], a method was proposed for
determining full-field absolute phases in heterodyne
interferometry [2–10]. In that method, the sawtooth
voltage signal with the amplitude being lower than
its half-wave voltage is used to drive the electro-optic
modulator. A group of periodic sinusoidal segments
at every pixel is obtained. The period of the sampled
sinusoidal segments is lengthened, and they are
modified to an associated continuous sinusoidal
wave, and the absolute phase can be determined.
However, a characteristic phase exists to be sub-
tracted, and its error contributes the total measure-
ment error. In addition, enough sample periods
should be taken for an iteration process to find the
optimum segment [1] and decrease the phase error.
Consequently, the entire process is certainly complex
in the previous method. To overcome these draw-
backs, an improved technique for measuring the
full-field absolute phases is proposed in this paper.
The electro-optic modulator is driven with an asym-
metric triangle voltage signal instead of the conven-
tional sawtooth voltage signal, and the interference

signals with two groups of periodic sinusoidal seg-
ments with different frequencies at every pixel are
obtained. The phase difference of these two sinusoi-
dal segments depends only on the absolute phase and
is not related to the initial phase of a certain sampled
starting point in the time axis. In real measure-
ments, these sinusoidal segments are taken by a fast
camera and become discrete digital signals. After the
second order differential operations, the sinusoidal
segments are divided into two groups, according to
their frequencies. Next, a modified least-squares sine
fitting algorithm is used to calculate the phases of
these two groups, and the absolute phase measured
at the pixel can be derived. These operations are ap-
plied to other pixels, and full-field absolute phase
measurements can be achieved. The validity of this
method is demonstrated. It has merits of both easy
operation and high accuracy, compared to the pre-
vious method.

2. Principle

A. Waveforms of the Interference Signals

The optical configuration is shown in Fig. 1. Its het-
erodyne light source consists of a linearly polarized
laser source (LS), an electro-optic modulator (EO)
with half-wave voltage Vπ, a linear voltage amplifier
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(LVA), and a function generator (FG). For conveni-
ence, the þz axis is chosen along the propagation di-
rection, and the y axis is along the vertical direction.
A linear polarized light at 45° with respect to the x
axis passes through the EO with the axis at 0° with
respect to the x axis. If an external voltage Vz is ap-
plied to the EO, then the phase retardation between s
and p polarizations can be given as [1]

Γ ¼ π
Vπ

Vz: ð1Þ

Instead of the conventional sawtooth voltage signal,
an asymmetric triangle voltage signal with a period
T and an amplitude Vπ is used to drive the EO. Its
shape is shown as in Fig. 2(a), with a 2=3T upward
part and a 1=3T downward part. They can be ex-
pressed as

VZ ¼ 3Vπ
T

½ðt − t0Þ −mT� − Vπ; mT ≤ t − t0

≤ ðmþ 2=3ÞT; ð2aÞ

VZ ¼ −
6Vπ
T

½ðt − t0Þ − ðmþ 1ÞT� − Vπ; ðmþ 2=3ÞT
≤ t − t0 ≤ ðmþ 1ÞT; ð2bÞ

respectively, where m is a nonnegative integer.
Substitute Eqs. (2a) and (2b) into Eq. (1), and we
have

Γ ¼ 3π t − t0
T

− ðmþ 1Þπ; mT ≤ t − t0

≤ ðmþ 2=3ÞT; ð3aÞ

Γ ¼ −6π t − t0
T

− π; ðmþ 2=3ÞT ≤ t − t0

≤ ðmþ 1ÞT: ð3bÞ

In a real measurement, there is an additional phase
difference ϕ between s and p polarizations after the
light beam passes through (or is reflected by) the test
sample, as shown in Fig. 1. Then, it passes through
an analyzer (AN) with the transmission axis at 45°
with respect to the x axis. Finally, it is imaged on
a complementary metal oxide semiconductor
(CMOS) camera C by an imaging lens (IL). Hence,
the test signal can be written as

IðtÞ ¼ 1
2

�
1þ cos

�
3π t

T
− ϕ0 þ ϕ −mπ

��
; mT

≤ t − t0 ≤ ðmþ 2=3ÞT; ð4aÞ

IðtÞ ¼ 1
2

�
1þ cos

�
6π t

T
− 2ϕ0 − ϕ

��
; ðmþ 2=3ÞT

≤ t − t0 ≤ ðmþ 1ÞT; ð4bÞ

where ϕ0 ¼ 3πt0=T represents the initial phase at the
first sampling point, while t ¼ 0. For clarity, the in-
terference signals for several different ϕ can be de-
picted in Figs. 2(b)–2(j). It is obvious that the
shape of IðtÞ is changed with ϕ instead of ϕ0. If ψ1 ¼
−ϕ0 þ ϕ −mπ and ψ2 ¼ −2ϕ0 − ϕ are measured, then

Fig. 1. Schematic diagram for the full-field common-path hetero-
dyne interferometer: LS, linearly polarized laser source; EO, elec-
tro-optic modulator; FG, function generator; LVA, linear voltage
amplifier; MO, microscopic objective; PH, pinhole; CL, collimating
lens; AN, analyzer; IL, imaging lens; C, CMOS camera; PC, perso-
nal computer.

Fig. 2. (a) Asymmetric triangle voltage signal is used to drive the
EO. (b)–(j) Theoretical interference signals as ϕ is changed from
−180° to 180° in steps of 45°.
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the test phase ϕ can be derived from Eqs. (4a) and
(4b) and written as

ϕ ¼ ð2ψ1 − ψ2Þ
3

: ð5Þ

B. Algorithm for Determining Absolute Phases

If the cameraCwith the frame frequency f c is used to
recordn framesat time0,Δt,2Δt;…; ðn − 1ÞΔt,where
Δt ¼ 1=f c, then each pixel records a series of discrete
digital signals I0, I1, I2;…In−1, as shown in Fig. 3. The
symbols * or○mean the samplingpositions of the sig-
nals of groupA and group B, which correspond to Eqs.
(4a) and (4b); their frequencies are f A ¼ 3=2T and
f B ¼ 3=T, as shown inFigs. 4(a) and4(d), respectively.
The junctions at any two consecutive sampled sinu-
soidal segments in the time axis are at local extreme
positions, which can be determined by operating the
second order differential on the discrete signals. Be-
cause there is a π phase difference between the even
and the odd segments in group A, Eq. (4a) can be re-
written as

IAðtÞ ¼
1
2

�
1þ cos

�
3π t

T
þ ψ1

��
¼ A1 · cos

�
3π t

T

�

þ B1 · sin
�
3π t

T

�
þ C1; if m is even; ð6aÞ

IAðtÞ¼
1
2

�
1þcos

�
3π t

T
þψ1þπ

��
¼A1 ·−cos

�
3π t

T

�

þB1 ·−sin
�
3π t

T

�
þC1; if misodd: ð6bÞ

If the data of the odd segments is shifted a π phase,
then the signal of group A becomes as that shown
in Fig. 4(b) and can be fitted to obtain a continuous
sinusoidal wave, as shown in Fig. 4(c). Consequently,
Eqs. (6a) and (6b) can further be written as

IAðtÞ ¼

0
BBBBBBBBBBBBBBBB@

IAðm ¼ 0; t ¼ 0Þ
IAðm ¼ 0; t ¼ ΔtÞ

:
IAð1; kΔtÞ

IAð1; ðkþ 1ÞΔtÞ
:

IAð2; ðkþ Tf cÞΔtÞ
:

1
CCCCCCCCCCCCCCCCA

¼

0
BBBBBBBBBBBBBBBB@

cos
�
3π 0

T

�
sin

�
3π 0

T

�
1

cos
�
3π Δt

T

�
sin

�
3π Δt

T

�
1

: : :

− cos
�
3π kΔt

T

�
− sin

�
3π kΔt

T

�
1

− cos
�
3π ðkþ1ÞΔt

T

�
− sin

�
3π ðkþ1ÞΔt

T

�
1

: : :

cos
�
3π ðkþTf cÞΔt

T

�
sin

�
3π ðkþTf cÞΔt

T

�
1

: : :

1
CCCCCCCCCCCCCCCCA

×
�A1

B1

C1

�
¼ M1 ×

�A1

B1

C1

�
; ð7Þ

where A1, B1, and C1 are real numbers. They can be
derived with the least-squares sine fitting algorithm
[11], that is,

�A1

B1

C1

�
¼ ðMt

1M1Þ−1Mt
1IA; ð8Þ

where Mt
1 means the transpose matrix of M1. On the

other hand, all the segments in group B are
in-phase, so they can be fitted directly to obtain a
continuous sinusoidal wave, as shown in Fig. 4(e).
Equation (4b) can be expressed as

IBðtÞ ¼
1
2

�
1þ cos

�
6π t

T
þ ψ2

��

¼ A2 · cos
�
6π t

T

�
þ B2 · sin

�
6π t

T

�
þ C2; ð9Þ

where A2, B2, and C2 are real numbers and can be de-
rived similarly by using Eq. (8). Finally, ψ1 and ψ2 can
be derived and written as

ψ1 ¼ tan−1

�
−B1

A1

�
; ð10aÞ

ψ2 ¼ tan−1

�
−B2

A2

�
: ð10bÞ

Fig. 3. Sampled data divided into two groups: group A (symbol *)
with f ¼ 3=2T and group B (symbol ○) with f ¼ 3=T.
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By substituting the results of Eqs. (10a) and (10b) into
Eq. (5), the absolute phase ϕ can be calculated. These
operations are applied to other pixels, and full-field
absolute phase measurements can be achieved. For
easy understanding, a flow chart that describes the
whole process is summarized and shown in Fig. 5.

3. Experiments and Results

To show the feasibility of this technique, the full-field
absolute phase retardations of a quarter-wave-plate
were measured. A He–Ne laser with a 632:8nm
wavelength, an EO modulator (New Focus/Model
4002) with Vπ ¼ 148V, and a CMOS camera (Bas-
ler/A504K) with an 8bit gray level and 200 × 200
pixels were used. Under the conditions T ¼ 1 s and
sampling frequency f c ¼ 49:1 frames/s, 500 frames
were taken. The intensities of the sampled signals
at the pixel ðþ100;þ100Þ are shown in Fig. 6. The
full-field phase retardation measurement is depicted
in Fig. 7, where the average phase retardation of the
full-field distribution and its standard deviation are
89:9° and 0:5°, respectively.

4. Discussion

In our previous method [1], an iteration process is
used to find the optimum segment. The sampled seg-

ments can be modified to a continuously sinusoidal
wave that can be expressed as

Ic ¼
1
2

�
1þ cos

�
2π V

VπT
tþ ψ

��
; ð11Þ

where V is the amplitude of the external sawtooth
voltage signal to the EO. The absolute phase can
be obtained from the initial phase of the optimum
segment. Although the error of determining the
starting point of the optimum segment can be de-
creased by using enough sampled segments under
specific experimental conditions, it is difficult to ap-
proach the theoretical starting point when f c is near
nV=VπT (n is an integer). The maximum phase error
might even reach to Δψ ¼ 2πV=VπTf c. However, in
this improved technique, groups A and B have the
same initial phase. The absolute phase can be de-
rived with subtractive operation without the prior in-
formation of the phase at the starting point of each
segment. Only several sampled segments are re-
quired to determine the absolute phase. Besides,
the time axis of the sampled data in this technique

Fig. 5. Flow chart for the whole process.

Fig. 6. (Color online) Intensities of the sampled signals at the
pixel ðþ100;þ100Þ.

Fig. 4. Processes to obtain associated sinusoidal signals: (a) the
sampled data of group A; (b) the odd segments in (a) are shifted a π
phase; (c) the associated sinusoidal signals (solid line) of (b); (d) the
sampled data of group B; (e) the associated sinusoidal signals
(solid line) of (d).
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remains unchanged, and there is no characteristic
phase. Its errors may be influenced by the sampling
errorΔϕs ¼ 0:036° and the polarization-mixing error
Δϕp ¼ 0:03° [1]. Consequently, the total theoretical
error is Δϕ ¼ Δϕs þΔϕp ¼ 0:066°. Hence, the opera-
tion of the whole process is simpler, faster, and more
accurate than the previous method.

5. Conclusion

An improved technique for full-field absolute phase
measurements in the heterodyne interferometerwith
an electro-optic modulator has been proposed in this
paper. When an asymmetric triangle voltage signal is
applied to drive the electro-opticmodulator, the inter-
ference signals become two groups of periodic sinusoi-
dal segments with different frequencies. These two
groups of segments are fitted by the least-squares sine
fitting algorithm, and their associated phases can be
determined. By subtracting the initial phase of these
two groups, the absolute phase can be obtained. This
technique is applied to all pixels, and the full-field ab-

solute phase measurements can be achieved. The
validity of this method has been demonstrated.

This study was supported in part by the National
Science Council of Taiwan (NSCT) under contract
NSC95-2221-E009-236-MY3.
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