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a b s t r a c t

For retaining walls built in mountainous regions, narrow backfill spaces are often encountered. The space
to fully develop the active wedge is restricted for walls with a limited backfill space. This paper presents a
numerical study on the behaviour of active earth pressures behind a rigid retaining wall with limited
backfill space of various geometries. The active earth pressure for a wall built with limited backfill space
is considerably less than that of the Coulomb solution, and the location of the resultant of active earth
pressures is noticeably higher than one-third of the wall height. The coefficient of active earth pressures
is as low as 0.5–0.6 times the Coulomb solution and the h/H value reaches up to 0.4–0.37 if aspect ratio of
the fill space is in the range from 0.1 to 0.2. A clear trend between the ratio of the coefficient of active
earth pressures at constrained fill conditions over the Coulomb Ka value and the aspect ratio of the fill-
space geometry is obtained.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The Coulomb or Rankine theories are commonly used for com-
puting active earth pressures behind rigid retaining walls in wall
design. Both of the theories require that the backfill behind the
wall extend to a sufficient distance and that the failure wedge de-
velop fully in the backfill. However, for walls built in mountainous
regions, e.g., the case reported by Fan and Hsieh [4] and Lee and
Hencher [9], narrow backfill widths are often encountered, e.g.,
rock formations or stable boundaries are close to the wall, as
shown in Fig. 1. For rigid retaining walls, the active failure wedge
in the backfill is bounded by the wall and the plane with an incli-
nation angle of (45� + //2) from the horizontal, as shown in Fig. 1.
Any stiff boundary, e.g., stable rock faces, within the failure wedge
may result in interference of the development of the active state
behind the wall. For rigid retaining walls built adjacent to rock
faces, the commonly used Coulomb and Rankine theories are
clearly inappropriate in estimating the active earth pressure on
the wall. The distribution of earth pressures on retaining walls
with limited backfill space has gained little attention in past re-
search, whereas it is important in the design of reinforced concrete
(RC) retaining walls in mountainous regions in terms of the
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resultant of earth pressures and the location of the resultant of
earth pressures.

Frydman and Keissar [6] conducted centrifuge model tests for a
rigid retaining wall near a vertical rigid boundary to observe
changes in earth pressures behind the wall from at-rest conditions
to active conditions. The retaining wall was made from aluminium,
allowing rotation of the wall about its base. The test results
showed that the earth pressure in active conditions was not in a
triangular distribution. The coefficient of active earth pressures,
defined as the ratio of the horizontal stress over the overburden
stress, decreased noticeably with the depth. In other words, the
location of the resultant of active earth pressures was located
above one-third of the wall height.

Spangler and Handy [12] developed an equation based on Jans-
sen’s arching theory [8] for calculating the lateral pressure acting
on the wall of a silo. The lateral pressure at any given depth, z, is
given as (silo pressure equation)

rh ¼
cb

2 tan d
1� exp �2K

z
b

tan d
� �h i

ð1Þ

where rh is the lateral pressure acting on the wall, b is the distance
between the walls, K is the coefficient of lateral pressure on the
wall, z is the depth from the top of the wall, c is the unit weight
of the filled material, and d is the angle of friction between the wall
and the fill. The K value depends on the movement of the wall. For
walls without movement, Jaky’s equation was suggested for esti-
mating the K value, i.e., K = 1 � sin / [6]. In the active condition,
Frydman and Keissar [6] further derived the K value by taking into
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Fig. 1. A schematic drawing of a RC retaining wall near a rock face.

ig. 2. Typical geometry of backfill zone behind a retaining wall and the type of
all movement (translation mode) used in this study.
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account the friction between the wall and the fill and assuming that
the soil near the wall reached a state of failure. The K value is given
by

K ¼
ðsin2 /þ1Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsin2 /þ1Þ2�ð1�sin2 /Þð4tan2 d�sin2 /þ1Þ

q

ð4tan2 d�sin2 /þ1Þ
ð2Þ

where / is the angle of internal friction of the fill. The coefficient of
lateral earth pressures in the active condition at a given depth z can
be determined as the ratio of rh over rv (=cz) and is expressed as

Ka ¼
b

2ðzÞ tan d
1� exp �2K

z
b

tan d
� �h i

ð3Þ

The coefficient of active earth pressures at a given depth z for
retaining walls near vertical rock faces can be theoretically esti-
mated by substituting Eq. (2) into Eq. (3). The distribution of the
Ka value with the depth in Eq. (3) was verified using the experi-
mental data obtained from the centrifuge model tests [6], in which
the model wall rotated about its base. The Ka value obtained de-
creased considerably with depth. Additionally, the measured Ka va-
lue was significantly less than the Coulomb’s coefficient of active
earth pressures at a z/b value greater than about 2.0. The measured
Ka value was in a range from 0.22 to 0.25 at a z/b value of 2,
whereas it was about 0.14 at a z/b value of 6.5. The Coulomb Ka va-
lue for the soil (/ = 36� and d = 25�) used in the centrifuge model
test was 0.235. Nevertheless, the equations shown above cannot
be used to compute the active earth pressure on traditional rigid
retaining walls with limited backfill space because the geometry
of the backfill space is unlike that of a silo.

Although experimental studies are rare, the behaviour of active
earth pressures against rigid retaining walls near a vertical stiff
boundary has been identified experimentally by Frydman and Keis-
sar [6]. However, little attention has been paid to the location of the
resultant of active earth pressures and the active earth pressure on
rigid retaining walls built next to constrained fill space with various
geometric conditions. The research conducted herein aims to inves-
tigate this subject. The finite element method was used to carry out
the analyses. Additionally, the effect of the wall height and the fric-
tion angle of the backfill soil on the active earth pressure as well as
the location of the resultant of active earth pressures for walls with
limited backfill space were also investigated in this study.

2. Numerical modelling

2.1. Finite element modelling

The non-linear finite element program PLAXIS [10] was used to
analyse the earth pressure from at-rest to active conditions for a ri-
gid retaining wall close to a stable rock face. Typical geometry of
the backfill zone used in this study is shown in Fig. 2. The wall used
in the analyses represents a rigid RC wall, i.e., no bending during
wall movement, in the FE model. To investigate the influence of
the backfill-space geometry on the behaviour of active earth pres-
sures, the sloping gradient (b) of the rock face and the distance (b)
between the bottom of the wall and the rock face were varied in
the numerical analyses. The soil at the base of the wall was consid-
ered a firm ground in the numerical analyses conducted herein.
The numerical analyses on earth pressures reaching active states
on a wall were conducted by using displacement-controlled
numerical scheme on the wall movement. The bottom boundary
of the mesh was fixed against movement in horizontal and vertical
directions, and the vertical boundaries of the mesh were fixed
against horizontal movement.

The wall was prevented from movement during placing the fill.
Wall movement was prescribed after the filling process until earth
pressures behind the wall reach the active condition. The finite ele-
ment mesh, which was examined to eliminate the influence of size
effect and boundary on the results of the analyses, for a retaining
wall with limited backfill space (b = 70� and b = 0.5 m) is shown
in Fig. 3. The finite element mesh consisted of 1512 elements,
3580 nodes, and 4536 stress points.

2.2. Modelling of backfill, walls, and interfaces

Soil elements used in this study were six-node triangular iso-
parametric elements, with three Gauss points for each element.
The Mohr–Coulomb constitutive model was used to model the
stress–strain behaviour of soils. This model requires five parame-
ters, i.e., Young’s modulus (E), Poisson’s ratio (m), friction angle
(/), cohesion (c), and dilatancy angle (w). The dilatancy angle (w)
is normally used in cohesionless materials and is dependent on
the relative density and friction angle of the soil. For a soil material
with friction angle greater than 30�, the soil tends to dilate at small
strain conditions, where active earth pressures develop. The dilat-
ancy angle (w) is approximately equal to / � 30� [2], and it is used
in the current study.

Interface elements between the wall and the backfill and be-
tween the rock face and the backfill were taken into account in
the analyses. Thin rectangular interface elements, six-node ele-
ments, were used between soils and structural elements [10].
The interface element had a zero thickness in the finite element
formulation. However, a small virtual thickness was assigned to
the interface element, which was used to define the material prop-
F
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Fig. 3. The finite element mesh for a retaining wall with limited backfill space (b = 70� and b = 0.5 m).
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Fig. 4. Comparison of the distribution of active earth pressures along depth (z/b)
among the FE results, experimental data, and theoretical solution (Note: the top and
bottom cells in the experimental study [6] were located at the 2/3 and 1/3 of the
wall height, respectively).
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erties of the interface. The material properties of the interface ele-
ment were the same as those of surrounding soil elements, except
that a strength reduction factor (Rinter), defined as the ratio of the
interface strength to the shear strength of surrounding soils, was
used for the interface element. Contact modes, slip modes, and
de-bonding modes were considered in the interface element. The
experimental results conducted by Ampera and Aydogmus [1]
indicated that the interface friction angle (d) between silty materi-
als and smooth concrete ranged from about 0.74/ to 0.9/, and the
d value between silty materials and rough concrete ranged from
0.98/ to 1.02/. Additionally, Potyondy [11] proposed that the d//
values between sands and concrete made in wood form and those
between sands and rough concrete were 0.88 and 0.98, respec-
tively, in dry condition. Therefore, d// value of 0.9 was used for
the interface friction angle (d1) between the backfill and the wall
in this study, and a d// value of 1.0 was used for the interface fric-
tion angle (d2) between the backfill and the rock face.

The rock formation behind the retaining wall was considered a
stable ground. The stress–strain behaviour of the rock formation
was considered to have no influence on the stress distribution in
the backfill soil during filling. Linear elastic behaviour was used
to model the behaviour of the rock formation. Additionally, the
retaining wall used in the analyses was a rigid reinforced concrete
structure with a uniform thickness of 0.6 m. It was modelled using
plates with linearly elastic behaviour in the FE analysis. The anal-
yses were conducted in dry conditions.

2.3. Verifications

Earth pressures computed from the FE analyses for walls under-
going lateral movement were verified using the experimental data
obtained from centrifuge model wall tests conducted by Frydman
and Keissar [6] and the Spangler and Handy equation, Eq. (3), asso-
ciated with Eq. (2). The retaining wall in the centrifuge model test
was close to a vertical rock face, which was simulated by wooden
block coated with sands. Fine sand was used for the backfill. The
wall was prevented from movement during the filling with sands.
Walls allowed for rotation about their base after the filling. The
sand was prepared at a relative density of 70% in the model tests,
and the friction angle (/) of the fill in the model tests was 36�.
The interface friction angle between the wall (aluminium) and
the sand was 20–25�, and a friction angle of 25� was used for the
interface between the wall and the backfill in the FE analyses.
The interface friction angle between the backfill and the rock face
was 30�; the unit weight of the sand was 15.8 kN/m3 [6]. The cen-
trifuge model wall test corresponded to a wall height of 8.5 m. The
FE analyses were conducted for an 8.5-m-high wall. The fill in the
FE modelling was completed in eight stages, 1-m-thick per stage
from the bottom to a height of 7 m and 1.5 m thick for the last
stage. The fill was placed as an elastic material and converted to
a material with the Mohr–Coulomb soil model the next stage.
The FE mesh was similar to that shown in Fig. 3, whereas the bot-
tom of the wall was located at the same elevation as that of ground
surface in front of the wall. Following the completion of the filling,
lateral displacements were prescribed on the wall to allow rotation
about its bottom until active conditions were reached. The FE anal-
yses for fill widths (b) of 1 m and 2 m were carried out. Fig. 4 shows
the comparison among the computed active earth pressures from
the FE analyses, the theoretic solution, and the measured data from
the centrifuge model wall test. Good agreement was obtained
among these results.

3. Active earth pressures on retaining walls with limited backfill
space

Typical geometry of the backfill zone behind retaining walls
considered in this study is shown in Fig. 2. The wall height (H) used
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was 5 m, and the embedment depth of the wall was 1 m. The fill
width (b) at the bottom of the wall and inclination (b) of the rock
face were varied in the FE analyses. The fill widths (b) were 0 m,
0.5 m (0.1H), and 1 m (0.2H), and the inclinations (b) of the stiff
boundary (rock faces) varied from 30� to 90�. The retaining wall
was considered to be undergoing translation in this study. The
schematic drawing for this type of wall movement is shown in
Fig. 2. Walls were prevented from moving during placement of
the backfill, and wall movements were prescribed in the FE analy-
ses following the completion of backfilling until earth pressures
reached the active condition.

Table 1 shows the parameters used for the wall, the backfill soil,
and the rock formation in the FE analyses. The parameters for the
backfill soil are typical for medium to dense sandy materials.
H=5m; b=0.5m; β=80ο

γ =15.5kN/m3 ; φ =31ο

Jaky's eqn.
The Coulomb solution

Δ=0

Δ=0.0005H
0.2

0

3.1. Distribution of earth pressures along depth

For rigid retaining walls with a height of 5 m and a friction angle
of 31� for the backfill, the Rankine’s active failure wedge intersects
with the top surface at a distance of 2.83 m from the wall. Comput-
ing the active earth pressure using the Coulomb earth pressure
theory is inappropriate if the active failure wedge cannot fully de-
velop due to the geometric constraints of the rock face. Fig. 5
shows the horizontal earth pressure distribution with depth (z/H)
at various wall displacements at a b value of 80� and a b value of
0.5 m. The horizontal earth pressures were obtained through the
normal stresses of a vertical cross-section in the backfill right be-
hind the wall. The earth pressure in active conditions occurs at a
wall displacement of about 0.0005H. The earth pressure in active
conditions along the depth is not in a triangular distribution, and
it is considerably less than that of the Coulomb solution at the low-
er elevation of the wall. The resultant of active earth pressures is
obviously less than that computed using the Coulomb theory,
and the location of the resultant of the active earth pressure is
about 0.38H (>1/3H).

Fang and Ishibashi [5] carried out model wall tests for earth
pressures under different modes of wall movement, i.e., rotation
about the wall base, rotation about the wall top, and translation.
The authors reported that the wall displacement at its top required
to reach active earth pressure conditions behind the wall was
about 0.0005H for a wall moving in translation mode. Bowles [3]
indicated that the amount of translation required to produce active
earth pressure conditions was about 0.001H–0.002H and 0.002H–
0.004H for dense and loose cohesionless materials, respectively.
The wall movement required to reach the active state obtained
Table 1
Parameters for the backfill, the rock, and walls used in the FE analyses.

Parameters Backfill
(Mohr–
Coulomb
model)

Rock
(linearly
elastic)

Wall (linearly
elastic)

Unit weight (ct) 15.5 kN/m3 24 kN/m3 24 kN/m3

Cohesion (c) 0 – –
Friction angle (/) 31� – –
Modulus of elasticity (E) 60 MPa 2100 MPa 2100 MPa
Poisson’s ratio (mur) 0.3 0.15 0.15
Dilatancy angle (w) 1� – –
Interface friction angle

between the wall and the
backfill(d1)

28� – –

Interfac e friction angle
between the rock face
and the backfill (d2)

31� – –

Flexural rigidity (EI) – – 4.2 � 105 kN m2/
m

Normal stiffness (EA) – – 1.26 � 107 kN/m
in the numerical analyses was less than that proposed by Bowles
[3]; however, it was similar to that obtained in the model wall test
carried out by Fang and Ishibashi [5].

In addition, the coefficient of active earth pressures (Ka(c)) com-
puted from the FE analyses is defined as

KaðcÞ ¼
PA

0:5cH2ðcos dÞ
ð4Þ

where PA is the resultant of horizontal earth pressures in active con-
ditions computed from the FE analyses, c is the unit weight of back-
fill, H is the wall height, and d is the friction angle of the wall-soil
interface. For the backfill space with a b value of 0.5 m and a b value
of 80�, the Ka(c) value is 0.234, which is less than the Coulomb solu-
tion (Ka(Coulomb) = 0.286). Furthermore, the Ka(c) value is 0.30 if the
backfill space is sufficient (e.g., b = 10 m) to develop active wedge
in the numerical modelling used herein, and the Ka(c) value is about
1.05 times the Ka(Coulomb) value.

The behaviour of active earth pressures obtained for walls with
limited backfill space can be attributed to the arching effect devel-
oped in the backfill. It is induced by the cumulative effect of side
friction forces along the side boundaries of the backfill during fill-
ing [7]. The cumulative side forces along the wall work to reduce
the total vertical force near the wall as a function of depth. Fig. 6
shows the principal stress distributions in the backfill for walls
undergoing translation in active conditions at a b value of 0.5 m
and a b value of 80�. The principal stress directions in the backfill
vary with depth due to the confined effect of the rock face behind
the wall and the side friction developed between the backfill and
the wall. The trajectory of the minor principal stress direction in
the backfill shows an approximately continuous arch that dips
downward, i.e., an inverted arch, and the minor principal stress tra-
jectory forms about a half-arch at about the mid-height to one-fifth
of the wall height due to the presence of an inclined rock face.
Additionally, small lateral stresses at the lower elevation of the
backfill near the wall were observed. The numerical results further
prove the theoretical work on soil arching introduced by Handy
[7]: soil arching action may be depicted as a trajectory of the minor
principal stress that approximates a catenary.
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Fig. 5. Distribution of horizontal earth pressures with the depth at various wall
displacements.



Fig. 6. The principal stresses in the backfill (b = 80�, b = 0.5 m) behind a wall in
active conditions.
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3.2. Effect of fill-space geometry on active earth pressures

The location of the rock face behind retaining walls plays an
important role in the development of arching in the backfill and
in the mobilisation of earth pressures on the wall. Fig. 7 shows
the variation of the ratio of the coefficient of active earth pressures,
Ka(c), computed from FE analyses over the Coulomb solution, Ka(Cou-

lomb), with the inclination (b) of the rock face at various fill widths
(b). The Ka(c) values for b greater than about 60� are considerably
less than those of the Coulomb solution and decrease with increas-
ing b values. Additionally, the Ka(c) values decrease with decreasing
fill width (b) at a given b value greater than about 60�. For the rock
face with b values of 90�, 80�, and 70�, the Ka(c) values are 0.51,
0.82, and 1.02 times the Coulomb Ka value (=0.286) if the fill width
(b) is 0.5 m. The influence of the rock face on the development of
earth pressures in the backfill can be neglected if the b value is less
than about 60�, which is close to the inclination of the active wedge
(=45� + //2 = 60.5�). For b values of 0 m, 0.5 m, and 1 m, the Ka(c)

values are 0.60, 0.82, and 0.95 times the Coulomb Ka value if the
b value is 80�.
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3.3. Effect of fill-space geometry on the location of the resultant of
active earth pressures

Fig. 8 shows the variation of the location (h/H), measured from
the ground surface in front of the wall, of the resultant of active
earth pressures with the inclination (b) of rock faces at various fill
widths (b). The locations of the resultant of active earth pressures
are greater than 0.33H, which is the location of the resultant for a
triangular earth pressure distribution, for fill space with a b value
greater than about 60�, and they are almost the same as 0.33H at
a b value less than about 60�. For a b value greater than 60�, the
h/H value increases with increasing b values, and it increases with
decreasing fill widths. For walls with b value of 0.5 m, the h/H val-
ues reach up to 0.42, 0.39 and 0.35 for the rock face inclined at 90�,
80�, and 70�, respectively.
4. Effect of aspect ratio of the fill space on active earth pressures

The coefficient of lateral earth pressures in the active condition
at a given depth (z) for retaining walls near a vertical stiff boundary
is a function of the fill width (b) and depth (z) according to the the-
oretic derivation by Frydman and Keissar [6], as shown in Eq. (3).
Thus, wall height may affect the coefficient of active earth pres-
sures for walls close to rock faces. Numerical analyses on retaining
walls 3 m, 5 m, and 8 m high were further carried out in this study.
To demonstrate the effect of the geometry of the limited backfill
space on the active earth pressure, the ratio of the fill width at
the top of the backfill, b + H � tan(90� � b), over the wall height
(H) was defined to represent the aspect ratio of the fill space. Figs.
9 and 10 show the variations of the Ka(c)/Ka(Coulomb) value and the
h/H value with the ratio of (b + H � tan(90� � b))/H, respectively. A
clear trend between the Ka(c)/Ka(Coulomb) value and the aspect ratio,
(b + H � tan(90� � b))/H, was observed. Additionally, the relation-
ship between the h/H value and the aspect ratio was also clearly
identified. The Ka(c)/Ka(Coulomb) value decreases with decreasing as-
pect ratio, (b + H � tan(90� � b))/H. The Ka(c)/Ka(Coulomb) values level
off once the aspect ratio is greater than about 0.6, and the Ka(c) va-
lue is slightly greater than the Coulomb solution at a high aspect
ratio. The h/H value increases with decreasing aspect ratio of the
fill space and reaches 0.33 at an aspect ratio greater than about 0.6.

In addition, the effect of the friction angle (/) of the backfill soil
on the relationship between the normalised coefficient of active
earth pressures (Ka(c)/Ka(Coulomb)) and the aspect ratio of the fill
space was further analysed, as shown in Fig. 11. Friction angles
of 25�, 31�, and 35�, which cover the soil properties for most of
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Fig. 12. Influence of friction angle of the soil on the variation of h/H with aspect
ratio of the fill space.
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the fill materials, were used in the analyses. The trend found by the
authors is a very good approximation for the full range of friction
angle. The equation and accuracy for estimating the Ka(c)/Ka(Coulomb)

value with respect to the aspect ratio is shown Fig. 11. Fig. 12
shows the variation of the h/H value with aspect ratio of the fill
space for various friction angles. These results demonstrate that
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Fig. 11. Influence of friction angle of the soil on the variation of Ka(c)/Ka(Coulomb) with
aspect ratio of the fill space.
the effect of friction angle of the soil on the correlations between
the Ka(c)/Ka(Coulomb) and the aspect ratio and between the h/H and
the aspect ratio is negligible. The equation for estimating the h/H
value with respect to the aspect ratio is summarised in Fig. 12.
5. Conclusions

This paper investigated active earth pressures on rigid retaining
walls built near rock faces. The fill space behind the wall was lim-
ited due to the presence of the rock face. The finite element method
was used to carry out the analyses. Rock faces behind the fill space
with various sloping conditions and with various distances from
the wall were taken into account in the FE analyses. In addition,
the effect of the aspect ratio of the fill space and the friction angle
of the fill on the coefficient of active earth pressures and the loca-
tion of the resultant of active earth pressures was also investigated
in this study.

The coefficients (Ka(c)) of the active earth pressures on rigid
walls near rock faces were considerably less than the Coulomb
solution and decreased with increasing inclination (b) of the rock
face if the stiff boundary was within the Rankine’s active wedge.
For rock faces with b angle of 80�, the Ka(c) value was 0.60, 0.82,
and 0.95 times the Coulomb Ka value at the fill width (b) of 0,
0.5 m, and 1 m, respectively, at the bottom. The presence of the
rock face within the active wedge resulted in a higher location of
resultant of active earth pressures, i.e., h/H > 0.33. The h/H value in-
creased with increasing inclinations (b) of the rock face, and it in-
creased with decreasing fill widths (b). For rock faces with a b angle
of 80�, the h/H values reached up to 0.46, 0.39 and 0.36 at the fill
width (b) of 0 m, 0.5 m, and 1 m, respectively, at the bottom. Addi-
tionally, a simple relationship between the normalised coefficient
(Ka(c)/Ka(Coulomb)) of active earth pressures on walls near rock faces
and the aspect ratio of the fill space was obtained irrespective of
the wall height and the friction angle of the fill materials. The
Ka(c)/Ka(Coulomb) value decreased with the decreasing aspect ratio
of the fill space, and it levelled off at an aspect ratio of about 0.6.
Additionally, a clear relationship between the h/H value and the as-
pect ratio of the fill space was also obtained irrespective of the wall
height and the friction angle of the fill materials. The h/H value in-
creased with the decreasing aspect ratio of the fill space.
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