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Abstract—An efficient method is presented to model the tran-
sient characteristics of distributed resistor-capacitor of ULSI
multilevel interconnections on complex topography, in which the
reformulation of the boundary-element method (BEM) and the
Padè-via-Lanczos (PVL) algorithm associated with multilayer
Green’s function can avoid the redundant works on both volume
mesh and transient analysis associated with the finite-difference
method. An adaptive multilayer Green’s function is adopted to
investigate several cases that have revealed interesting physical
mechanisms in charge transfer between conductors on multilayer
topography. To improve the timing analysis efficiency of the
finite-difference method, the dominant poles are obtained by
introducing the PVL algorithm for model-order reduction. Hence,
it is easy to calculate the transient characteristics of both parallel
conductors and complicated configurations such as crossing lines,
corners, contacts, multilayers, and their combinations.

Index Terms—Boundary-element method, Green’s function,
multilevel interconnection, Pad̀e-via-Lanczos algorithm, ULSI.

I. INTRODUCTION

T HE IC interconnection delay modeled with high accuracy
in ULSI circuits are becoming increasingly important

and necessary. The geometry of the interconnection is an
important factor in the transmission behavior and layout-
to-circuit extractors to obtain accuracy and efficiency. In
the past, the interconnections are subdivided into small ele-
ments and each element is replaced by a lumped RC-section.
However, the number of elements must be sufficiently large
to guarantee that the distributed properties of the intercon-
nection are accurately reflected by the resulting network.
It was suggested that simulations with sufficient accuracy
based on asymptotic waveform evaluation (AWE) [1] could
be performed by computing the transient characteristics of
the electric fields both inside and outside the interconnects
by the finite-difference discretization of Laplace equation
[2]. However, this method is time-consuming and the ill-
conditioned problem of matching the moments for the AWE
method will explicitly happen. Recently, the boundary-element
approach (BEM) based on Green’s theorem, which has been
widely applied to important issues of interconnections but can
avoid the volume mesh associated with the finite-difference
methods, has been investigated by many research groups [3],
[4]. To deal with these problems, an efficient and accurate
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modeling of transient characteristics of different dielectric
layers for such a densely packed multiconductor system has
been developed.

Our work uses an adaptive multilayer Green’s function
for BEM to examine the voltage and current responses of
multilevel conductor system. After the Laplace transformation
of the large linear equations, all the poles and residues can be
obtained by diagonalization of matrix. To improve timing anal-
ysis efficiency, the Padè-via-Lanczos (PVL) algorithm [5] is
introduced to generate arbitrary numbers of poles and residues
with little numerical degradation. Besides, this method can
avoid the ill-conditioned problem of matching the moments
induced explicitly by the AWE method. At the same time,
we find that the transient characteristics of the interconnection
strongly depend on its capacitance obtained by [3] for steady
state. Major improvements are the reformulation of the BEM
and PVL algorithm associated with multilayer Green’s func-
tion to model the transient characteristics, which are proven
to be applicable to even more complex configuration.

II. M ODEL DEVELOPMENT

A. Green’s Formulation

It is adequate to assume that the relaxation time of the
volume charge is short enough to be negligible so that we
only consider the transient response of surface charge. The
BEM for calculating multiconductor transient characteristics
is based on a Green’s function approach to the electrostatic
problem. To consider a geometry with a number of conductors
embedded in a perfectly stratified dielectric medium shown in
Fig. 1, the multilayer Green’s function is used [3],
where is a view point and is a source point. For the
wavelength of electromagnetic wave longer than the length
of conductor, the magnetic fields can be negligible. From the
Laplace equation and its Green’s function defined
as , one can obtain the time-dependent
boundary-integral equation by the conservation of charges [4]

(1)

where is the dielectric relaxation time and denotes
contact region.

After discretization of (1), the surface of conductors is
divided into elements and the meshing number of contact
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Fig. 1. The inset figure shows the configuration of multilevel interconnections (�polysilicon = 0:01
 � cm) in inhomogeneous medium over an infinite
ground plane and its equivalent circuit. And the transient characteristics for the end of the conductorM1 versus different vertical positions of the conductor
M1 in homogeneous medium over the ground plane ("1 = "2 = 3:9"0; h2 = 2:5�m, and the total number of nodes= 216).

part of conductor surface is . The Galerkin method applied
to the discretized boundary integral equation. Equation (1) can
be rewritten as

(2)

where , the matrix elements

,
and is the constant-element shape function assigned to
the boundary element such that .

To obtain a concise form in matrix notation for the dis-
cretized boundary integral formulation, the above equation can
be reformulated as

(3)

where . Explicitly,
and are the potentials and charges
of element, respectively; is the identity matrix. After the
Laplace transformation of the above equation, one can obtain
the following expression:

(4)

where the index “” denotes contact region and “” denotes
floating region. Define the Laplace transformation of the input
excitation vector as , we can obtain the contact
charges of conductors as

(5)

and the potential of floating region on conductor as

(6)

where , ,
, , and

. To obtain transient behavior, the transfer function
for voltage is defined as

(7)

where is the vector which picks out the voltages
from a specific observation point. By combining the above two
equations, we immediately obtain

(8)

where . Besides the transfer function for current
can be defined as

(9)

where is the vector which picks out the currents
from a specific observation point. By combining (5) and the
above equation, we also get

(10)
where

and .

B. Padè-via-Lanczos Algorithm

Using the Pad̀e-via-Lanczos (PVL) algorithm [5], the
reduced-order transfer function for (8) can then be constructed
as

(11)



692 IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. 46, NO. 4, APRIL 1999

which is just the th Padè approximation of . Whereas
, is the tridiagonal matrix

and upper Hessenberg matrix. The transfer function of the
reduced th-order system can be obtained directly by using the
eigen-decomposition diag . After
manipulation, we can obtain

(12)

where and . The th
pole and the th residue of are and

, respectively. Similarly, the reduced-order
transfer function for (10) can be also derived by the PVL
algorithm.

C. Multilayer Green’s Function

The derivations given in the above sections can be used
when there is the multilayer region. Generally, the problem
of an appropriate three-dimensional (3-D) Green’s function in
multilayer regions can be obtained by two different methods:
one is the method of images [8]; the other is the Fourier
integral techniques [3], [7] to obtain the Green’s function.
Comparatively, the latter method is less cumbersome and more
physical.

We consider that the interconnections are placed in a strat-
ified medium over an electric ground plane. This assumption
is valid when the substrate is heavily doped and the IC is
reasonably planar. So, the Si-substrate is the infinite ground
plane and the SiOlayer is used as protective material. We use
the Fourier integral technique to obtain the Green’s function
for Si–SiO system shown in Fig. 1. When both the field point
and the source point are in the same protective coating such
as oxide, the Green’s function for stratified medium can be
written as

(13)

where denotes the dielectric constant of SiO; denotes
the permittivity of vacuum or SiN ; and is the thickness
of SiO . The source point and the field point

are space variables, which are described in the
rectangular coordinate shown in Fig. 1. In (13), the physical
meaning of potential can be divided into three terms: the first
term is due to the contribution from the uniform dielectric;
the second term can be considered as the contribution from
the infinite ground plane; while the third term represents the
contribution from different dielectrics.

III. ELEMENT INTEGRATIONS

The constant flat boundary element system is used here.
The boundary is approximated by a polyhedron of flat
sides, i.e., . Here we choose the
triangular element, so . The integral calculations of
matrix elements and in (2) are the most critical part
of a simulator, since it determines the computing time and
the accuracy. For the constant boundary element, the integral
terms of matrix elements, and , are in analytical forms,
which can be expressed as [6]

sign (14)

(15)

where and

corner angle

0
(16)

in which the condition (a) in (16) is the projection point on
vertex; the condition (b) is the projection point on boundary
or inside triangular element; and the condition (c) is else. It’s
important to note that the in the analytical integral solution
is an effective value and is not an actual geometrical angle.
The parameters of , , , , , , and are shown in
Fig. 2; the parameter of is the area of the th triangular
element; the term in (14) is defined to take a
value in as the counterclockwise angle from-axis in

-plane. By using multilayer Green’s functions, each matrix
element is consisted of infinite series of surface integral. For
the constant boundary element, the integral terms of matrix
elements are in analytical forms.

According to the layout data, an automatic mesh generation
takes place, in which node numbers and their coordinates are
linked to the pre-processor of boundary element tools. Hence,
it has been pointed out [3] that the calculated capacitance
values are sensitive with respect to selection of nodes. To
examine the accuracy and the efficiency of the sinusoidal
weighting method, we employ the following scheme within
each other of vertex points, and , in which
one takes

(17)
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Fig. 2. Configuration of the field point and the triangular element based on three source points.

where ; is the total number of nodes
between vertices and is a function of the three independent
coordinate variables in 3-D space; is the position for the

th node of the th conductor; and is the weighting factor
[3]. In general, as is smaller than one, the selective nodes
are closer to the vertex.

IV. RESULTS AND COMPARISONS

The most obvious application of our proposed method is to
determine how much changes in voltages on a given conductor
are capacitively transmitted to nearby conductor in inhomo-
geneous dielectric material oriented over an infinite ground
plane. For the general case, we consider the scenario described
in Fig. 1, in which a voltage step is applied to the near end
of conductor. Actually, when the pumping charges are
driven to one end of conductor, according to the image charges
induced by the multiconductors on multilayer topography we
adopted, the coupling capacitance of interconnections becomes
complicated to analyze. The voltage responses at both the far
ends of the parallel conductors are monitored, in which
has its near end grounded. For this configuration, typically one
end of every conductor is driven and the other end is connected
to a high-impedance input, which can be considered as open.

For the convenience of monitoring, all the values in the
tables but not all the figures listed are calculated at far end
of conductor. The accuracy of the proposed method could
be checked against data in Table I for two parallel conductors
and homogeneous dielectric material oriented over an infinite
ground plane shown in Fig. 1. One can see from Table I
that the relative error of dominant pole will converge to
less than about 6% for the number of nodes larger than 216
under equal-space meshing and the CPU time will be less
than 156 s. To investigate the effectiveness of the sinusoidal
weighting scheme, which has been proven to be efficient [3],
we calculate the dominant poles for Fig. 1 under different
grid-partition conditions, as shown in Table II. The second
and third rows are calculated under equal-space meshing as
references for other sinusoidal weighting conditions. From
Table II, it can be found that the relative error will grow
as value is both larger and less than one. Obviously, the
sinusoidal weighting method for the transient cases has no
particular advantage as compared to the steady-state case [3],
due to the complex charge pumping process. It should be noted
that the computing time is made on a HP-735 workstation,
which depends not only on the algorithm presented here but
also on the method of grid partition. Furthermore, to exam
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TABLE I
THE ACCURACY AND THE CPU TIME VERSUS THETOTAL MESH NUMBER FOR

THE INSET OF FIG. 1. ("1 = "2 = 3:9"0; h1 = 0:5 �m, AND h2 = 2:5 �m)

TABLE II
THE EFFECTIVENESS OF THESINUSOIDAL WEIGHTING SCHEME

FOR THE INSET OF FIG. 1. ("1 = "2 = 3:9"0; h1 = 0:5 �m,
h2 = 2:5 �m, AND THE TOTAL NUMBER OF NODES = 216)

the efficiency of our proposed model, the relative errors are
demonstrated for different number of poles. From Table III, as
the number of computed polesis small increased, one can see
the relative error is greatly reduced in order of magnitude. At
the same time, the approximation form is more and more
approaching the exact frequency response. It is worth noting
that the relative error for is only about 0.008 383% and
the CPU time is greatly reduced to about half of the value in
the last row with .

To illustrate the flexibility of our proposed technique, we
consider more general cases for different values of the ground
plane position and the dielectric constant for the region 2.
To brief the article, the major physical meanings are extracted
from the transient characteristics and listed in Table IV, which
monitor the far ends of the and conductors, respec-
tively. From rows 3–6 of Table IV, one can see that as the
height increases exponentially from 0.05 to 50m, the
current peak for decreases almost inverse proportion and

TABLE III
THE EFFECTIVENESS OF THEPVL ALGORITHM FOR THE

INSET OF FIG. 1. ("1 = "2 = 3:9"0; h1 = 0:5 �m,
h2 = 2:5 �m, AND THE TOTAL NUMBER OF NODES = 216)

TABLE IV
COMPARISONS OFTRANSIENT CHARACTERISTICS FORDIFFERENT VERTICAL

POSITIONS OF THECONDUCTORM1 IN HOMOGENEOUSMEDIUM OVER THE

GROUND PLANE AND DIFFERENT PERMITIVITIES OF INHOMOGENEOUS

DIELECTRIC MATERIAL ORIENTED OVER AN INFINITE GROUND PLANE (THE

TOTAL NUMBER OF NODES= 216) SHOWN IN THE INSET OF FIG. 1

the rise time decreases at the same time but shows slower
as the grows larger. During the four cases in rows 3–6,
the current peak of varies dramatically. The portion of the
current flowing to reaches a maximum value of one-quarter
of the total current when is 5 m and is the second
nearby case to in the four cases. It is because that as
changes from 0.5 to 5m, the current flowing to the ground
plane decreases faster than current flowing to. However,
the larger coupling capacitance results in the larger transient
current to conductor and at the same time the larger voltage
response of cross talk occurs. Furthermore, asis far from

, the rise time reaches saturation value 11.095 shown in
row 3, which is almost independent of and ground plane.
Another interesting case investigates the influence of different
permittivities of multilayers shown in rows 7–9. One can see
that as the permittivity increases exponentially from 0.1 to
10 , the peak current of increases linearly and the current
flow to is almost unchanged around 0.001, which shows
quite different behaviors from case 1. It is obvious that the
rise time of shows linear dependence on the current peak
of . Especially, due to the larger permittivity in the region
2, the larger electric field flux flowing from the top of
conductor to the ground plane and the slower rising time of
voltage for conductor result in the larger ground capaci-
tance. From the above analysis, it’s important to incorporate
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the consideration of multilayer topography for modeling the
transient characteristics of multilevel interconnection.

V. CONCLUSIONS

To model the transient characteristics of distributed resistor-
capacitor of ULSI multilevel interconnections on complex
topography, we have proposed an efficient method to avoid
the redundant works on both volume mesh and transient anal-
ysis associated with the finite-difference method. The time-
dependent boundary-element integral formulation associated
with the PVL algorithm is first introduced to analyze efficiently
the transient characteristics for arbitrary configurations of mul-
tilevel conductor system on complex topography. An adaptive
multilayer Green’s function is adopted to investigate several
cases that have revealed interesting physical mechanisms in
charge transfer between conductors on multilayer topography.
The actual topography of multilevel conductor system be-
comes more realistic in modeling its transient characteristics.
The formulations of poles and residues are derived, which can
be calculated fast enough to be easily included in a circuit sim-
ulator. Hence it is easy to calculate the transient characteristics
of both parallel conductors and complicated configurations
such as crossing lines, corners, contacts, multilayers and their
combinations.
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