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ottle beam from a bare laser for single-beam trapping

hing-Hsu Chen, Po-Tse Tai, and Wen-Feng Hsieh

We demonstrate that a laser beam converging from a specific transverse mode is a bottle beam, as
described in J. Opt. Soc. Am. B 20, 1220 �2003�. To our knowledge, this is the first time that a bottle
beam has been generated directly from a laser. By calculating the radiation forces on a dielectric
Rayleigh sphere in the bottle beam, we show that the single beam can trap high-refractive-index particles
at the multiple axial sites of intensity maxima, and it can confine low-index particles on a transverse
plane within the bottle regions. Such a novel laser beam may have other applications. © 2004 Optical
Society of America
OCIS codes: 140.0140, 140.7010, 140.3580, 140.3480.
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. Introduction

single-beam optical trap known as optical tweezers1

as become an important tool in many fields. Besides
he fundamental Gaussian beam, many kinds of opti-
al beams have been studied to trap particles. Re-
ently a Bessel beam, acting as inverted tweezers, has
een developed to manipulate particles in multiple ax-
al sites based on its property of self-reconstruction.2
owever, such a beam does not allow true trapping

hree dimensionally because the Bessel beam achieves
nly two-dimensional confinement in transverse
lanes. On the other hand, an optical dark region
hat is surrounded by light in all directions was cre-
ted by using a wave plate and was used by Ozeri et
l.3 to trap atoms. Such a dark volume was later
alled an optical bottle,4 which one can construct from
he interference of Laguerre–Gaussian, LG00 and
G20, modes by using a computer-generated hologram
utside the cavity. The bottle beam has an obvious
pplication for trapping particles with a refractive in-
ex lower than the surrounding medium. However,
he two axial sites of highest intensity beside the bottle
egion may be used to trap simultaneously high-
efractive-index particles and may become true three-
imensional tweezers in multiple axial sites.
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1

Lately we have observed a multi-beam-waist
MBW� mode5 that possesses more than one intensity

aximum in an end-pumped Nd:YVO4 laser with
egenerate cavities when the pump radius is smaller
han the fundamental mode radius. We have veri-
ed the MBW mode by using the Collins integral
ogether with rate equations and understand it by
sing a combination picture of the ray and wave op-
ics.5 The MBW mode generated with a cavity of
1g2 � 1�4 possesses three intensity maxima after
eing condensed by a convergent lens. We demon-
trate here that the MBW mode is in fact a bottle
eam because of the constructive interference of LGp0
odes near the focus with a radial index of p � 0, 3,

, . . . , and an angular index of zero. As far as we
now, this is the first time that a bottle beam has
een generated directly from a laser. Such a bottle
eam with intensity maxima near the focus may have
he potential to achieve three-dimensional trapping
t the multiple axial sites of the intensity maxima.
It is known that treating the interaction of an inci-

ent Gaussian beam with a dielectric scatterer re-
uires the generalized Lorenz–Mie theory.6,7

owever, dealing with the problem for a weakly con-
ergent Gaussian beam illuminating a Rayleigh par-
icle is relatively simple and has been demonstrated to
e consistent with the generalized Lorenz–Mie theo-
y.8 Although the Rayleigh approximation is valid
nly for particles that are sufficiently smaller than the
avelength of light, a necessary condition for single-
eam axial trapping, that the axial component of the
radient force must be larger than the scattering force,
an be determined by this approach. Besides, calcu-
ation of a weakly convergent beam is useful in the
pplication of laser guidance.9 By calculating the ra-

iation forces on a dielectric Rayleigh sphere under the
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llumination of a weakly convergent bottle beam from
bare laser with g1g2 � 1�4, we show that the gradi-

nt force is larger than those for the fundamental
aussian beam with the same trapping power and
aist radius. Therefore we believe that the single
ottle beam that we are discussing is able to trap the
igh-index particles at the multiple axial sites of the

ntensity maxima. Moreover the beam can confine
ow-index particles in the transverse plane within the
ottle regions, so that it can be used as inverted twee-
ers as the Bessel beam2 was for high-index particles.
ote that the beam used in the force calculation does
ot have a perfect bottle but only an �50% contrast

the ratio of the on-axis intensity to the off-axis peak
ntensity� in the depth of the bottle, which is the result
f our mode calculation with a 1-mm aperture radius
t the flat end of the mirror. When we insert a hard
perture inside the cavity with a pump radius of 30 �m
e experimentally obtain a 7% contrast in the bottle

egions. Our mode calculation shows that the con-
rast in the bottle can be reduced to 1% by using a
maller pump size and a proper aperture.

In Section 2 we describe the equations of radiation
orces for a Rayleigh sphere under the illumination of
he weakly convergent bottle beam. In Section 3 we
how first that the bottle beam from a bare laser can be
xpanded into the superposition of LG modes, and
hen we show the calculating results of radiation
orces. Finally in Section 4 we discuss the conclu-
ions.

. Model

ecause the bottle beam from a bare laser can be
xpanded into a linear combination of the LGp0
odes, the electric-field vector and the magnetic-field

ector for a linearly polarized bottle beam can be
ritten in mks units as

E�r, t� � Re��
p

Ep0�r�exp��i�t��i

� Re	EBBL�r�exp��i�t�
i, (1)

H�r, t� � k �
E�r, t�

Z

� n2ε0 c Re	EBBL�r�exp��i�t�
 j

� Re	HBBL�r�exp��i�t�
 j, (2)

here the subscript BBL is the bottle-beam laser, r is
he position vector of the particle, Re is the real part
f a complex quantity, � is the optical frequency, i is
he unit vector in the polarized direction of the elec-
ric field, k is the unit vector in the beam propagation
irection, Z � ��2�ε2�1�2 � 	�0��ε0n2

2�
1�2 is the im-
edance of the nonconducting and nonmagnetic sur-
ounding medium, n2 is the refractive index of the
edium, c is the velocity of light in vacuum, �0 and �0

re the magnetic permeability and the dielectric con-
tant in vacuum, respectively. Note that the field

escriptions of the LG modes are merely a paraxial 1
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pproximation of the scalar wave equation. The in-
ensity distribution can be written as

I�r� � �S�r, t�T �
1
2

Re	EBBL�r� � HBBL*�r�


�
n2ε0 c

2
�EBBL�r��2k, (3)

here S is the Poynting vector of the paraxial beam
nd � T represents the time average.
Consider that a single nonmagnetic dielectric

pherical particle is illuminated by a paraxial beam
f linearly polarized light. If the particle is suffi-
iently smaller than the wavelength of the incident
ight, the particle is polarized as in the uniform field.
he dipole moment is given by10

p�r, t� � 4�n2
2ε0 a3�nr

2 � 1
nr

2 � 2�E�r, t�, (4)

here a is the particle radius, nr � n1�n2, and n1 is
he refractive index of the particle. According to
ef. 8, the forces acting on a Rayleigh particle can be
ivided into two types, the scattering force and the
radient force. The scattered wave radiates in all
irections from the dipole particle and changes the
irection of the energy flux in the system, imparting
momentum change in the particle. The scattering

orce is given by10

Fscat�r� �
n2

c
CprI�r�k �

n2

c
8
3

�k4a6�nr
2 � 1

nr
2 � 2�

2

I�r�k,

(5)

here Cpr is the scattering cross section of the parti-
le and k is the wave number. The gradient force
oming from the Lorenz force of the induced dipole in
he electromagnetic field is written as10

Fgrad�r� � �	p�r, t� � �
E�r, t�T

�
2�n2 a3

c �nr
2 � 1

nr
2 � 2��I�r�k. (6)

To exhibit the radiation forces clearly, we assume a
igh-index particle with a radius a � 20 nm in the
ayleigh regime10: a � ��20 with n1 � 1.45 in air

n2 � 1� as in the experimental situation in Ref. 11.
ith cylindrical symmetry the radial and the axial

omponents of �I in Eq. �6� are dI�d� and dI�dz,
espectively. We set dz � d� � 0.488 �m as the
ncrements between two successive data points in our
imulation of the mode calculation.5

. Results

he MBW mode at a 1.064-�m wavelength has been
bserved in an end-pumped Nd:YVO4 laser with a
imple plano–concave cavity of g1g2 � 1�4.5 The sim-
lated mode pattern along the propagation distance

s shown in Fig. 1�a� for a cavity length of 60 mm, a
ump radius of 30 �m, an effective pump power of

00 mW, an aperture radius of 1 mm at the flat end
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f the mirror, and a 90% transmittance of the output
oupler �the curved mirror�. Note that z � 0 mm in
ig. 1�a� denotes the axial position of the flat end of

he mirror �the dichroic-coated face of the Nd:YVO4
rystal�, and z � 60 mm is within the cavity. Figure
�b� shows that the numerical near-field pattern at
� 0 has a near-Gaussian profile with a much

maller waist radius of 30.3 �m than the fundamen-
al eigenmode of wc � 108 �m, whereas the far-field
attern has concentric rings with a dark center,
hich agrees quite well with the experiment 	see the
hotographs in Fig. 1�b�
. Since the observed pro-
les are cylindrically symmetric, we fitted the near-
eld profile by using the degenerate LG mode
xpansion. The electric field of a LGpm mode with
n angular index m � 0 can be expressed as

Ep0��, z� � Ap0��, z�exp��
�2

w� z�2�
� exp�i

k�2

2 R� z��exp	i�kz � �2p

�1 z

ig. 1. �a� Numerical profile variation of the MBW mode. �b�
ode patterns at the flat mirror end �solid curve with the bottom

nd left scale� and in the far field �dashed curve with the top and
he right scale� together with experimental photographs. The
peckles in the photographs are due to screen reflection. The
tted coefficients for the solid curve are �0 � 1, �3 � 0.82, �6 �
.66, �9 � 0.41, �12 � 0.35, �15 � 0.22, �18 � 0.08, �21 � 0.08.
� 1�tan �zR
��
 ,

t

1

here

Ap0��, z� � E0

wc

w� z�
Lp

0� 2�2

w� z�2�
s the modal function, zR is the Rayleigh length; w�z�
s the beam radius; R�z� is the radius of curvature of
he phase front; � and z are, respectively, the radial
nd the axial coordinates; and Lp

0��, z� is the
aguerre polynomial for the mode index p. We as-
ume that all the excited cavity eigenmodes have the
ame wave number and are in phase at z � 0; thus we
an use ��0E00 � �3E30 � . . . � �21E21,0�2 to fit the
ode profile, where Ep0 are the normalized field, �0 is

xed unity, and the � terms �real coefficients� are
ode weight ratios to E00. The fitted profile was
ormalized with respect to the central peak intensity
f the mode-calculation solution.
The fitted result overlaps with the profile in Fig.

�b� with �3 � 0.82, �6 � 0.66, . . . , as listed in the
ig. 1�b� caption. We associated the Gouy phase
hifts with every one of the cavity eigenmodes and
ade the profile variation with z almost the same as

n Fig. 1�a�. The waist at z � 0 and the intensity
aximum at z � �3zR � 60 mm are due to being in

hase among these degenerate modes, whereas the
ocal minimum at z � zR��3 � 2 cm in Fig. 1�a� as
ell as the far-field profile in Fig. 1�b� is due mainly

o being out of phase between the LG00 and LG30
odes. When the beam was propagated through a

onvergent lens, three intensity maxima and two op-
ical bottles were obtained as shown in Fig. 2, where

ig. 2. Bottle beam condensed from the MBW mode through a
onvergent lens with a focal length of 52 mm at a distance of 105
m from the output coupler. The three high-intensity extrema

re at Z� � 68, 76, 100 mm, and the bottle centers are at Z� � 72,
4 mm. The calculated beam profiles point to the experimental
hotographs.
he thick black curves are the intensity contours and

0 November 2004 � Vol. 43, No. 32 � APPLIED OPTICS 6003
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6

� � 0 mm denotes the axial position of the conver-
ent lens. This combination of phase-locked LG
odes forms an optical bottle beam in spite of the

onzero local minimum of the axial intensity. Note
hat the bottle beam of Ref. 4 has only two intensity
axima. As far as we know, this is the first time

hat a bottle beam has been generated directly from
bare laser. This laser has the following character-

stics:

�1� It is simple and compact and needs only a con-
ergent lens outside the laser cavity.
�2� More than 300 mW of output is available, which

an be further increased with a longer cavity and
arger pump size.

�3� The locations of the intensity maxima can be
djusted according to the Gaussian lens law as with
he ray geometry in Fig. 4 of Ref. 5.

�4� The depth of the optical bottle may be reduced
y inserting an aperture inside the cavity to elimi-
ate the higher-order modes, e.g., the LG60 mode, or
y modifying the pump beam to control the chosen
odes.
�5� Other degenerate cavity configurations support-

ng the MBW modes can be used, i.e., g1g2 � 3�4.

According to characteristic �4� of the laser, we are
ble to reduce the contrast in the bottle from 50% to
% by simply inserting a hard aperture with a radius
f 350 �m inside the cavity but using the same pump
adius of 30 �m as in Fig. 1�b�. The experimental
esult is shown in Fig. 3�a�. Because the LG60 mode
ndergoes large diffraction losses for an aperture ra-
ius of 350 �m, we compare the profile in Fig. 3�a�
ith the bottle in Fig. 3�b� that is numerically super-

mposed from the LG00 and LG30 modes with a
-phase difference but equal mode weighting. Ex-
ept for the nonperfect bottle center of Fig. 3�a�, the
imilarity between Figs. 3�a� and 3�b� means that the
ode purity indeed shows good improvement when a

roper aperture is used. The nonperfect bottle is a
esult of nonequal mode weighting. However, we
ay further decrease the pump radius to improve the

epth of the bottle. The simulation results in Fig.
�c� show that the contrast in the bottle can be re-
uced from 8% to 1% when the pump radius is de-
reased from 30 �m �solid curve� to 15 �m �dashed
urve� while a 350-�m aperture radius is maintained.
ecreasing the pump size leads to the mode weight

atio �3 approaching unity, which means that mode
eighting can be controlled by pump size. Note that

he simulation in Fig. 3�c� for the case of a 30-�m
ump radius agrees very well with the experiment in
ig. 3�a�. The small deviation in the contrast be-

ween the experiment and the simulation may come
rom the pump-size measurement. Therefore we be-
ieve that the bottle beam from a bare laser provides
nother choice for optical trapping application, al-
hough there are other methods for generating the
ottle beam, such as a spatial light modulator and
xicons.

The field distribution used in the following is the g

004 APPLIED OPTICS � Vol. 43, No. 32 � 10 November 2004
esult of mode calculation for the parameters in Fig.
. Note that the nonperfect bottle beam exhibits a
0% contrast in the depth of the bottle. We assumed
convergent lens with a focal length of 10 mm at a

istance of 25 mm behind the output coupler to focus
he bottle beam such that the first intensity maxi-
um has a beam radius w0 � 4.9 �m and the second
aximum has w0 � 4.0 �m. The near-Gaussian

rofile at the first and the second maximum has an
n-axis intensity of 7.4 � 108 and 1.1 � 109 W�m2,
espectively, for the same trapping laser power P �
8.1 mW. Note that the on-axis intensity equals
P���w0

2� for both intensity maxima. So we com-
are the trapping forces with the Gaussian case with
he same trapping power and waist radius. Figure
�a� shows that the scattering force Fscat is always
ositive in the direction of beam propagation with the
axima at the two intensity maxima of Z� � 10.74

nd 11.33 mm. However, the axial component of the
radient force Fgrad,z reverses its direction as it
asses the intensity maxima, and the maximal value
f the negative Fgrad,z is larger than the scattering
orce and thus provides enough force to drag the par-
icle back to the centers of the intensity maxima.
oreover the maximal negative Fgrad,z � �5.6 �

0�7 and �9.6 � 10�7 pN at the two intensity max-
ma is larger than the respectively compared Gauss-
an case for which the maximal negative Fgrad,z �
3.1 � 10�7 and �6.9 � 10�7 pN. Because the
ig. 3. �a� Experimental result of an optical bottle with a 7%
ontrast. �b� Simulated bottle with the superimposition of the
G00 and LG30 modes with equal mode weighting. �c� Two trans-
erse profiles of the optical bottles in mode calculation with an
perture radius of 350 �m and a pump radius of, solid curve, 30 �m
radient force is less sensitive �3 orders of magnitude�
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lengthened 10 times to Z� � 10.9–11.2 mm.
o the particle radius than the scattering force, the
ecessary condition for the single-beam axial trap,

�Fgrad,z�Zmax��

Fscat�Zmax��
� � 1,

s satisfied only if the particle radius is smaller than
8 and 42 nm for the first and the second intensity
aximum, respectively. Zmax� is the position
here Fgrad,z is at a maximum. Figure 4�b� shows

hat the radial component of the gradient force
grad,� always tends to push the sphere to the beam
xis and that the maximal negative Fgrad,� occur-
ing at �w0�2 is much larger than the maximal
egative Fgrad,z. Figure 4�c� shows Fgrad,z versus �

or Z� � 10.78 and 11.37 mm where the maximal
egative Fgrad,z�� � 0� occurs at a distance of �40
m from the centers of intensity maxima. The
urves in Fig. 4�c� are similar to those of the com-
ared Gaussian case for w0 � 4.9 �m whose maxi-
al negative Fgrad,z occurs at a distance of kw0

2�
2�3� � 41 �m from its waist center.

In Fig. 4 we see that the radiation forces for both
ntensity maxima are very similar to the case of the
aussian beam.7 Because of the similarity, the
ecessary and sufficient condition for a stable axial
rap, U � 10kBT, was used to estimate the lower
imit of the particle radius as was done in Refs. 1
nd 8, where U is the potential of the gradient force,
B is the Boltzman constant, and T is the absolute
emperature. Assuming a trapping power of 281
W and w0 � 1 �m at T � 293 K, the criterion gives
lower limit of a � 34 nm. The lower limit ob-

ained is indeed smaller than the upper limit esti-
ated from the necessary condition mentioned

bove. Therefore this bottle beam is able to trap
igh-index particles with tens of nanometers at the
wo sites of the intensity maxima.

ig. 4. �a� Fscat and Fgrad,z as a function of the propagation dis-
ance. �b� Fgrad,� versus � at the positions of the intensity maxima.
c� Fgrad,z versus � at the positions of maximal negative Fgrad,z�� �
� near the two intensity maxima.
The total radiation force, the vector sum of the s

1

cattering force and the gradient force, is plotted as
ectors in Fig. 5. The total force traps the high-
ndex sphere near the intensity maxima while the
rrows point away from ��, Z�� � �0, 11.0 mm� for
he bottle region of Z� � 10.9–11.2 mm. Because
he gradient force is dominant in Fig. 4�a�, the force
ector will reverse the directions of the arrows in
ig. 5 when �nr

2 � 1���nr
2 � 2� in Eq. �6� becomes

egative for a low-index particle of nr � 1 such as a
ubble in the liquid. Although Fgrad,z on a low-index
article is very weak near the bottle region, Fgrad,� is
pproximately equal to 10�7 pN for nr � 0.75, which
an achieve a two-dimensional confinement in trans-
erse plane. The transversal force Fgrad,� is larger
or a deeper bottle. This indicates that the upward
ottle beam can be used as inverted tweezers for
ow-index particles in the two bottle regions as the
essel beam2 confines the high-index particles.
Note that the beam used in the calculation is
eakly convergent; thus the calculated forces in
igs. 4 and 5 are weak, and the bottle extends more
han 300 �m �the distance between two intensity
axima� with a large radius. The forces can be

mproved when a strongly convergent lens is used,
ince the aspect ratio zR�w0 of the optical bottle
hanges with the degree of beam convergence.4
heoretically the rate of change of the Gouy phase

eads to the bottle size of the beam in Fig. 1�a� being
maller than that of the interference from the LG00
nd the LG20 modes. For the practical application
f optical tweezers, the trapping beam must be ex-
anded to a millimeter-size range and then focused
hrough an objective lens with a high numerical
perture. Finally we must remember that the cal-
ulating model with a paraxial approximation con-
ains errors, depending on 1��kw0�,12 and thus does
ot give the correct values of the forces for a
trongly convergent beam. The electric and the
agnetic field beyond the paraxial approximation
ig. 5. Vector plots of the total radiation force. The vectors are
hould be taken into account for optical tweezers.
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. Conclusions

e have shown that a bottle beam can be directly
enerated from an end-pumped Nd:YVO4 laser.
ith illumination from a weakly convergent bottle

eam from a bare laser where g1g2 � 1�4, the radi-
tion forces on a Rayleigh particle are calculated and
he necessary condition for single-beam axial trap-
ing has been found to be satisfactory. We believe
hat the downward bottle beam can be used as optical
weezers for high-index particles at multiple-
ntensity maxima. In addition the upward bottle
eam can be used as inverted tweezers for low-index
articles in the bottle regions. Such a laser beam
ay be useful for various applications.
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