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Automatic Calibration of Hand–Eye–Workspace and
Camera Using Hand-Mounted Line Laser

Jwu-Sheng Hu, Member, IEEE, and Yung-Jung Chang

Abstract—This paper develops a novel calibration method for si-
multaneously calibrating the intrinsic parameters of a camera and
the hand–eye–workspace relationships of an eye-to-hand system
using a line laser module. Errors in the parameters of a hand-eye
coordination system lead to errors in the position targeting in the
control of robots. To solve these problems, the proposed method uti-
lizes a line laser module that is mounted on the hand to project laser
beams onto the working plane. As well as calibrating the system
parameters, the proposed method is effective when the eye cannot
see the hand and eliminates the need for a precise calibration pat-
tern or object. The collected laser stripes in the images must satisfy
nonlinear constraints at each hand pose. A closed-form solution is
derived by decoupling nonlinear relationships based on the homo-
geneous transform and parallel plane/line constraints. A nonlinear
optimization, which considers all parameters simultaneously with-
out error propagation problem, is to refine the closed-form solution.
This two-stage process can be executed automatically without man-
ual intervention. The computer simulation and experiment verify
the effectiveness of the proposed method and reveal that using a
line laser is more accurate than using a single-point laser.

Index Terms—Camera calibration, hand–eye calibration, laser,
machine vision.

I. INTRODUCTION

ROBOTIC hand-eye coordination systems are reliable and
flexible in many industrial applications. The hand refers to

a robotic manipulator and the eye generally refers to a camera.
Hand-eye systems have two basic configurations, eye-in-hand
and eye-to-hand, determined by the position of the camera. A
camera that is mounted on the end-effector (eye-in-hand) can be
maneuvered to observe a target closely. However, a static camera
(eye-to-hand) has a global view and can detect scene changes
more easily. Flandin et al. [1] presented cooperation between
eye-in-hand and eye-to-hand to provide both advantages. Muis
and Ohnishi introduced a framework for the cooperation be-
tween two manipulators, in which one hand holds a camera [2].
Position-based visual servoing depends on camera calibration
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and hand-eye calibration. Since the pose of a control object is
estimated from its projection on a camera image, inaccurate
camera parameters may cause a significant error in the posi-
tioning of a target. Additionally, errors in the geometrical rela-
tionship may make the controlled end-effector positions biased.
Notably, such errors can be eliminated by directly observing the
end-effector. However, control points on the end-effector and
target can commonly not be observed simultaneously, prevent-
ing the positioning accuracy of the visual servo system from
being guaranteed [3]. Therefore, increasing the accuracy of cal-
ibration remains a major challenge in robotics.

The calibration of an entire hand-eye system involves
robot calibration, camera calibration, hand/eye calibration, and
robot/workspace calibration. Each calibration problem has been
discussed for several decades. Camera calibration requires a
reference objects, which could be a 3-D object [5], a 2-D pat-
tern [6]–[8], a 1-D bar [9], or parallel lines [10]. Assuming
that the camera has been properly calibrated, many studies
have focused on calibrating geometrical relationships utiliz-
ing a 3-D object [11]–[14], 2-D pattern [15], [16], nonstruc-
tured points [17]–[19], optical-flow [20], [21], or just a single
point [23], [24]. Most work on the calibration of hand-eye sys-
tems is done by separating camera calibration from hand-eye
calibration, causing error propagation. In many industrial appli-
cations, the camera must be recalibrated frequently. However,
in an environment that cannot be easily entered by humans to
place a reference object, separating the calibrations might be
inefficient. Therefore, Ma developed a method that combines
the two calibrations into a single process to solve this problem
for an active vision system [25].

Considering the eye-in-hand and eye-to-hand configurations
for visual servoing, Staniak and Zieliński [26] analyzed the ef-
fect of calibration errors on the control. The calibration of eye-
to-hand configuration in which the camera is static has rarely
been discussed since the transformation can be in the same form
as that of eye-in-hand configuration. Most hand-eye calibration
methods are applicable to either eye-in-hand or eye-to-hand con-
figurations. Dornaika and Horaud [27] presented a formulation
to solve calibration problems associated with both configura-
tions, indicating that these two problems are identical. How-
ever, this identity can be exploited only when the robot hand
can be viewed by the eye-to-hand camera. This requirement
limits the flexibility of installation and the range of potential
applications. An eye occasionally fails to see a hand because of
various requirements. For example, to sort products on a mov-
ing conveyor, the camera is commonly placed at a distance from
the arm to compensate for the image processing delay and pre-
vent interference in the tracking of targets on a rapidly moving
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conveyor belt. In ball-catching systems, such as described by
Hu et al. [28], cameras focus on the region through which the
ball initially passes and may not see the arm. Sun et al. [29]
developed a robot-world calibration method using a triple laser
device. Despite enabling calibration of the eye-to-hand trans-
formation when the camera cannot see the arm, their method
depends on a uniquely designed triple-laser device, thus limit-
ing the flexibility of the arrangement of the system. Furthermore,
the spatial relationship between the working plane and camera
must be known in advance. Recently, Park et al. [4] proposed a
new robot calibration technique that involves projecting struc-
tured laser beams from the robot hand to a plane, allowing a
camera to measure accurately the positions of the two projected
laser spots.

This paper proposes a method for simultaneously calibrating
eye-to-hand and workspace-to-robot relationships using a hand-
mounted line laser that is projected on the working plane. The
proposed method also considers the intrinsic parameters of the
camera at the same time. Using a laser module is advantageous
in that the proposed method can be applied when the eye does
not see the hand. Restated, this method allows for a longer work-
ing range for hand-eye coordination. The robot is manipulated
and the laser is projected on a plane of unknown orientations to
extract a batch of light stripes from the camera images. Since the
laser is mounted rigidly and the plane is fixed in each orienta-
tion, the geometrical parameters and measurements must satisfy
particular nonlinear constraints and the parameter solutions can
be estimated accordingly. Closed-form solution is developed by
decoupling nonlinear equations into linear forms to estimate all
initial values. Therefore, the proposed calibration method does
not require initial guesses of unknown parameter values to be
made. To ensure high accuracy, a nonlinear optimization method
is implemented to refine the estimation.

This study proposes a method that uses a line laser, rather
than a single-point laser, which has been adopted in previous
works [30], [31]. Since a laser line stripe provides more geo-
metrical information concerning each hand pose than a point
laser, the corresponding calibration process is more efficient.
The two-stage method that is proposed here can simultaneously
calibrate the hand–eye–workspace relationships and the intrin-
sic parameters of the camera without prior information.

This paper is organized as follows. Section II defines the
problem, including system models and the parameters to be cal-
ibrated. Section III introduces in detail a two-stage method for
solving the calibration problem that uses a line laser module.
A closed-form solution and a nonlinear optimization based on
the geometrical constraints are presented. Section IV summa-
rizes the simulation results and actual data. Section V draws
conclusions.

II. PROBLEM DEFINITION

Fig. 1 illustrates the overall configuration of an eye-to-hand
system, in which a line laser is attached to the end-effector. The
robot base coordinate system is defined as a world coordinate
system as follows.

Fig. 1. Overview of an eye-to-hand system with a line laser module.

A. Intrinsic Parameters of Camera

The camera model describes the relationship between a 3-D
position and its projection onto the image plane. A position in
the Cartesian coordinate system is denoted Cp = [Cx, Cy, Cz]T

and the direction of the ray from the center of the camera to Cp
is xu

Δ= [ Cx/Cz Cy/Cz ]T . [xT
u 1 ]T is also the undistorted

position of the point that the ray intersects with the unit z plane.
Based on Brown’s distortion model [32], the transformation
from the distorted position, xd = [xd yd ]T , is given by

xu = xd +
(
κ1r

2 + κ2r
4)xd +

[
2ρ1xdyd + ρ2(r2 + 2x2

d)

ρ1(r2 + 2y2
d ) + 2ρ2xdyd

]

(1)
where κ1 and κ2 are two radial distortion parameters; r =√

x2
d + y2

d , and ρ1 and ρ2 are two tangential distortion parame-
ters. When distortion is neglected, all distortion parameters are
zero and xu =xd . The camera pinhole model is a transformation
between the image coordinate system and the 3-D coordinate
system. The transformation between the distorted ray direction
xd and the observed image position xn = [u, v]T is

[
xd

1

]
= K−1 ·

[
xn

1

]
with K =

⎡

⎢
⎣

fu αc · fu u0

0 fv v0

0 0 1

⎤

⎥
⎦ (2)

where K, the intrinsic matrix, includes five intrinsic parameters,
of which fu and fv are the focal lengths in pixels; the aspect ratio
is fu/fv ; αc is the screw coefficient; and [u0 v0 ]T denotes the
principal point, which is assumed to be the center of distortion.
This camera model is slightly modified from that introduced by
Willson [33]. Since the effective focal length and the center-
to-center distance between sensor elements can be combined
as a pixel unit focal length for simplicity, this camera model
combines their first and fourth transformations in [33] without
loss of generality, and the skew coefficient and more distortion
parameters are considered.

B. Eye-to-Hand Transformation

The rigid body transformation involves six degrees of free-
dom, and so has three translational parameters and three
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Fig. 2. Laser plane with respect to the end-effector.

rotational parameters. A point Cp in the 3-D Cartesian coor-
dinate system in the camera frame is transformed into the robot
base coordinate system by applying

Bp = B
C R · Cp + B

C T. (3)

The rotation matrix is derived from the direction cosine ma-
trix, R(θ, φ, ϕ). The rotation sequence is Z–Y–X, where θ is the
rotation about the z-axis; φ denotes rotation about the y-axis;
and ϕ denotes rotation about the x-axis rotation. Transformation
from the end-effector frame to the robot base frame is conducted
using a rotation matrix B

E R and a translation vector B
E T. A robot

command determines the hand pose [BE R|BE T] according to for-
ward kinematics. In the following, the robot base coordinate
system is defined as the world coordinate system.

C. Working Plane

A planar object is defined by a normal vector B
Π n and a

position B
Π T on the plane in the robot base coordinate system. A

plane in space has three degrees of freedom and can be generally
defined using the following vector:

B
Π a = (B

Π nT · B
Π T)B

Π n. (4)

This vector also specifies a position on the plane. Any point
Bx on the plane must satisfy the constraint

B
Π aT (Bx − B

Π a) = 0. (5)

D. Laser Plane

Fig. 2 shows the geometrical relationship between the line
laser module and the end-effector. In the end-effector coordinate
system, the laser plane is specified by a vector E

Λ a = (E
Λ nT ·

E
Λ T)E

Λ n, which is perpendicular to the laser plane and ends on
the laser plane. This laser vector is an extra calibration target in
the proposed method. Since the laser module is rigidly installed,
the parameters do not change under normal operations.

III. PROPOSED METHOD

This section describes in detail the method for calibrating an
eye-to-hand system. Calibration is preformed to reduce system-
atic errors by finding and correcting the parameters that were
introduced in Section II.

The line of intersection of two planes in 3-D space is described
by its direction and any position on the line. Any point x on the
line of intersection of plane a and plane b satisfying

aaT (x − aa) = 0 and baT (x − ba) = 0 (6)

and can be expressed as

x = du + x0 (7)

where the direction of the line, u, is given by u = (aa ×
ba)/‖aa × ba‖; without loss of generality, let x0be the point
on the line that is closest to the origin of the world coordinate
system, such that uT x0 = 0. The term d represents the distance
from x0 to x.

A laser line stripe is formed by projecting the laser onto the
working plane and then captured by the camera. The line strip
lies on the three planes (laser plane, working plane, and camera-
to-stripe plane). The line can be specified as the intersection of
any two of the three planes, indicating that this system con-
figuration contains redundant information. Differences between
specifications of a single line derived using different planes are
caused by systematic errors and/or noise in the measurements.
Restated, the systematic parameters can be estimated by tuning
them to reduce the differences between the lines that are com-
puted from different intersections. Additionally, forming a batch
of projected points enables the effects of noise to be reduced by
various optimization methods.

The optimization problem, as described in the next section,
is nonlinear. A good initial guess is required to avoid a local
minimum and accelerate convergence. A closed-form solution
is derived in Section III-A, by exploring the unique hand move-
ment. Since the parameters need not be guessed in advance, the
proposed method can be implemented automatically.

A. Closed-Form Solution

Manipulating the end-effector without rotation can generate
parallel laser planes and parallel laser line stripes, which are
projected on the working plane. Two nonparallel line stripes on
the same working plane virtually cross each other in 3-D space
and in the image plane. Two sets of parallel line stripes generate
a set of virtual crossing points, which are distributed as a grid-
like pattern. The closed-form solution is derived based on these
geometrical relationships.

The laser line stripes on the working plane under a single
plane pose can only provide 2-D information in 3-D space.
Hence, the working plane pose must be changed once or more
times to generate abundant 3-D information for calibrating the
intrinsic parameters of the camera. If working plane pose cannot
be changed, then another plane with a different poses can be put
on it.

Fig. 3 shows the relationships among projected laser stripes
and their virtual crossing points. For the pth working plane pose,
the end-effector maintains the (p,m1)th orientation E Rp,m1 and
is translated from the position E Tp,m1 to several positions in the
(p,m1,n1)th direction (or vector kp,m1,n1). These translations
generate parallel line stripes. This set of parallel line strips
virtually crosses to another set of parallel line stripes, which
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Fig. 3. Projected laser stripes and virtual crossing points.

are generated by moving the end-effector from E Tp,m2 in the
(p,m2,n2)th direction (or vector kp,m2,n2) at hand orientation
E Rp,m2 . The working plane, laser plane at the (p,m1)th hand
pose, and laser plane at (p,m2)th hand pose all intersect at
Tp,m1,m2 . The translation kp,m1,n1 moves the crossing point to
Tp,m1,m2 + ip,m1,n1,m2 and the translation kp,m1,n1 moves the
crossing point to Tp,m1,m2 + jp,m1,m2,n2 . The (p,m1,m2,k)th
crossing point that is projected onto camera is at image position
xn and its homogeneous coordinate is

xp,m1,m2,k =
[

z · xn

z

]

p,m1,m2,k

= Hp,m1,m2wp,m1,m2,k

= K [ Cip,m1,n1,m2
Cjp,m1,m2,n2

CTp,m1,m2 ]

×

⎡

⎣
wi

wj

1

⎤

⎦

p,m1,m2,k

(8)

where wi and wj denote scales of a combination according
to end-effector translating distance, z is a related scalar, and
Hp,m1,m2 is a homogeneous matrix. Supposing that the end-
effector is translated in N directions at each hand orientation,
Hp,m1,m2 then becomes a 3 × (2N + 1) matrix, which includes
N vectors i, N vectors j, and one starting position T.

The closed-form solutions are derived from the measurements
of the camera to the movements of the robot. Pure hand transla-
tions can eliminate the position terms of parameters in equations.
The relationships can then be derived as several linear forms to
find angle related terms of parameters. After all directions and
orientations have been obtained, the position terms and the scal-
ing factors can be obtained. The step-by-step calculations to
obtain the closed-form solution are as follows.

1) Finding Homography Matrixes With Unknown Scales:
The entries of a homography matrix can be obtained by eliminat-
ing w according to the direct linear transformation method [21],
[22]. Let h̄a be the ath row of H. Equation (8) can be rewritten

Fig. 4. Projection of an end-effector translating vector along a laser plane on
a working plane.

as

QH · xH
Δ=
[
wT

k 0 −ukwT
k

0 wT
k −vkwT

k

]

p,m1,m2

⎡

⎢
⎣

h̄1T

h̄2T

h̄3T

⎤

⎥
⎦

p,m1,m2

= 0.

(9)
Given K points, QH becomes a 2K × (6N + 3) matrix. The

solution xH lies in the null space of the matrix QH and can
be determined by calculating the eigenvector that corresponds
to the smallest eigenvalue of matrix QH

T QH . The state-of-
the-art eigendecomposition approach is based on singular value
decomposition. The estimated matrix Ĥp,m with an unknown
scaling factor is equivalent to the homography:

Hp,m1,m2 = λp,m1,m2Ĥp,m1,m2

Δ= λp,m1,m2 [· · · C îp,m1,n1,m2 · · ·
C ĵp,m1,m2,n2 · · · CT̂p,m1,m2 ]. (10)

For a given working plane pose, all crossing points should
be on this working plane even under various hand orientations.
Thus, the ratios between values of λp,m1,m2 , m1 = 1 −M , m2:
hand orientations have crossing points to m1, can be obtained.
Then, only one scaling factor is undetermined for one working
plane pose. The P unknown scaling factors can be obtained by
the following steps.

2) Finding the Normal Vector of the Laser Plane Relative
to the Robot: The translations of the end-effector are related
to the movements of the laser line stripe on the working plane
by projecting the hand translation vectors to the working plane
along the laser plane (see Fig. 4). The projection relationship
satisfies

(ip,m1,n1,m2 − kp,m1,n1)
T · Λnp,m1 = 0. (11)

The vectors, ip,m1,n1,m2 , n1 = 1 − N , are all in the same
direction since they are on the parallel line stripes that are gener-
ated with the (p,m2)th hand orientation. Therefore, the vectors
can be specified as ip,m1,n1,m2 = dp,m1,n1,m2 · ip,m1,m2 , where
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ip,m1,m2 is a unit vector. The distance is

dp,m1,n1,m2 =
kT

p,m1,n1 · Λnp,m1

iTp,m1,m2 · Λnp,m1
. (12)

Then, the ratio of the n1th distances to the 1th distance is

dp,m1,n1,m2

dp,m1,1,m2
=

kT
p,m1,n1 · Λnp,m1

kT
p,m1,1 · Λnp,m1

. (13)

This ratio can also be determined as

dp,m1,n1,m2

dp,m1,1,m2
=

iTp,m1,n1,m2 · ip,m1,1,m2

iTp,m1,1,m2 · ip,m1,1,m2

=
îTp,m1,n1,m2 · îp,m1,1,m2

îTp,m1,1,m2 · îp,m1,1,m2
. (14)

Combining (13) and (14) yields a constraint equation:

(̂iTp,m1,n1,m2 · îp,m1,1,m2 · kT
p,m1,1 − îTp,m1,n1,m2 · îp,m1,1,m2

·kT
p,m1,n1) · Λnp,m1 = 0. (15)

For n1 = 2 − N , N − 1 equations are formed to determine
the laser normal vector at Λnp,m1 . Similarly,

(̂jTp,m1,m2,n2 · ĵp,m1,m2,1 · kT
p,m2,1 − ĵTp,m1,m2,1 · ĵp,m1,m2,1

·kT
p,m2,n2) · Λnp,m2 = 0 (16)

n2 = 2 − N , yields Λnp,m2 .
From all normal vectors of the laser plane in the robot base

coordinate system, B
Λ np,m , and the corresponding hand orienta-

tions, B
E Rp,m , p = 1 − P , m = 1 − M , the laser normal vector

E
Λ n with respect to the end-effector coordinate system can be
obtained by solving the simultaneous equations

AΛxΛ
Δ=

⎡

⎢
⎣

B
E R1,1

...
B
E RP,M

⎤

⎥
⎦ E

Λ n = bu
Δ=

⎡

⎢
⎣

B
Λ n1,1

...
B
Λ nP,M

⎤

⎥
⎦ (17)

using the least-squares method, and normalizing the solution to∣
∣E
Λ n

∣
∣ = 1. According to (17), only one orientation is required to

calculate a unique E
Λ n. However, to find the unique laser beam

position E
Λ T in the following step, at least two orientations are

required.
3) Finding the Intrinsic Matrix and the Hand-to-Eye Rota-

tion Matrix: A line stripe lies on its corresponding laser plane.
Hence,

B
Λ nT

p,m2 · Bip,m1,n1,m2

= λp
B
Λ nT

p,m2 · B
C RK−1 · îp,m1,n1,m2 = 0 (18)

and

B
Λ nT

p,m1 · Bjp,m1,m2,n2

= λp
B
Λ nT

p,m1 · B
C RK−1 · ĵp,m1,m2,n2 = 0. (19)

Let Ĝ = (KC
B R)−1 and denote the ath row of matrix Ĝ as

ˆ̄ga
. Equations (18) and (19) can be written in another form

QG xG
Δ=

[ B
Λ n1

p ,m 2 î
T
p ,m 1 ,n 1 ,m 2

B
Λ n2

p ,m 2 î
T
p ,m 1 ,n 1 ,m 2

B
Λ n3

p ,m 2 î
T
p ,m 1 ,n 1 ,m 2

B
Λ n1

p ,m 1 ĵ
T
p ,m 1 ,m 2 ,n 2

B
Λ n2

p ,m 1 ĵ
T
p ,m 1 ,m 2 ,n 2

B
Λ n3

p ,m 1 ĵ
T
p ,m 1 ,m 2 ,n 2

]

⎡

⎢
⎢
⎣

ˆ̄g1 T

ˆ̄g2 T

ˆ̄g3 T

⎤

⎥
⎥
⎦ = 0

(20)
where B

Λ na
p,m denotes the ath entries of laser normal vector

B
Λ np,m . Let M̂ be the number of that two hand orientations have
crossing relationship in each working plane pose. For all P plane
poses and N translations under each hand orientation, QG be-
comes a (2PM̂N) × 9 matrix. Solution xG lies in the null space
of the matrix QG . The solution can be derived by calculating
the eigenvector that corresponds to the smallest eigenvalue of
matrix QG

T QG . Since each row of the rotation matrix C
B R is

a unit vector, and the last entry of K is 1, the solution is scaled
to satisfy g2

31 + g2
32 + g2

33 = 1. RQ-decomposition is applied to
separate the homogeneous matrix G into the intrinsic matrix K
and the rotation matrix C

B R.
4) Finding the Scaling Factors and the Laser Position and

the Camera Position Relative to the Robot: The pth working
plane, the laser plane associated with the (p,m1,k1)th hand
pose, and the laser plane associated with the (p,m2,k2)th hand
pose intersect at the (p,m1,m2,k)th virtual crossing point

C
Πpp,m1,m2,k = λpK−1Ĥp,m1,m2wp,m1,m2,k . (21)

Hence,

C
Λ nT

p,m1(
C
Πpp,m1,m2,k − C

B R(B
E Rp,m1

E
Λ a − B

E Tp,m1,k1) − C
B T)

= 0 (22)

and

C
Λ nT

p,m2(
C
Πpp,m1,m2,k − C

B R(B
E Rp,m2

E
Λ a − B

E Tp,m2,k2) − C
B T)

= 0. (23)

Consequently,

[
C
Λ nT

p,m1 1 −C
Λ nT

p,m1K
−1Ĥp,m1,m2wp,m1,m2,k

C
Λ nT

p,m2 1 −C
Λ nT

p,m2K
−1Ĥp,m1,m2wp,m1,m2,k

] ⎡

⎣

C
B T

s
λp

⎤

⎦

=

[
C
Λ nT

p,m1
C
B RB

E Tp,m1,k1

C
Λ nT

p,m2
C
B RB

E Tp,m2,k2

]

(24)

where the scalar s satisfies E
Λ a = s · E

Λ n. The P × M̂ × K sets
of data yield the equation

AT ,λxT ,λ = bT ,λ (25)

where AT ,λ is a matrix of size of (2PM̂K) × (4 + P ), bT ,λ

denotes a vector of size of 2PM̂K, and xT ,λ = [BC TT s

λ1 · · · λP ]T . This equation can be solved using the least
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Fig. 5. Relative errors with respect to the noise level. (Left) Focal length and camera position errors. (Right) Working plane pose and camera rotation errors.
(Top) Closed-form solution. (Bottom) Nonlinear optimization.

squares method. The laser position in the end-effector frame
and the camera position in the robot base frame are then ob-
tained. The homography matrices related to robot dimension
are scaled as Hp,m = λpĤp,m .

5) Finding the Working Planes: Vectors Cip,m1,n1,m2 =
λpK−1 · îp,m1,n1,m2 lie on the pth plane and so do vectors
Cjp,m1,m2,n2 = λpK−1 · ĵp,m1,m2,n2 . The normal vector of the
working plane, C

Πnp , is orthogonal to these vectors. The virtual
crossing point, CTp,m1,m2 = λpK−1 · T̂p,m1,m2 , is on the pth
plane and the position of the plane can be determined from the
position of one of these crossing points or by averaging them.

B. Nonlinear Optimization

The above closed-form solution provides a good estimate of
parameters of the system. However, the error can propagate
throughout the procedure. A nonlinear optimization problem is
introduced to refine the estimation. The projected laser line is
constrained within the image plane under various arm poses,
yielding the following optimization problem:

min
S

P∑

p=1

M∑

m=1

K∑

k=1

L∑

l=1

dist

(

xu

([
u
v

]

p,m,k,l

)

,

line(S, [BE Rp,m |BE Tp,m,k ])

)

(26)

where S is the set of parameters to be refined, which includes
fu , fv , αc , u0 , v0 , κ1 , κ2 , ρ1 , ρ2 , C

B θ, C
B φ, C

B ϕ, C
B T, E

Λ a, and
B
Π ap , p = 1, . . . , P ; [u v ]Tp,m,k,l is an image position on the
observed laser stripe in the (p,m,k)th image; xu (·) denotes the
inverse of the projection from the image position to the unit z
plane in the camera frame, given by (2) and (1); line(·) denote
the projection of a line onto the unit z plane in the camera
frame, and this line is the laser line that is calculated using the
robot command [BE Rp,m |BE Tp,m,k ]; and parameter set S, and
dist(a, b) denotes the distance from a point a to a line b.

Equation (26) can be solved by the Levenberg–Marquardt
method. An initial guess for S is required and can be made
using the previously described closed-form solution. Second, if
all of the system parameters can be obtained from specifications
or design settings, these values must be close to the real values
and can be used as an initial guess in the optimization.

IV. EXPERIMENTAL RESULTS

A. Simulations

The proposed method is validated under various noise lev-
els and various numbers of samples. It is compared to the
method that uses a single-point laser. The relationship between
the camera and the robot is given by B

C θ = −90◦, B
C φ = −10◦,

B
C ϕ = −170◦, and B

C T = [510, 151, 430]T (mm). The line
laser is at E

Λ a = [8.73, 17.48, 43.65]T (mm) relative to the
end-effector. The three working plane poses are B

Π a1 = [48.68,
31.47, −153.81]T (mm), B

Π a2 = [152.41, 138.34, −163.92]T

(mm), and B
Π a3 = [ −4.0, 8.40, 29.80]T (mm). The intrinsic

parameters of the camera are chosen as fu = 1000, fv = 1000,
αc = 0, u0 = 320, and v0 = 240. The single-point laser is at
[0, −19.90, 60.14]T (mm) and pointing in direction [0.98, 0.02,
−0.20]T , which is on the laser plane E

Λ a.
In the following tests, the relative errors of one focal length

are calculated as |fu,estimated − fu,true |/fu,true (percentage).
The hand-eye rotation and translation errors are the Frobenius
norms of the difference between the true and estimated B

C T
and B

C R. Additionally, the relative percentage errors are calcu-
lated as ‖Testimated − Ttrue‖F /‖Ttrue‖F and ‖Restimated −
Rtrue‖F /‖Rtrue‖F . The relative percentage errors of a plane
pose are calculated as ‖B

Π aestimated − B
Π atrue‖F /‖B

Π atrue‖F .
For each condition, 100 independent trials are performed and
the average of the errors is taken.

The first test is conducted to evaluate the performances under
perturbations of different noise levels. Three types of noise are
added at a particular time in each trial. They are image position
error (0–1 pixel), hand position error (0–1 mm), and hand ori-
entation error (0–0.05◦). Fig. 5 summarizes the performance of
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Fig. 6. Relative errors with respect to the number of samples. (Left) Closed-
form solution and (right) nonlinear optimization.

the closed-form solution and optimization. For each of the three
working plane poses, three hand orientations, each associated
with ten pure translating points, yielding a total of 90 poses,
are generated independently for each trial. The results verify
that the proposed method can be adopted to calibrate simulta-
neously hand–eye–workspace geometrical relationships and the
intrinsic parameters of the camera. Furthermore, the accuracy
is increased after the optimization procedure. The results re-
veal that the proposed method that uses a line laser outperforms
that uses a point laser for values of all parameters, except the
working plane poses of the nonlinear optimization solution.

The number of data also influences the accuracy of the pro-
posed method. The performance of the proposed method with
different numbers of samples is compared to that of the method
using a single-point laser. Zero mean Gaussian noise with stan-
dard deviations of 1 pixel, 1 mm, and 0.05◦ is added to each
image position of point, each position of the hand, and each
orientation of the hand, respectively. Different numbers of hand
orientations produce different numbers of samples with mea-
surements of projections in images. Twenty-one to forty-nine
hand poses for each of the three working plane poses are gen-
erated; therefore, the number of samples varies from 63 to 147.
For each number of samples, 100 independent trials are per-
formed and the average of the relative errors is determined.
Fig. 6 summarizes the results for one focal length, fu , and the
camera-to-robot position, B

C T. The errors decrease as the num-
ber of samples increases. Since information of data is limited,
the error of using single-point laser is larger than that generated
using the line laser. Notably, a comparison between the results
of the closed-form solution obtained using a line laser and those
obtained using a point laser shows that the former yields an
error in the focal length that is about one third and an error in
the camera position that is about one-fifth those generated by
the latter. After optimization, these error ratios become 3/4 and
3/5.

B. Real Data

Fig. 7 shows the experimental setup. The manipulator is a
TX60 with a controller, a CS8, that is manufactured by Stäubli
Inc. The camera is a Panasonic WV-CP 480 charge-coupled
device camera with an adjustable lens. The camera signal in
NTSC format is transmitted to the frame grabber, RTV-24, via
a coaxial cable. The frame grabber card is embedded in the

Fig. 7. Overview of the experimental setup.

Fig. 8. Line laser module attached to the end-effector.

computer. A Visual C program in the computer can save images,
send robot commands to the CS8 controller, and receive the
status of the robot from the controller over an Ethernet. A planar
plate, of dimensions 50× 50 cm, is placed roughly 100 cm away
from the manipulator. In this configuration, the camera cannot
see any part of the manipulator. The line laser module is a laser
diode with an adjustable lens and is attached on the robot tool
(see Fig. 8).

The working plane is orientated at three poses. For each plane
pose, the end-effector has three orientations and in each orienta-
tion, it starts from one particular position and moves sequentially
in three directions. The end-effector stops at three positions in
each direction. A total of three working plane poses and 70 hand
poses per plane were generated. All movements were designed
to project the laser onto the working plane, and corresponding
images were saved.

Two tests were performed in this experiment using different
numbers of samples. Data were applied to the proposed closed-
form solutions to obtain initial values of parameters of the sys-
tem. Next, the proposed nonlinear optimization method was
used to refine these values. Table I summarizes the results. Test
1 uses data of three planes and 50 samples per plane. The first
column of Table I in Test 1 presents estimates of the closed-form
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TABLE I
RESULTS WITH REAL DATA OF DIFFERENT NUMBER OF SAMPLES USING A LINE LASER

TABLE II
RESULT WITH REAL DATA USING A SINGLE-POINT LASER

solution that is described in Section III-A. The second column
presents the estimates of nonlinear optimization in Test 1. The
third column presents the standard deviations of the estimates
of the nonlinear optimization, indicating the uncertainty of the
refined result. Test 2 presents results of nonlinear optimization
of using all data in right-hand columns. The second-last row of
the Table I, labeled Cost, presents the average costs introduced
in (26). Twenty points on the working plane are observed by
the camera and their positions are determined according to the
system model and the estimated parameters. To show the posi-
tioning accuracy of the results, the distance from each point to
the end-effector is compared to the one measured by a vernier
caliper, which has 1500-mm maximum measuring range. The
average errors between calculated and measured distances are
in the last row, labeled Error. The results are consistent with
the simulation results, which revealed that the uncertainty (stan-
dard deviation) and error decline as the number of data increases.
Table II shows the result with 210 samples using a single-point

laser for comparison and it proves that using the line laser is
more accurate.

V. CONCLUSION

A novel calibration method using a line laser module is pro-
posed for accurately estimating the intrinsic parameters of the
camera and the geometrical relationships among a camera, a
robot, and a working plane. Since the laser is rigidly mounted
on the robot and the working plane is fixed at each plane pose,
the laser stripes of the camera measurements and those projected
on the working plane must satisfy the geometrical constraints.
Based on these constraints, the proposed closed-form solution
yields a global solution as initial values of parameters, which
are then refined by the nonlinear optimization to enhance ac-
curacy. Simulations are performed to validate both stages of
the calibration method and analyze its performance under var-
ious conditions. Experimental results reveal that the proposed
method is effective when a camera cannot see a hand. Further-
more, the results of the simulation and experiment are compared
with results obtained using a single-point laser. The comparison
indicates that using the line laser is more accurate.
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