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Robust Hybrid Beamforming with
Phased Antenna Arrays for

Downlink SDMA in Indoor 60 GHz Channels
Sau-Hsuan Wu, Lin-Kai Chiu, Ko-Yen Lin, and Tsung-Hui Chang

Abstract—A hybrid architecture is presented for downlink
beamforming (BF) with phased antenna arrays (PAA) in in-
door 60 GHz spatial division multiple access (SDMA) channels.
To manage the multiple access and inter-symbol interferences
(MAI/ISI) encountered in SDMA with limited feedbacks, a cost-
effective time-domain hybrid BF (HBF) method is presented
to exploit the directivity provided by PAA in radio frequency
(RF) beam patterns and the spatial diversity offered by multiple
baseband processing modules. To maintain signal qualities under
unpredictable MAI/ISI in wireless multimedia streaming to
which indoor 60 GHz radio mainly applies, robust beamformers
are designed to maintain the signal to interference-plus-noise ra-
tio (SINR) for each user with minimum total transmit power. The
percentages in which the target SINRs can be satisfied with the
proposed HBF schemes are found sensitive to uncertainties in the
phase shifters of PAA. Two kinds of robust formulations are thus
proposed to jointly combat the MAI, ISI and phase uncertainties.
Robust beamformers with semi closed-form expressions can be
obtained with a nonlinear kind of them, whose SINR satisfaction
ratio can attain 80% or more by extensive simulations in an
indoor two-user 60 GHz environment if RF beam patterns of the
users do not highly overlap in space.

Index Terms—60 GHz radio, robust downlink beamforming,
adaptive antenna arrays, SDMA and MU-MIMO.

I. INTRODUCTION

THE increasing demands on bandwidths for personal
wireless applications such as uncompressed multimedia

streaming in indoor environments illustrated in Fig. 1 have
driven the research and development for a new generation
of broadband wireless personal and local area networks
(WPAN/WLAN) [1]–[4]. The characteristics of broad and
worldwide unlicensed bandwidth (BW) and high penetration
losses at 60 GHz radio [5], [6] make it an ideal air interface
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Fig. 1. An illustration of indoor 60 GHz applications for uncompressed
wireless multimedia streaming. Subplot (b) shows a simulated 60 GHz indoor
multipath channel of SDMA using phased antenna arrays.

for such indoor wireless applications. On one hand, emerging
60 GHz WPAN standards [1], [2] consider data transmission
rates up to 5 ∼ 7 Gbit/s to provide wireless substitutes
of universal serial bus (USB) 3.0 or high definition media
interface (HDMI) 1.4. On the other hand, IEEE 802.11ad [3]
and WiGig [4] are working on 60 GHz enhancement over the
legacy IEEE 802.11 standard.

Despite the wider available BW, to provide high received
signal qualities for 60 GHz radio, it seems necessary to offer
high directivity in antenna patterns due to the strong oxygen
absorption at 60 GHz [5], [6] and the smaller allowable
transmit power over a 50 times wider BW than the legacy
IEEE802.11 [7]. Thanks to the millimeter wavelength of
60 GHz radio, it appears feasible to use Phased Arrays of
tiny patch Antennas (PAA) to provide the directivity with
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Fig. 2. Hybrid beamforming architecture for SDMA with phased antenna arrays (PAA). Subplot (b) presents two types of partitions for an 8× 8 PAA. The
left one stands for the type I partition, and the right one for the type II partition. Antennas in the same color are driven by the same BB-to-RF module.

beamforming (BF) [8], [9]. In view of the importance of direc-
tional transmission, BF with PAA has attracted recent research
attentions both in academia and in 60 GHz WPAN/WLAN
standards [8]–[10].

In typical BF with PAA at 60 GHz, each element patch
antenna is equipped with a phase shifter to adjust the sig-
nal phase radiating through it such that the collective radio
frequency (RF) signals form a constructive interference in
the intended direction. The entire PAA is driven by a single
baseband (BB) processing module only, e.g. [8]–[10]. This
kind of PAA architectures is practical for implementations,
however, restricts BB algorithms from exploiting the spatial
diversity and multiplexing (DnM) advantages available from
the multiple antennas of PAA. Recent studies in [11]–[17]
and the standards body WirelessHD [2] start to reconsider
hybrid PAA architectures for indoor 60 GHz radio attempting
to simultaneously exploit the directivity with RF BF and the
DnM advantages using multiple BB processing modules. A
BB module considered in these hybrid architectures may drive
only part of the antennas in PAA, as shown in Fig. 2 [11]–
[16], or all of them [17], [18]. This type of architectures is
not only for cost-effectiveness as opposed to using individual
modules for every single antenna. But, more importantly, it
is because the DnM advantage may not scale proportionally
with the number of BB modules, due to the strong spatial
correlations within the multi-millimeter antenna distances in
PAA [5], [16], [19].

Even though providing high directivity in line-of-sight
transmission (LOS) plays a crucial role for 60 GHz radio
[20], and existing direction estimation mechanisms have been
provided in IEEE standards [1], [3] or literatures [21], [22],
for multimedia applications illustrated in Fig. 1, the transmitter
still needs to frequently switch its beam towards receivers in
different directions, which makes it challenging to provide
realtime data streaming to the different receivers in a time-
division multiple access (TDMA) manner [23]. Motivated by
these practical limitations and the potential DnM advantages
available in PAA, we consider hybrid architectures in Fig. 2
to support multi-user (MU) downlink (DL) transmissions in
60 GHz radio, making use of the concept of spatial-division
multiple-access (SDMA) and MU multiple-input multiple out-
put (MU-MIMO) systems. A similar architecture was studied
in [15] for direction estimation of received signals.

Although, there have been rich results in both the SDMA

and MIMO technologies, the related results for 60 GHz
WPAN/WLAN are rather limited [11]–[18], [23]. Part of the
reasons lies in the need to explore the unique features of
indoor 60 GHz radio from that of the typical MIMO systems in
lower frequencies. For single-user (SU) systems, [16] studies
the MIMO capacity of a simpler architecture that uses a BB
module for each separated PAA, and [17], [18], on the other
hand, consider a more complicated mixed analog/digital BF
architecture for joint transmit and receive signal processing in
an indoor non-LOS (NLOS) 60 GHz environment.

For MU systems, [12] studies the capacities of indoor 60
GHz SDMA channels of using multiple linear or circular
phased arrays, and [23] proposes a medium access control
(MAC) protocol for SDMA in 60 GHz WLAN. Generalizing
the non-robust hybrid beamforming (HBF) architecture in
our previous works for SDMA in flat fading channels [13],
[14], we develop herein robust HBF criteria and algorithms
to combat the multiple access inference (MAI), inter-symbol
interference (ISI), and model uncertainties from the phase
shifter errors of PAA in MU DL SDMA. The main idea is to
jointly exploit the indoor 60 GHz channel characteristics, and
the spatial diversities offered by the high-directivity RF beam
patterns and the MU-MIMO BB processing. The contributions
and important features of our proposed criteria are introduced
below. In contrast, a HBF architecture was studied in [24] for
SU detection in typical flat-faded MU-MIMO channels.

Considering the feasibility and implementation cost of HBF
for the multi-GHz BW of 60 GHz WPAN/WLAN, we study
time-domain DL BF methods that only require the feedback of
radio signal strength indicator (RSSI) and the prior knowledge
on the intended transmit directions. The RSSI is typically
used for establishing wireless transmission links, and the
transmit direction can be readily obtained with the methods
proposed in [21], [22] for 60 GHz standards [1], [3]. The
proposed HBF architecture can thus be applied to systems
that employ single-carrier frequency domain equalization (SC-
FDE) [25], [26] or orthogonal frequency-domain multiplexing
(OFDM). Both technologies have been adopted in major 60
GHz WPAN/WLAN standards [1]–[4].

To control the reception quality of SDMA in indoor 60
GHz multipath channels [20] without the full channel state
information (CSI) feedbacks, we make use of the directivity
provided by PAA and the large Rician K-factors of 60 GHz
channels in LOS transmissions [20] through which high-
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Fig. 3. The normalized contour plot of |E(φ, θ)|, and the normalized RAFs and BAFs of the type I and II partitions in Fig. 2. Subplots (b) and (c) show
for the type I and II, respectively, the RAFs and BAFs.

definition multimedia streaming are typically applied [1]–[4].
These two features, on one hand, make it more effective to
combat MAI and ISI with time-domain HBF, on the other
hand, make signal qualities more sensitive to the phase shifter
errors since both array gains and directivity degrade signifi-
cantly in case of phase misalignments in RF signals [27]. To
resolve the dilemma, we propose three types of formulations
for beamformers (BFers) syntheses with increased levels of
robustness to maintain the target signal to interference-plus-
noise ratio (SINR) under MAI, ISI and phase shifter errors.
We summarize our main contributions as below:

• A cost-effective hybrid architecture of PAA to support
MU DL BF in indoor 60 GHz channels.

• A robust formulation that requires RSSIs and transmis-
sion directions to combat MAI and ISI.

• An uncertainty model that quantifies array gain degrada-
tions induced by phase errors in HBF.

• An extended robust formulation based on the S-Procedure
[28] to combat phase uncertainties.

• An extended nonlinear robust formulation that results in
semi closed-form expressions of BFers.

The HBF architecture will be described in Section II, and
the unique features of the three robust formulations will be
specified in Section III, IV and V respectively. Simulations in
an indoor environment as illustrated in Fig. 1 show that phase
uncertainties have a dominant impact on system performance.
The robustness aimed to combat the uncertainties helps mit-
igate MAI as well. More simulation studies and discussions
will be provided in Section VI and VII.

II. HYBRID BEAMFORMING ARCHITECTURE FOR SDMA
WITH PAA

We start by introducing the configurations of PAA for HBF.
Each patch antenna of a PAA is equipped with a phase shifter
to maneuver the phase of the RF signal radiating through
it. And a PAA is partitioned into blocks, each of which is
driven by a BB processing module as illustrated in Fig. 2. This
type of hybrid architectures has the flexibility to provide high
directivity in its RF beam pattern when applied to a SU system,
or to jointly exploit the directivity and spatial diversity in a
MU DL SDMA system. We herein study the latter one. Other
applications of this type of architectures can be found in [11],

[13]–[15] as well. The composite beam pattern of this hybrid
type of RF and BB BF method depends on the radiation pattern
of the patch antenna, the partition of the PAA, the setting of the
phase shifters and the BB BF weights. To compare the HBF
performance of different partitions, two presentative types of
partitions are considered in this paper, which can support DL
SDMA for up to four users as illustrated in Fig. 2(b).

A. Patch Antenna Pattern and Radio Frequency Array Factor

We first briefly review the patch antenna pattern and the
RF array factor (RAF) of the two PAA partitions of Fig 2(b),
which will be used throughout the paper. Define a direction
pair (φ, θ) where φ is the azimuth angle and θ is the elevation
angle in the coordinate system of Figs. 1(b) and 2(b). The
far-zone electric field of a patch antenna in the direction of
(φ, θ) follows

E(φ, θ) = Eθ
−→eθ + Eφ

−→eφ + Er
−→er (1)

where Er ∼= 0 along the radial direction, −→er , as we assume
r � 2LaWa

λ (see [29] for the far field definition), and the other
two components in −→eθ and −→eφ are given, respectively, by

Eθ = E′
0 cosφ cosX

(
sinY

Y

)(
sinZ

Z

)
(2)

Eφ = E′
0 cos θ sinφ cosX

(
sinY

Y

)(
sinZ

Z

)
(3)

with E′
0 � j

2haWaE0 exp{−j 2π
λ r}

λr , X � πLa

λ sin θ cosφ, Y �
πWa

λ sin θ sinφ and Z � πha

λ cos θ. The parameter λ is the
wavelength and E0 is a constant related to antenna design
[29]. For other parameters in the expressions, their physical
meanings are illustrated in Fig. 2. The contour plot of the
normalized |E(φ, θ)| is shown in Fig. 3(a) in a cylindrical
coordinate whose angular coordinate corresponds to φ, and
radial coordinate corresponds to θ in the coordinate of Fig.
2(b). The antenna pattern is generated with La = Wa = 1.3
mm and ha = 0.127 mm in [30].

Suppose that patch antennas in PAA are all identical and
that the coupling effects among the antennas can be neglected.
By the antenna array theory, the RAF of a block i is given
by (4) where Ψx(φ, θ) � 2π

λ dx cosφ sin θ and Ψy(φ, θ) �
2π
λ dy sinφ sin θ. The letters N and M represent, respectively,

the numbers of antennas in the x and y directions of a block.
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A(i)(φ, θ) � 1√
MN

N∑
n=1

M∑
m=1

exp{j(n− 1)axΨx(φ, θ) + j(m− 1)ayΨy(φ, θ) − jψ
(i)
(n,m)} (4)

A patch antenna indexed by (n,m) stands for an antenna
located at the n-th position, n ∈ {1, . . . , N} � IN 1, in the x
direction and the m-th position, m ∈ IM , in the y direction of
a block. The variable ψ(i)

(n,m), thus, represents the phase offset
introduced by the phase shifter of antenna (n,m) of block i.
For the PAAs in Fig. 2(b), we have M = N = 4, and i ∈ I4.
The indices, i, for each type of partition are shown in the
lower right corners of their corresponding plots in Fig. 2(b).

The values of (n − 1)axdx and (m − 1)aydy are the
distances in the x and y directions, respectively, between
antennas (n,m) and (1, 1) of the same block. The values of
(ax, ay) for adjacent patch antennas depend on the partition.
For the type I partition, (ax, ay) = (1, 1), and for the type II,
(ax, ay) = (2, 2). Given the target direction

(
ϕ(i), ϑ(i)

)
for

block i, ideally, we can set

ψ
(i)
(n,m) = (n−1)axΨx

(
ϕ(i), ϑ(i)

)
+(m−1)ayΨy

(
ϕ(i), ϑ(i)

)
(5)

to maximize A(i)(φ, θ) in the direction of
(
ϕ(i), ϑ(i)

)
, which

allows us to steer the main beam of (4) of a block to point to
different directions.

B. Hybrid Beamforming Pattern

In indoor 60 GHz radio, propagations suffer from additional
20 dB free space losses compared to the legacy 802.11 WLAN
[6], [7]. But in a relatively shorter operating range that requires
10 dB less transmission power [7], the maximum array gain,
|A(i)(φ, θ)| .= 12 dB, of a 4 × 4 block can help make up the
extra 10dB power requirement. Despite the array gain, users’
signals may severely affect each other by the side lobes and
grating lobes of their RAFs in (4). The grating lobes depend
on (ax, ay) and the antenna spacing (dx, dy). In this paper,
we set dx = dy = λ

2 = 2.5 mm. Therefore, the grating
lobes are affected by (ax, ay) only. The normalized RAFs,

|A(i)(0,θ)|
maxθ |A(i)(0,θ)| , of a block of the type I and II partitions are

shown in Figs. 3 (b) and (c), respectively, when ϑ(i) = 0.
In addition to MAI from side lobes or grating lobes, signals

of users may also interfere with each other through NLOS
reflections in indoor 60 GHz channels [31], [32]. To maintain
the SINR for each user in such MAI and ISI channels, users’
symbols are precoded in BB before transmission.

Suppose that wT
p �

[
w

(1)
p . . . w

(4)
p

]
is the BB BF weight

vector used to linearly precode the modulated symbols of user
p. The HBF pattern for user p is thus expressed as

Hp(φ, θ) � E(φ, θ)
4∑
i=1

A(i)(φ, θ)w(i)
p

exp
{
j(b(i)x Ψx(φ, θ) + b(i)y Ψy(φ, θ))

}
. (6)

The values of b(i)x dx and b(i)y dy are the distances in the x and
y directions, respectively, between block i and block 1 of a

1We use In in the sequel to represent an index set of {1, 2, . . . , n}.

type of partitions in Fig. 2. For instance, we have b(4)x = 4

and b
(4)
y = 4 for the type I partition, and b

(4)
x = 1 and

b
(4)
y = 1 for the type II. Due to the BF weight wp, the

composite HBF patterns are affected by both the RAF and the
BB array factor (BAF) of wp. The normalized BAFs of the
type I and II partitions are shown in Fig. 3 as well, generated
with |Hp(φ, θ)| by setting E(φ, θ) = 1, A(i)(φ, θ) = 1, and

w
(i)
p � 1√

4
exp

{
−j(b(i)x Ψx(ϕ

(i), ϑ(i)) + b
(i)
y Ψy(ϕ

(i), ϑ(i)))
}

,
∀i ∈ I4, to compensate the effects of block distances in the
target direction of ϑ(i) = 0.

Results in Fig. 3 show that the double inter-antenna spacing,
(ax, ay) = (2, 2), in a block of the type II partition results in
grating lobes in its RAF. On the other hand, the quadruple
inter-block distance of the type I partition will yield grating
lobes in its BAF. The PAA partition, thus, has direct impact
on the HBF pattern. And equations (4) and (6) suggest that
one should jointly design the BB BFers wp and the values of
ψ
(i)
(n,m) for all patch antennas. In practice, the phase shifters

can often be set only to a limited number of predefined angles,
in particular, at such a high frequency of 60 GHz [9], [33].
Suppose that the number of adjustable angles is Np. Ideally
we will have a discrete set Ξ �

{
2π(	− 1)/Np 	 ∈ INp

}
for ψ(i)

(n,m). Under the constraint of ψ(i)
(n,m) ∈ Ξ, wp should be

evaluated for N4MN
p possible combinations of ψ(i)

(n,m). Taking
for instance the designs of [8], [10], a reasonable value of Np
is 8, making N4MN

p = 2192 in our system setting. This leaves
us no choice but to consider a low-complexity HBF design.

Intuitively, one would associate a block of the PAA to an
individual user p, and simply maximizes its RAF in the LOS
direction (φp,0, θp,0) of its associated user with (5). Though
straightforward, this simple approach allows us to separate the
design of wp from that of ψ(i)

(n,m). And the array gain of RAF
can provide each user a certain degree of SINR in advance
if users’ signals have proper separations in space. Moreover,
the high directivity of the RAF of a large block can help pre-
confine the interference of a user’s signal in MAI and ISI
channels as well, due to the high reflection and path losses of
the 60 GHz radio in indoor environments. Nevertheless, under
the constraint of ψ(i)

(n,m) ∈ Ξ, this still requires to determine

the set Ψ(i) of ψ(i)
(n,m), ∀i ∈ I4, with

Ψ(i) � {ψ(i)
(n,m) max |A(i)(φp,0, θp,0)|, ψ(i)

(n,m) ∈ Ξ,

n = 1, . . . , N, m = 1, . . . ,M}. (7)

The complexity of this scheme is still 4(NMN
p ) = 250 in

our system setting. Considering the feasibility in practice, a
heuristic method that does not necessarily maximize the RAF
is needed.

Observe from (4) that the RAF is deterministic as long
as ψ

(i)
(n,m) are set exactly to values in Ξ even if the RAF

is not maximized with (7). The degradation in the RAF can
be compensated with wp if Np of Ξ is not too small, and
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the errors coupled on ψ(i)
(n,m) are negligible. The challenges to

HBF designs are, therefore, more from the uncertainty in each
discrete angle of each phase shifter than from the number of
discrete angles, Np. This motives us to use a simple quantizer

argmin
ψ∈Ξ

|ψ − ψ
(i)
(n,m) mod 2π|2 (8)

to set phase shifters to values nearest to ψ
(i)
(n,m) of (5) in Ξ,

and design robust BFers wp to maintain the SINR under the
phase shifter errors. Our simulation results in Section VI will
show that the performance of using (8) with Np = 8 is fairly
close to, and in some cases even better than, that of setting the
exact ψ(i)

(n,m) of (5) for phase shifters. This validates our design
approach, yet, also implies that a full HBF design can be
non-trivial, even though it remains challenging to verify how
close an approximate design with (8) can approach the optimal
HBF one. In the sequel, we focus on developing BF schemes
to construct wp under various design constraints in MU DL
SDMA. The performance of the two types of partitions will
be studied by simulations in Section VI from the perspectives
of BFers’ power consumptions and SINR satisfaction ratios.

III. BASEBAND DESIGN OF HBF FOR MULTIUSER

DOWNLINK SDMA

According to (6), the signal received in the direction
(φp,�, θp,�) of the 	-th path to user p is√Lp,�hp,�Ep,�[A(1)

p,� exp{j(b(1)x Ψx,p,� + b(1)y Ψy,p,�)},
. . . , A

(4)
p,� exp{j(b(4)x Ψx,p,� + b(4)y Ψy,p,�)}]Wx (9)

where W � [w1 . . .wK ] and x � [x1, . . . , xK ]T with
T standing for matrix transpose and K ≤ 4 being the
number of users. The power of users’ signals, xp, is nor-
malized to E{|xp|2} = 1, ∀p ∈ IK , with E{·} standing
for expectation. Let Lp be the number of channel paths to
user p. By the method of (5) and (8), the RAF, A(i)

p,�, of
a block i ∈ I4 is the value of A(i)(φp,�, θp,�) observed at
(φp,�, θp,�), ∀	 ∈ ILp−1, when its target direction is set
to the LOS direction, (φp,0, θp,0), of its associated user p.
Following this notational convention, we also define Lp,� to be
the power propagation loss along the direction of (φp,�, θp,�),
and have Ep,� � E(φp,�,θp,�)∮ ∮

E(φ,θ)dφdθ
, Ψx,p,� � Ψx(φp,�, θp,�) and

Ψy,p,� � Ψy(φp,�, θp,�). The time-domain NLOS channel
coefficients, hp,�, are independent and complex Gaussian
distributed with zero-mean and E{|hp,�|2} = 1, ∀	 ∈ ILp−1.
For the LOS channels, however, |hp,0| = 1 and �hp,0 are
uniformly distributed in [0, 2π) [3], [32].

The expression of (9) motivates us to define a steering
vector for each direction (φp,�, θp,�) as

sp,� �
[
exp{j(b(1)x Ψx,p,� + b(1)y Ψy,p,�)}, . . . ,

exp{j(b(4)x Ψx,p,� + b(4)y Ψy,p,�)}
]†

(10)

to quantify the phase differences among antenna blocks,
where † stands for conjugate transpose. Further, let Ap,� �
diag{[A(1)

p,� , A
(2)
p,� , A

(3)
p,� , A

(4)
p,� ]} be a diagonal matrix. By (9)

and (10), the average power received at user p from the signal
component of user q can thus be expressed as
Lp−1∑
�=0

Lp,�|Ep,�s†p,�Ap,�wq|2 �
Lp−1∑
�=0

Lp,�|g†
p,�wq|2, ∀p, q ∈ IK

(11)
with gp,� � E∗

p,�A
†
p,�sp,� being viewed as the effective beam

pattern along the 	-th path to user p.
Based on (11), the time-domain average SINR then follows

SINRp �
∑Lp−1

�=0 Lp,�|g†
p,�wp|2∑K

q �=p
∑Lp−1

�=0 Lp,�|g†
p,�wq|2 + σ2

p

(12)

where σ2
p is the noise variance at user p. In this paper, we use

this average SINR as a performance metric to maintain the
signal quality for each user in MU DL SDMA systems.

Define a quality constraint, γ0, on the SINRp. The optimiza-
tion problem to minimize the transmission power subject to
(s.t.) SINRp ≥ γ0 is a typical quadratic constrained quadratic
programming (QCQP) problem [28]. For clarity, we, instead,
refer to this programming problem as an SINR constrained
power minimization (SCPM) problem, and formulate it in our
setting as

argmin
{wp}K

p=1

∑K
p=1 ‖wp‖2

s.t. 1
γ0
w†
p(Qp +ΔQp)wp ≥

K∑
q=1,q �=p

w†
q(Qp +ΔQp)wq + σ2

p, ∀p ∈ IK
(13)

where Qp � Lp,0gp,0g†
p,0 and ΔQp �

∑Lp−1
�=1 Lp,�gp,�g†

p,�.
The total transmit power delivering to the PAA is equal to∑K

p=1 ‖wp‖2 since A
(i)
p,� and Ep,� have been normalized in

(4) and (9).
Given Qp and ΔQp, the problem can be solved with the

fixed-point method developed in [34], or be reformulated as
a second-order cone programming problem, and solved using
SeDuMi or CVX [35], [36]. In practice, however, the complex-
ity to estimate the sum of Qp and ΔQp is typically high. A
feasible way is to estimate it from the autocorrelation matrix
of the frequency-domain channel responses. Specifically, let
[gp,�]i be the i-th element of gp,�. The frequency-domain
channel coefficient from an antenna block i to user p is
given by Hp,ft,i �

∑Lp−1
�=0 hp,�

√Lp,�[gp,�]i exp{−j 2πft�NF
}

where ft ∈ {0, . . . , NF − 1} with NF being the number of
subcarriers of OFDM. Define Hp,ft � [Hp,ft,1, . . . ,Hp,ft,4]

T .
Then it is straightforward to show that E{Hp,ftH†

p,ft
} =∑Lp−1

�=0 Lp,�gp,�g†
p,� = Qp+ΔQp � 1

NF

∑NF−1
ft=0 Hp,ftH†

p,ft
.

Based on this approximation, each user p can estimate and
feed back its Qp + ΔQp to the transmitter to solve (13).
Apparently, the complexity and feedback overhead for this
type of BF design is quite high. In the sequel, we consider
an alternative design methodology that exploits the indoor 60
GHz channel characteristics to reduce the complexity and, in
particular, the feedback overhead.

A. Robust BF Design to Combat MAI and ISI with Partial
CSI at the Transmitter

When applying BF in 60 GHz radio, the received power
is in general dominated by its LOS component. The reasons
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TABLE I
THE VALUES OF κ1 AND κ2 GENERATED WITH THE TYPE II PARTITION IN FIG. 2.

z2
κ1/κ2 2 3 4 5 6 7 8 9

0 21/20 21/25 20/48 27/63 53/33 100/24 133/9 146/66
1 21/12 20/15 23/25 56/27 118/28 140/16 158/7 166/7
2 21/23 20/42 54/71 130/70 152/50 161/22 120/9 76/9
3 20/65 53/163 142/109 162/50 95/30 53/13 41/6 37/8

x2 4 54/554 163/211 54/96 37/42 33/17 30/10 28/7 26/12
5 21/279 21/66 21/35 21/23 20/20 21/21 21/30 21/36
6 43/401 143/578 71/93 32/36 23/15 20/9 20/6 20/11
7 25/54 45/126 158/96 141/140 114/33 71/18 45/8 31/7
8 22/17 30/28 46/31 129/34 158/36 144/47 124/8 97/11
9 22/29 25/32 33/56 46/33 100/26 163/19 163/9 139/131

are three-fold: First, the array gain in the LOS direction is
typically much higher than those in the NLOS directions if the
beam pattern of a RAF is properly steered towards its intended
receiver. Second, the power losses from NLOS reflections are
around 10 dB for the first reflections, and are 6 dB more
for the second reflections in indoor 60 GHz channels [32].
Third, the longer traveling distances of NLOS reflections also
contribute extra losses, in particular, under the strong oxygen
absorption effect at 60 GHz [6], [20]. Due to the dominance
of LOS components, the Rician K-factors [37] of indoor 60
GHz channels are expected to be high.

Define the Rician K-factor, also acknowledged as the K-
factor, for the channel of user p by

κp � Lp,0‖gp,0‖2∑Lp−1
�=1 Lp,�‖gp,�‖2

=
Lp,0|Ep,0|2

∑4
i=1 |A(i)

p,0|2∑Lp−1
�=1 Lp,�|Ep,�|2

∑4
i=1 |A(i)

p,�|2
. (14)

The K-factors of users 1 and 2 of a two-user system are shown
in Table I, which are simulated based on the channel model of
[32], [38] for a 9×5×9 m3 conference room illustrated in Fig.
1(b). In simulations, the transmitter and the receivers are all
placed on the plane of y = −1 in the Cartesian coordinate of
Fig. 1(b). Therefore, the location of the transmitter is denoted
by (xT , zT ), for simplicity, and the locations of a receiving
user, p, is denoted by (xp, zp), ∀p ∈ IK .

The values of an entry (x2, z2) are the K-factors κ1 and κ2
when (xT , zT ) = (5, 1), (x1, z1) = (7, 5), and user 2 is at the
location (x2, z2) in Fig. 1(b). The K-factors of each location
are evaluated averaging over 1000 simulated channels when
the RAFs are generated according to the type II partition in
Fig. 2, with A

(1)
p,� and A

(4)
p,� steered towards user 1 and the

other two steered towards user 2. Although the K-factors vary
with (x2, z2), their values are greater than 10 in 66 out of 80
locations, which justify our argument that the received power
is in general dominated by its LOS component. For more
details about channel simulations, please refer to Section VI.

Suppose that κp � 1, then Lp,0‖gp,0‖2 �∑Lp−1
�=0 Lp,�‖gp,�‖2, which is equal to the RSSI value.

The RSSI feedback is often required by a transmitter to
establish a transmission rate to its intended receiver. Given
users’ directions (φp,0, θp,0), and, hence, gp,0, the transmitter
thus obtains the approximation of Lp,0 from the RSSI
feedback, which yields Qp � Lp,0gp,0g†

p,0. The uncertainty
in the estimate of Qp can be incorporated into ΔQp that
characterize the NLOS ISI.

Although ΔQp is not available to the transmitter,
by the definition of ΔQp, we have ‖ΔQp‖F ≤∑Lp−1

�=1 ‖Lp,�gp,�g†
p,�‖F , according to the triangle inequality.

Set a lower bound for κp, and, hence, an upper bound, Kp,
on 1

κp
Lp,0‖gp,0‖2. By (14), we may reformulate the SCPM

problem of (13) to account for all ΔQp whose ‖ΔQp‖F ≤
1
κp

Lp,0‖gp,0‖2 ≤ Kp [39]–[41].2 Specifically, we have

argmin
{wp}K

p=1

∑K
p=1 ‖wp‖2

s.t. argmin
‖ΔQp‖F≤Kp

w†
p(Qp+ΔQp)wp∑K

q=1,q �=p w†
q(Qp+ΔQp)wq+σ2

p

≥ γ0,

∀p ∈ IK .
(15)

Let Ap � γ0
∑K
q=1,q �=pWq − Wp with Wp � wpw

†
p, ∀p ∈

IK . If we relax the rank-one constraint of rank{Wp} = 1, the
problem can be transformed with the method of [40] into

argmin
{Wp,Bp}K

p=1

∑K
p=1 Tr{Wp}

s.t. Kp‖Ap + Bp‖F + Tr{Qp(Ap + Bp)}+ γ0σ
2
p ≤ 0,

Bp � 0, ∀p ∈ IK
(16)

where � 0 stands for positive semidefinite (p.s.d.), and Tr{·}
stands for the trace of its argument.

This is a semidefinite programming (SDP) problem whose
solutions were shown by large simulations in [40] to satisfy
rank{Wp} = 1. For succinctness, this criterion of (16) is
denoted by SDP-R-SCPM to signify the SDP method in
solving the robust SCPM (R-SCPM) problem of (15). We note
that a matrix Bp is introduced in (16). And it also requires
some knowledge on Kp, namely, the lower bound of κp (14).
The values of κp reflect the degree of ISI and vary with
locations as shown in Table I. A smaller lower bound for
κp gives a higher chance to satisfy the SINR constrain in
more locations, but also entails more power. A reasonable
value should be set based on observations, experiments and
performance requirements. A similar concept and practice has
long been adopted in setting the length of the cyclic prefix for
OFDM or SC-FDE.

IV. ROBUST BF DESIGN FOR PAA WITH IMPERFECT

PHASE SHIFTERS

Although the HBF scheme of (6), (8) and (16) allows us
to maintain the SINR under MAI with a feasible complexity

2The values of Kp are set equal to 1
κ
Lp,0‖gp,0‖2 in simulations, with κ

being the lower bound for κp, ∀p ∈ IK .
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in MU DL SDMA, the performance of the HBF scheme is
closely related to |A(i)

p,0|2, ∀p ∈ IK , whose values are deter-

mined by ψ(i)
(n,m) of the phase shifters, ∀n ∈ IN , m ∈ IM and

i ∈ I4. Despite that ψ(i)
(n,m) are quantized and set to discrete

values by (8), whose true values are subject to variations from
manufacturing, in particular at such a high frequency of 60
GHz [9], [33]. The foci of RAFs will thus become blurred
since the phase errors vary for different patch antennas [9],
[33]. As a result, the RAFs Ai(φ, θ) for different blocks will
not be the same even if setting ψ(1)

(n,m) = ψ
(2)
(n,m) · · · = ψ

(4)
(n,m),∀n ∈ IN and m ∈ IM . In a MU SDMA system discussed

herein, these uncertainties in the RAFs make it even more
difficult to maintain the SINR for all users in the system,
motivating us to combat the phase uncertainties with robust
BF designs.

A. Effects of Phase Uncertainty in Phase Shifters

Denote the phase errors in ψ
(i)
(n,m) by δψ

(i)
(n,m). The RAFs

under the influences of δψ(i)
(n,m) become

Ã(i)(φ, θ) =
1√
MN

N∑
n=1

M∑
m=1

℘
(i)
(n,m)(φ, θ) exp

{
jδψ

(i)
(n,m)

}
(17)

with ℘
(i)
(n,m)(φ, θ) � exp{j[(n − 1)axΨx(φ, θ) + (m −

1)ayΨy(φ, θ)] − jψ
(i)
(n,m)}. Since the phase errors are

bounded and usually have max{|δψ(i)
(n,m)|} ≤ 5◦ and√

E{|δψ(i)
(n,m)|2} ≈ 2◦ for PAAs designed for millimeter wave

(mmWave) radio [9], [33], we thus define |δψ(i)
(n,m)| ≤ ε.

Given that ε is small, we have exp{jδψ(i)
(n,m)} � 1+jδψ

(i)
(n,m).

The RAF can thus be approximated as

Ã(i)(φ, θ) � A(i)(φ, θ) +
(
℘(i)(φ, θ)

)†
Δ(i) (18)

with ℘(i)(φ, θ) � j√
MN

[℘
(i)
(1,1)(φ, θ) · · · ℘(i)

(1,M)(φ, θ), · · · ,
℘
(i)
(N,1)(φ, θ) · · · ℘

(i)
(N,M)(φ, θ)]

† and the uncertainty vector

defined as Δ(i) � [δψ
(i)
(1,1) · · · δψ

(i)
(1,M), · · · , δψ(i)

(N,1) · · ·
δψ

(i)
(N,M)]

T .

Due to the uncertainty term
(
℘(i)(φ, θ)

)†
Δ(i) in (18), the

HBF pattern of (6) should be modified accordingly to reflect
the influences of phase errors. Denote Ã(i)(φp,�, θp,�) by Ã(i)

p,�,
for simplicity, which is associated with the 	-th incoming
path to user p. Similarly, we also denote the corresponding
℘(i)(φp,�, θp,�) by ℘(i)

p,�. Based on the result of (18), the HBF
pattern becomes

H̃q(φp,�, θp,�) = Ep,�s
†
p,�Ãp,�wq

� Ep,�s
†
p,�(Ap,� +ΔAp,�)wq

� g̃†
p,�wq = g†

p,�wq +Δg†
p,�wq (19)

where ΔAp,� � diag

{[(
℘
(1)
p,�

)†
Δ(1) . . .

(
℘
(4)
p,�

)†
Δ(4)

]}
,

Ãp,� � diag
{[
Ã

(1)
p,� . . . Ã

(4)
p,�

]}
and Δgp,� � Ep,�s

†
p,�ΔAp,�.

Replacing gp,� in (12) with g̃p,�, the SINR is rewritten as

SINRp �
∑Lp−1

�=0 Lp,�|g̃†
p,�wp|2∑K

q �=p
∑Lp−1

�=0 Lp,�|g̃†
p,�wq|2 + σ2

p

. (20)

Consequently, the SCPM problem under the influence of phase
uncertainties (SCPM-PU) follows

argmin
{wp}K

p=1

∑K
p=1 ‖wp‖2

s.t.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
γ0
w†
p(Q̃p +ΔQ̃p)wp ≥

K∑
q=1,q �=p

w†
q(Q̃p +ΔQ̃p)wq + σ2

p,

|δψ(i)
(n,m)| ≤ ε,

∀ i ∈ I4, n ∈ IN , m ∈ IM , p ∈ IK

(21)

with Q̃p � Lp,0g̃p,0g̃†
p,0 and Δ̃Qp �

∑Lp−1
�=1 Lp,�g̃p,�g̃†

p,�.
We note that the error in (φp,0, θp,0) can also be incorporated
into δψ(i)

(n,m), resulting in (21) as well with a similar procedure
given above.

B. Robust BF Design to Combat Phase Uncertainties

The robust BF problem now becomes to design wp that
satisfy the SINR constraint for all |δψ(i)

(n,m)| ≤ ε. Although
there have been rich results in literatures which consider robust
MU DL BF problems, most study BFer designs under the
uncertainties in fading channel coefficients. Recent results in
[42], [43] show that a least conservative and, hence, a power
efficient robust BF method can be constructed using the S-
Procedure [28] and semidefinite relaxation (SDR). Different
from the existing results, we consider herein robust designs to
combat the phase shifter errors. We will show in this section
that the robust SCPM-PU problem of (21) can be reformulated
as an SDP problem, making use of the S-Procedure as well.
The results presented herein also lead to a more robust
nonlinear formulation of BFer to be presented in Section V.

Continued from (19), by the Cauchy-Schwarz inequality and
the upper bound |δψ(i)

(n,m)| ≤ ε on the phase uncertainties, the
uncertainty in the RAF of (19) can be bounded from above
by

‖ΔA(i)
p,�‖ � ‖

(
℘(i)
p,�

)†
Δ(i)‖

≤ ‖℘(i)
p,�

‖‖Δ(i)‖ =
√
MNε, ∀ |δψ(i)

(n,m)| ≤ ε(22)

with the equality holding when Δ(i) ∝ ℘
(i)
p,�. Therefore, by

(10), (19) and (22), we have

‖Δgp,�‖ = ‖Ep,�s†p,�ΔAp,�‖
≤

√
4MN |Ep,�|ε � εp,�, ∀ |δψ(i)

(n,m)| ≤ ε (23)

as | exp{j(b(i)x Ψx,p,� + b
(i)
y Ψy,p,�)}| = 1 for sp,� in (10).

Now rewrite the expression of (20) as what is shown in
(24). This SINR expression can also lead to a R-SCPM
problem in the forms of (15) and (16) if we redefine
ΔQp � Lp,0(Δgp,0Δg†

p,0 + Δgp,0g
†
p,0 + gp,0Δg†

p,0) +∑Lp−1
�=1 Lp,�g̃p,�g̃†

p,� in this case, and find a proper upper
bound for ‖ΔQp‖F , making use of (23).
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SINRp =
Lp,0|(gp,0 +Δgp,0)

†wp|2 +
Lp−1∑
�=1

Lp,�|g̃†
p,�wp|2

K∑
q �=p

[
Lp,0|(gp,0 +Δgp,0)†wq|2 +

Lp−1∑
�=1

Lp,�|g̃†
p,�wq|2

]
+ σ2

p

. (24)

Specifically, redefine the Rician K-factor under the angle
uncertainties of phase shifters as

κ̃p � Lp,0‖g̃p,0‖2∑Lp−1
�=1 Lp,�‖g̃p,�‖2

=
Lp,0|Ep,0|2

∑4
i=1 |Ã(i)

p,0|2∑Lp−1
�=1 Lp,�|Ep,�|2

∑4
i=1 |Ã(i)

p,�|2
(25)

and rewrite the ISI components of ΔQp in terms of κ̃p and
the LOS component Lp,0‖g̃p,0‖2. Then, applying (23), and
the triangle and Cauchy-Schwarz inequalities to bound the
effects of Δgp,0 in g̃p,0, we will obtain an upper bound of
‖ΔQp‖F ≤ Lp,0(ε2p + 2εp‖gp,0‖) + Lp,0

κ̃p
‖g̃p,0‖2. 3

Compared to the upper bound of ‖ΔQp‖F ≤
1
κp

Lp,0‖gp,0‖2 for (15), the cross product terms
between gp,0 and Δgp,0 make the upper bound
Lp,0(ε2p+2εp‖gp,0‖)+ Lp,0

κ̃p
‖g̃p,0‖2 of ‖ΔQp‖F , in this case,

much higher due to the magnitudes of 2εpLp,0‖gp,0‖, in
particular for LOS channels with high K-factors. The power
of the resultant wp to combat the uncertainty ‖ΔQp‖F thus
becomes unacceptably high for a realistic system, making the
method of (15) and (16) inappropriate for (24). To resolve
this feasibility issue, we alternatively find a lower bound for
(24) with (26) shown in the next page, by defining parameters
K̃p ≥ 1

κ̃p
Lp,0(‖gp,0‖ + εp)

2 to upper bound the effect of ISI
in a sense of 4

‖ΔQ̃p‖F ≤ ∑Lp−1
�=1 ‖Lp,�g̃p,�g̃†

p,�‖F = 1
κ̃p
Lp,0‖g̃p,0‖2

= 1
κ̃p

Lp,0‖gp,0 +Δgp,0‖2 ≤ K̃p. (27)

Given K̃p, it follows that argmax
‖ΔQ̃p‖F≤K̃p

∑K
q �=pw

†
qΔQ̃pwq

s.t. ΔQ̃p � 0 yields ΔQ̃p = K̃p
∑K

q �=p wqw
†
q

‖∑
K
q �=p wqw

†
q‖F

, and

min
‖ΔQ̃p‖F≤K̃p

w†
pΔQ̃pwp = 0 as ΔQ̃p � 0. Substituting these

values back into (26), and bounding the result with a lower
limit γ0 such that min

‖ΔQ̃p‖F≤K̃p

SINRp ≥ γ0, we will obtain

(gp,0 +Δgp,0)
†
(

Lp,0

γ0
Wp − Lp,0

K∑
q �=p

Wq

)
(gp,0 +Δgp,0)

−σ2
p ≥ K̃p

∥∥∥∥∥ K∑
q �=p

Wq

∥∥∥∥∥
F

(28)
with Wp � wpw

†
p. A valid solution, thus, must satisfy Wp �

0 and rank{Wp} = 1, ∀p ∈ IK .

3For simplicity, we have εp ≡ εp,0 since only εp,0 in the LOS direction
will be used hereafter.

4The values of ˜Kp are set as 1
κ
Lp,0‖gp,0 + εp‖2 in simulations, with κ

being the lower bound for κ̃p, ∀p ∈ IK .

Now, introducing some parameters τp ≥ 0, ∀p ∈ IK , that
satisfy

(gp,0 +Δgp,0)
†
(

1
γ0
Wp −

K∑
q �=p

Wq

)
(gp,0 +Δgp,0)−

σ2
p

Lp,0
≥ τp ≥ K̃p

Lp,0

∥∥∥∥∥ K∑
q �=p

Wq

∥∥∥∥∥
F

(29)

we then obtain from above the constraints that satisfy
SINRp ≥ min

‖ΔQ̃p‖F≤K̃p

SINRp ≥ γ0 according to (24) and (26).

Making use of the fact that
∥∥∥∑K

q �=pWq

∥∥∥
F

≥ ∑K
q �=p ‖Wq‖F ,

we eventually obtain an alternative set of constraints for the
robust SCPM-PU problem of (21), given by

(gp,0 +Δgp,0)
†
(

1
γ0
Wp −

K∑
q �=p

Wq

)
(gp,0 +Δgp,0)−

σ2
p

Lp,0
≥ τp ≥ K̃p

Lp,0

K∑
q �=p

‖Wq‖F . (30)

This constraint formulation allows us to handle the phase
uncertainties in Δgp,0 and ISI of (24), separately. Neverthe-
less, to make (29) and (30) hold under the condition of (23),
it requires

(gp,0 +Δgp,0)
†
(

1
γ0
Wp −

K∑
q �=p

Wq

)
(gp,0 +Δgp,0)−

σ2
p

Lp,0
≥ τp, ∀ ε−2

p ‖Δgp,0‖2 ≤ 1. (31)

These infinite many inequalities, however, can be transformed
into few linear matrix inequalities (LMIs), making use of the
S-Procedure [28], [43]. Specifically, define an LMI of the form

Ωp(W1, . . . ,WK , τp, ζp)

�
[

I4
g†
p,0

] (
1
γ0
Wp −

K∑
q �=p

Wq

) [
I4 gp,0

]
+⎡⎣ ζp

ε2p
I4 0

0 − σ2
p

Lp,0
− τp − ζp

⎤⎦ � 0. (32)

The inequalities of (31) hold true if and only if there exist
ζp ≥ 0 such that Ωp(W1, . . . ,WK , τp, ζp) � 0, ∀p ∈ IK .
Therefore, the robust SCPM-PU problem of (21) can be trans-
formed with (30) and (31) into a power minimization problem
subject to the LMI constraints of (32) and rank{Wp} = 1,
∀p ∈ IK . Relaxing the constraints of rank{Wp} = 1,
the robust SCPM-PU problem essentially becomes an SDP
problem, denoted by SDP-R-SCPM-PU, and is reformulated
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min
‖ΔQ̃p‖F≤K̃p

SINRp ≥
Lp,0|g̃†

p,0wp|2 + min
‖ΔQ̃p‖F≤K̃p

w†
pΔQ̃pwp∑K

q �=p Lp,0|g̃†
p,0wq|2 + max

‖ΔQ̃p‖F≤K̃p

∑K
q �=pw

†
qΔQ̃pwq + σ2

p

(26)

in the form of

argmin
{Wp,τp,ζp}K

p=1

∑K
p=1 Tr{Wp}

s.t.

⎧⎪⎪⎨⎪⎪⎩
Ωp(W1, . . . ,WK , τp, ζp) � 0 , ζp ≥ 0,

τpLp,0 ≥ K̃p
K∑
q �=p

‖Wq‖F ,Wp � 0,

∀p ∈ IK .

(33)

The complexity order for solving (33) is O(K343), K ≤ 4, per
iteration if using the interior-point method [44]. Simulations
with CVX [36] show that rank{Ŵp} = 1 for all the optimal
Ŵp even if the constraints of rank{Wp} = 1 have been
relaxed in (33). This observation agrees with those reported
in [42], [43], though a rigorous proof is required to justify the
outcomes of our simulations.

We note that (30), and hence (33), will degenerate into
another robust SCPM problem of

argmin
{wp}K

p=1

∑K
p=1 ‖wp‖2

s.t. 1
γ0
w†
pQpwp −

K∑
q=1,q �=p

w†
q (Qp +KpI)wq ≥ σ2

p,

∀p ∈ IK
(34)

since Wp � wpw
†
p, Qp � Lp,0gp,0g†

p,0, and Δgp,0 = 0 when
ε = 0. This is essentially a QCQP problem and has closed-
form solutions of wp [34]. For convenience, this criterion is
denoted by QCQP-R-SCPM, and will be used to justify the
effectiveness of (26) in comparison with (15).

Furthermore, when κp are very large, we may set Kp = 0,
the optimal wp then degenerate to a decorrelating precoder
(DP) [37]. Specifically, put the received signals of (9), ∀p ∈
IK , into a vector form of diag{h1,0, . . . , hK,0}G0Wx with
G0 � [

√L1,0E
∗
1,0A

†
1,0s1,0, . . . ,

√LK,0E∗
K,0A

†
K,0sK,0]

†.
The problem of (34) will return a DP of the form

W � √
γ0G

†
0

(
G0G

†
0

)−1

diag

{[
σ1√L1,0

, . . . ,
σK√LK,0

]}
(35)

when Kp = 0, ∀p ∈ IK . The power consumption is, thus,
P0 � Tr{W†W}. This ideal BFer is used as a benchmark
in simulations to evaluate the effectiveness of the proposed
robust criteria.

V. A NONLINEAR PROGRAMMING METHOD FOR ROBUST

BF DESIGN

Though elegant, the SDP-R-SCPM-PU criterion of (33) still
requires a numerical solver to carry out Wp. To improve the
feasibility in practical implementations, we are interested in
closed-form or semi closed-form expressions of wp. Observe
from (19). If we define νp,q, p, q ∈ IK , such that

|g†
p,0wq| ≤ νp,q‖gp,0‖‖wq‖ (36)

then the LOS signal power |g̃†
p,0wp|2 in (20) can be lower

bounded by a function of wp, given by

|g̃†
p,0wp|2 ≥ (|g†

p,0wp| − |Δg†
p,0wp|)2

≥
(
|g†
p,0wp| − εp‖wp‖

)2

≥ |g†
p,0wp|2 + ε2p‖wp‖2 − 2εpνp,p‖gp,0‖‖wp‖2

� w†
p[gp,0g

†
p,0 + ξp,pI]wp (37)

where ξp,p � εp (εp − 2νp,p‖gp,0‖), provided that |g†
p,0wp| ≥

εp‖wp‖. On the contrary, the LOS interference power
|g̃†
p,0wq|2 in (20) can be upper bounded by a function of wq

that follows

|g̃†
p,0wq|2 ≤ (|g†

p,0wq|+ |Δg†
p,0wq|)2

≤ (|g†
p,0wq|+ εp‖wq‖)2

≤ |g†
p,0wq|2 + ε2p‖wq‖2 + 2εpνp,q‖gp,0‖‖wq‖2

� w†
q[gp,0g

†
p,0 + ξp,qI]wq (38)

where ξp,q � εp (εp + 2νp,q‖gp,0‖) for p, q ∈ IK and p �= q.
Therefore, the signal components in (30) for robust HBF can
be bounded from below by a quadratic function of wp in the
form of

1

γ0
|g̃†
p,0wp|2 −

K∑
q �=p

|g̃†
p,0wq|2

≥ 1

γ0
w†
p

[
gp,0g

†
p,0 + ξp,pI

]
wp−

K∑
q �=p

w†
q

[
gp,0g

†
p,0 + ξp,qI

]
wq. (39)

This inequality bounds the first term of (30) and (31)
from below with a quadratic function of wp. Nonetheless, the
parameters νp,q introduced in (36) make (39) in fact a high-
order nonlinear inequality. Therefore, to satisfy both (30) and
(31), the robust SCPM-PU criterion of (21) is transformed by
(39) into a more conservative nonlinear programming (NLP)
problem of the form

argmin
{wp, νk,p}K

k,p=1

∑K
p=1 ‖wp‖2

s.t.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
γ0
w†
p

[
gp,0g

†
p,0 + ξp,pI

]
wp−

K∑
q �=p

w†
q

[
gp,0g

†
p,0 + (ξp,q +

K̃p

Lp,0
)I
]
wq ≥ σ2

p

Lp,0

|g†
p,0wq|2 ≤ ν2p,q‖gp,0‖2‖wq‖2, νp,q > 0,

∀p, q, k ∈ IK .

(40)

This optimization problem, denoted by NLP-R-SCPM-PU,
will be shown to be convex in the appendix when νp,q >
0, ∀p, q ∈ IK . The optimal νp,q and wp can thus be solved
based on the Karush-Kuhn-Tucker (K.K.T.) conditions of (40)



WU et al.: ROBUST HYBRID BEAMFORMING WITH PHASED ANTENNA ARRAYS FOR DOWNLINK SDMA IN INDOOR 60 GHZ CHANNELS 4551

[28]. The procedure for solving this problem is summarized in
the following theorem. Despite the optimality, the equalities
for the lower (37) and the upper (38) bounds in (39) in general
do not hold for the same Δgp,0 simultaneously, which will
otherwise require Δgp,0 ∝ gp,0 ∝ wp ∝ wq, ∀q �= p. This
property makes the formulation of (40) more conservative than
that of (33), however, provides extra robustness against the
MAI in (26) from which both (33) and (40) are derived, when
K̃p are not set high enough to combat ISI.

Theorem 1: Consider the problem of (40). Suppose that ∃
λp > 0, λp ∈ R, ∀p ∈ IK such that

1

λp
=

1

γ0
ηp,pg

†
p,0T

−1
p,pgp,0 (41)

and ∃ εp
‖gp,0‖ ≤ νp,p ≤ 1 and 0 ≤ νp,q ≤ 1, p �= q, ∀p, q ∈ IK ,

that satisfy

1

νp,p
=

λp
γ0
ηp,p‖gp,0‖

∥∥T−1
p,pgp,0

∥∥ (42)

1

νq,p
= λqηq,p‖gq,0‖

∥∥T−1
q,pgq,0

∥∥ , ∀q �= p (43)

where ηp,p � 1 − εp
‖gp,0‖νp,p , ηq,p � 1 +

εq
‖gq,0‖νq,p ,

Tp,p � αpI +
∑K
q �=p λqηq,pgq,0g

†
q,0 and Tq,p � αpI +∑K

k �=p,q λkηk,pgk,0g
†
k,0 − λp

γ0
ηp,pgp,0g

†
p,0 with αp � 1 −

λp

γ0
εp(εp−νp,p‖gp,0‖)+

∑K
q �=p λq(εq(εq+νq,p‖gq,0‖)+ K̃q

Lq,0
).

Define a K ×K matrix F whose entries are given by

Fp,p �
λ2p
γ30
η2p,p

(∣∣∣g†
p,0T

−1
p,pgp,0

∣∣∣2 + ξp,p
∥∥T−1

p,pgp,0
∥∥2

)
(44)

Fp,q � −λ
2
q

γ20
η2q,q

(∣∣∣g†
p,0T

−1
q,qgq,0

∣∣∣2 + ξp,q
∥∥T−1

q,qgq,0
∥∥2

)
(45)

∀p, q ∈ IK , p �= q. If F � 0, then the program is strictly fea-
sible. Define Υ � [

σ2
1

L1,0
, . . . ,

σ2
K

LK,0
]T and Γ � [χ2

1, . . . , χ
2
K ]T

= F−1Υ. Let χp be the positive real root of χ2
p. The optimal

BF wights ŵp are given by

ŵp = χp
λp
γ0
ηp,pT

−1
p,pgp,p. (46)

And the minimum power consumption is P0 =
∑K
p=1

λpσ
2
p

Lp,0
.

The proof is provided in the appendix.
Compared to the SDP-R-SCPM-PU criterion of (33), The-

orem 1 provides an algorithm whose complexity is one order
lower at O(K243) per iteration, and whose closed-from ex-
pressions are more friendly for implementations. The optimal
λp and νq,p can be solved iteratively with an inner loop to
update νq,p, ∀p, q ∈ IK , with (42) and (43), followed by
an outer loop to update λp of (41), based on the fixed-point
principle. In a special case of K = 2, (41) can be rewritten
as

αp

(
αp − λp

γ0
ηp,p‖gp,0‖2 + λqηq,p‖gq,0‖2

)
=

1

γ0
ηp,pηq,pλpλq

(
‖gp,0‖2‖gq,0‖2 − |g†

p,0gq,0|2
)

(47)

which can be further expressed as a quadratic function of λp
or λq , and, hence, solved immediately given νp,p, νq,p and
λq or λp, respectively, of the previous iteration. On the other

Fig. 4. An illustration of indoor 60 GHz multi-cluster channels. Left plot
shows the LOS path and the NLOS reflection rays in a cluster. Right plot
shows the average power versus the arrival time of the rays.

hand, (42) can be reformulated as a quartic function in νp,p
given λp, λq and νq,p, q �= p, and so can (43) as a quartic
function of νq,p given λp, λq and νp,p. Therefore, they can be
solved in closed forms [45].

The feasibility for (40) depends on the convergency of the
iterations between (41) ∼ (43), which are closely related to
the upper bound of the phase uncertainty, ε, (c.f. (23)). The
influences of ε on the performance of (33) and (40) will be
jointly studied by simulations in the next section.

VI. SIMULATION STUDIES

Performance of the HBF schemes is evaluated in terms of its
transmit power

∑K
p=1 ‖wp‖2, and the SINR satisfaction ratio

defined as the percentage in which all users’ SINR constraints
are satisfied out of the simulated channels. The channels
are simulated in an indoor environment as illustrated in Fig.
1(b) based on the models developed for IEEE 802.11ad [3],
[32] and 802.15.3c [38], with the transmit antenna’s pattern
replaced by the HBF pattern of (6), and the receive antenna
assumed an omnidirectional antenna. The simulation setting
and the dimension of the patch antenna are the same to what
describe in Section III-A and Section II-A, respectively, with
dx = dy = 2.5 mm in Fig. 2(b). Since the performance of
a scheme is closely related to the K-factor of the channel,
and vary in different locations due to power propagation and
NLOS reflection losses, we start by introducing some details
of the channel models used in simulations.
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A. Baseband Channel Model for Indoor 60 GHz Radio

The propagation channel of 60 GHz radio is a multi-cluster
channel as illustrated in Fig. 4. For the LOS path, the traveling
distance and the angle of departure (AoD) are deterministic,
while for NLOS paths, only the AoD and the corresponding
reflection angle, and hence the traveling distance, of a cluster
of rays are deterministic. By the principle of reflection, a
receiver may have at most 16 incoming clusters from the first
and second reflections between walls and the ceiling.

The AoD of a ray is Gaussian distributed with mean equal
to the AoD of its cluster and variances equal to (5◦)2 in both
φ and θ. As for the time of arrival (ToA) of a ray, it may be
less or greater than the ToA of its cluster. Therefore, the rays
of a cluster are divided into pre-cursor and post-cursor groups
whose ToAs are backward and forward Poisson distributed
with respect to (w.r.t.) the ToA of their cluster. There are 6
pre-cursor and 8 post-cursor rays in each cluster, according
to the model of [32]. Their arrival rates equal 0.37 ns−1 and
0.31 ns−1, respectively.

The power decay of a ray, 	, is a function of
is its ToA, τ�, relative to the center of its cluster,
and is expressed as 10−

CK
10 exp{− 2|τ�|

ς } normalized by∑14
�=1 10

−CK
10 exp{− 2|τ�|

ς }, with CK = 10 and ς = 3.7 ns
for pre-cursor rays, and CK = 14.2 and ς = 4.5 ns for post-
cursor rays. Multiplying this power decay by the hybrid array
gain, H̃q(φp,�, θp,�), (19) in the direction of the ray, and by
the receive power at the center of its cluster as well, yield the
receive power of the ray.

The receive power at the center of a cluster is jointly
determined by the pathloss (λ/(4πD))2 along its traveling
distance, D, the reflection losses and shadowing effects.
The logarithms of reflection losses are truncated Gaussian
distributed, with mean and standard deviation equal to 10 dB
and 4 dB, respectively, for the first-order reflections, and 16
dB and 5 dB, respectively, for the second-order reflections.
The logarithm of the shadowing effect is, however, Gaussian
distributed with zero mean and standard deviation equal to 3.3
dB. Finally, the thermal noise variance at the receiver is equal
to -83.9 dBm for 1 GHz BW at 25◦C ambient temperature.

B. Simulation Results and Discussions

Based on the simulation setting described above, the K-
factors of users 1 and 2 have been shown in Table I when
(xT , zT ) = (5, 1), (x1, z1) = (7, 5) and user 2 in different
locations of Fig. 1(b). In the sequel, we choose for user 2 the
opposite location w.r.t. x = 5 from user 1, namely (x2, z2) =
(2, 5), to examine the performance of proposed schemes if not
particularly specified.

Fig. 5 compares SINR satisfaction ratios and power con-
sumptions of using the type I and II partitions for PAA. The
resolution of phase shifters, namely Np, is assumed infinite.
Nevertheless, for the HBF criteria of SDP-R-SCPM-PU (33)
and SCPM-PU (21), we set ε = 3◦, while for the criteria of
QCQP-R-SCPM (34), SDP-R-SCPM (16) and SCPM (13) that
do not consider phase uncertainties, we set ε = 0◦. The lower
bound, κ, for κ̃p (25) and κp (14) is set equal to 100.

Consider the criterion of SDP-R-SCPM-PU, the type I
partition consumes more power than the type II to achieve the
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Fig. 5. SINR satisfaction ratios and power consumptions versus γ0 for the
type I and II partitions in Fig. 2.

same target SINR, γ0, while the satisfaction ratios of these
two are very close. The same situation happens to QCQP-R-
SCPM as well, even if the satisfaction ratio of the type II
is slightly higher in this case. This implies that MAI due to
the grating lobes in the RAFs of the type II partition can be
suppressed with its BB BFers wp which do not have grating
lobes in their BAFs. While there is no further mechanism to
suppress the grating lobes in the BAFs of wp in the type I
partition. On the other hand, comparing the performance of
the QCQP-R-SCPM and SDP-R-SCPM criteria for the type
II partition, the satisfaction ratio of QCQP-R-SCPM is better,
though their power consumptions are indistinguishable. This
shows that the more conservative formulation of (26) from
which SDP-R-SCPM-PU, and QCQP-R-SCPM as well when
ε = 0, are derived provides some advantages in combating
MAI and ISI, compared to that of (15) from which SDP-
R-SCPM is obtained. This may explain why the satisfaction
ratio of SDP-R-SCPM-PU is even higher than the others.
Though originally developed to combat phase uncertainties,
the more conservative formulation of SDP-R-SCPM-PU helps
improve its satisfaction ratio as well. The improvement is 10%
with only 1 dB more in power consumption, compared to the
criterion of QCQP-R-SCPM for γ0 ≤ 15 dB. In contrast, the
satisfaction ratios of using the DP of (35) are also shown in
the figure, with their powers, P0, scaled up to that of QCQP-
R-SCPM and SDP-R-SCPM-PU, denoted by DP and DP-PU
in Fig. 5(a), respectively.

As a short summary, the extra power required to combat ISI
or phase uncertainties is around 1 to 5 dB when γ0 ≤ 15 dB,
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Fig. 6. SINR satisfaction ratios and power consumptions for different
resolutions in phase shifters.

compared to SCPM (13) or SCPM-PU (21), respectively, that
require perfect knowledge on ISI or phase errors. In addition,
the type II partition gives a 3 dB gain in power consumption
even if its implementation is more challenging from a circuit
realization point of view. In the sequel, for succinctness, we
only present the results for the type II partition.

Fig. 6 examines the influences of phase resolutions with
the criterion of SDP-R-SCPM-PU (33) when ε = 3◦. The
performance seems barely affected when Np ≥ 8, namely 3
bits in resolution. Nevertheless, the performance with Np = 8
does slightly outperform that with phase shifters of infinite
resolution when γ0 < 9 dB. This echoes our argument at
the end of Section II-B that a full HBF design such as (7)
can be nontrivial. Since the advantage is minor here and the
resolution of Np ≥ 8 is commonly available in designs such
as [8], [10], for succinctness, we discuss only the influences
of phase uncertainties in the sequel, and assume Np to be
infinite.

Fig. 7 shows the SINR satisfaction ratios and the sum
powers versus different lower bounds, κ, for κp and κ̃p. The
target SINR is set at γ0 = 15 dB. For the criteria of SDP-R-
SCPM (16) and QCQP-R-SCPM (34), we have ε = 0◦, while
for the SDP-R-SCPM-PU (33) and NLP-R-SCPM-PU (40)
criteria, we have ε = 3◦. Apparently, the satisfaction ratios of
SDP-R-SCPM-PU and NLP-R-SCPM-PU that consider phase
uncertainties are better than the other two. The NLP-R-SCPM-
PU criterion gives the highest satisfaction ratio due to its most
conservative formulation. And its power consumption is only
0.5 dB higher than the SDP-R-SCPM-PU one. In addition,
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Fig. 7. SINR satisfaction ratios and power consumptions versus κ when
γ0 = 15 dB.

the more robust formulations of SDP-R-SCPM-PU and NLP-
R-SCPM-PU make them less sensitive to the value of κ, for
which a higher value implies a lower power consumption, and
thus a looser protection against ISI. The satisfaction ratio of
NLP-R-SCPM-PU is still around 70% when κ = 600, while
the SDP-R-SCPM and QCQP-R-SCPM criteria essentially do
not work under this setting. In the following simulations, we
set a lower bound κ = 100 for both κp and κ̃p.

Fig. 8 shows the performance versus ε when γ0 = 15 dB.
To verify the effectiveness of robust schemes, the satisfaction
ratios of the DP scheme in (35) are also provided in the
left plot, denoted by DP-SDP and DP-NLP, respectively,
when their powers are scaled up to that of SDP-R-SCPM-PU
(33) and NLP-R-SCPM-PU (40). Clearly, satisfaction ratios
improve when more powers are used to combat larger phase
uncertainties. However, the powers increase dramatically if
ε ≥ 5◦. For comparison, the power of SCPM-PU (21) that has
the perfect knowledge of phase uncertainties is also shown in
the plot. In contrast to SDP-R-SCPM-PU, the largest tolerable
ε for NLP-R-SCPM-PU is 1◦ less if the maximum power is
limited to 5 dBm [8]. Judging from these results, a reasonably
good performance can be achieved with the proposed robust
HBF schemes if ε ≤ 5.5◦, which is a valid assumption
according to the design in [8].

The sum powers and the satisfaction ratios of the NLP-
R-SCPM-PU criterion are shown in Table II for (xT , zT ) =
(5, 1), (x1, z1) = (7, 5) and user 2 in different locations of the
room in Fig. 1. The target SINR is set to 15 dB with ε = 3◦

and the lower bound κ for κ̃1 and κ̃2 is 100. The values in each
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TABLE II
POWER CONSUMPTIONS AND SINR SATISFACTION RATIOS OF THE NLP-R-SCPM-PU CRITERION.

z2
dBm/ 1

1000 2 3 4 5 6 7 8 9
0 3.5/301 3.7/478 3.6/548 3.9/732 3.2/819 1.6/867 1.0/928 1.6/869
1 2.4/347 2.5/537 2.6/680 1.8/837 -0.1/892 -0.3/957 0.9/960 2.7/930
2 1.4/456 1.2/659 0.4/825 -2.0/933 -1.4/979 0.9/995 3.3/990 5.0/992
3 0.1/561 -1.0/840 -3.8/958 -1.2/918 1.9/976 3.3/999 4.1/910 5.0/540

x2 4 -2.2/862 -3.3/974 0.3/974 1.3/978 2.5/927 3.5/888 4.4/905 5.1/909
5 -0.7/868 -0.1/849 0.6/807 1.5/749 2.5/769 3.4/754 4.3/839 5.1/825
6 -0.9/654 Inf/- Inf/- 3.4/480 2.1/346 3.5/348 5.2/423 6.5/473
7 0.3/239 0.3/615 Inf/- Inf/- Inf/- Inf/- Inf/- 7.1/161
8 0.8/183 3.2/324 1.7/487 Inf/- Inf/- Inf/- Inf/- Inf/-
9 2.0/222 2.7/239 5.0/329 3.1/340 Inf/- Inf/- Inf/- Inf/-
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Fig. 8. SINR satisfaction ratios and power consumptions versus ε when
γ0 = 15 dB and κ = 100.

entry give the average transmit power in dBm and the total
times in which the SINR constraint is satisfied out of 1000
simulation runs when user 2 is in the corresponding location
of Fig. 1(b). In some entries, the values are denoted by ”Inf/-”,
which mean the NLP-R-SCPM-PU scheme is infeasible in the
corresponding locations, namely, the transmit powers become
infinite. This problem is particularly pronounced when user 2
comes in the LOS direction from the transmitter to user 1. As
long as the RAFs, (c.f. Fig. 3), of user 2 do not highly overlap
with the RAF of user 1, for example the space in the upper half
of the room, i.e. x < 5, the satisfaction ratios are greater than
80%. Otherwise the satisfaction ratios decrease dramatically,
and the transmit power is relatively higher even if the NLP-R-
SCPM-PU scheme is feasible. We note that the performance
in space corresponding to the upper and lower left corners of
the Table is limited by the antenna gain, |E(φ, θ)|, of the patch
antenna whose values drop by about 30% from its maximum

at θ = 0◦ as shown in Fig. 3, making it difficult to maintain
the SINR.

VII. CONCLUSIONS

We studied time-domain HBF methods for PAA to maintain
the received SINR under MAI, ISI and phase uncertainties.
The proposed methods only require the transmit directions and
RSSIs of the intended users. According to our simulations,
phase uncertainties appear to have a dominant impact on
system performance. The robustness designed to combat phase
uncertainties can help mitigate MAI as well, giving 10%
increase in the SINR satisfaction ratio with 1 ∼ 2 dB more
power consumption. Under a maximum of 5 dBm transmit
power and 3◦ phase errors, the design objective can be satisfied
for 80% of the chances or more with the NLP-R-SCPM-
PU criterion as long as users’ RAF patterns do not highly
overlap with each other. In more general operating scenarios,
the maximum acceptable uncertainty is 5.5◦, which meet the
PAA design in [8]. The proposed HBF schemes can thus be
directly applied to SC-FDE, or to OFDM, as well, in which the
performance can be further improved if the frequency-domain
CSI of each user can be fed back to design frequency-domain
precoders, making use of the concept of MU-MIMO.

APPENDIX

The Lagrangian for (40) is given by

L =

K∑
p=1

‖wp‖2 −
K∑
k=1

τp,kw
†
k(ν

2
p,k‖gp,0‖2I − gp,0g

†
p,0)wk

−λp
(

1
γ0
w†
pQp,pwp −

K∑
q �=p

w†
qQp,qwq − σ2

p

Lp,0

)
(48)

where ξp,p � εp(εp − 2νp,p‖gp,0‖), ξp,q � εp(εp +

2νp,q‖gp,0‖), Qp,p � gp,0g
†
p,0 + ξp,pI and Qp,q � gp,0g

†
p,0 +

(ξp,q +
K̃p

Lp,0
)I, p �= q, ∀p, q ∈ IK . The Karush-Kuhn-

Tucker (K.K.T.) conditions [28] for wp and νp,q , and the
corresponding dual variables λp and τp,q follow:

1) Feasibility: For all p, q ∈ IK ,

1
γ0
w†
pQp,pwp −

K∑
q �=p

w†
qQp,qwq − σ2

p

Lp,0
≥ 0,

ν2p,q‖gp,0‖2‖wq‖2 − |g†
p,0wq|2 ≥ 0,

λp ≥ 0, τp,q ≥ 0.

(49)
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2) Complementary slackness: For all p, q ∈ IK ,

1
γ0
w†
pQp,pwp −

K∑
q �=p

w†
qQp,qwq =

σ2
p

Lp,0

or λp = 0

(50)

|g†
p,0wq|2 = ν2p,q‖gp,0‖2‖wq‖2

or τp,q = 0.
(51)

3) Zero derivative: The zero-derivative conditions of
∂L
∂νp,q

= 0, ∀p, q ∈ IK , yield

τp,p =
1

γ0
λp

εp
νp,p‖gp,0‖

τp,q = λp
εp

νp,q‖gp,0‖ , p �= q. (52)

In addition, the zero derivatives w.r.t. wp, ∀p ∈ IK ,
result in

∂L
∂w∗

p
= wp − λp

γ0
Qp,pwp +

K∑
q �=p

λqQq,pwp−
K∑
k=1

τk,p(ν
2
k,p‖gk,0‖2I− gk,0g

†
k,0)wp

= 0.

(53)

The K.K.T. conditions from (49) to (53) in general are
only the necessary conditions for the optimal primal and dual
variables of (40). Supposing that νp,q are given, ∀p, q ∈ IK ,
(40) is a QCQP problem in a form that had been shown to be
convex in [34]. Therefore, one can expect that [28]

∂2L
∂w∗

p∂w
T
p

= I− λp

γ0
Qp,p +

∑K
q �=p λqQq,p−

K∑
k=1

τk,p(ν
2
k,p‖gk,0‖2I− gk,0g

†
k,0) � 0. (54)

When reformulating (40) as an SDP in Wp � wpw
H
p , this is

also a result of its K.K.T. conditions.
On the other hand, it is easy to show from (48), (51)

and (52) that both ∂2L
∂ν2

p,p
= 1

γ0
λpεp

|g†
p,0wp|2

ν3
p,p‖gp,0‖ ≥ 0 and

∂2L
∂ν2

p,q
= λpεp

|g†
p,0wq|2

ν3
p,q‖gp,0‖ ≥ 0, ∀p, q ∈ IK , p �= q, given that the

feasible optimal λp ≥ 0 and νp,q ≥ 0. Therefore, if one can
show that ∂2L

∂w∗
p∂νk,q

= 0, ∀p, k, q ∈ Ik, then L is convex in

{wp, νp,q}Kp,q=1 when νp,q > 0, ∀p, q ∈ IK , since we already

have ∂2L
∂w∗

p∂w
T
q
= 0 by (53), p �= q.

Continued from (53), it follows that ∂2L
∂w∗

p∂νk,q
= 0 when

q �= p. Furthermore, we have

∂2L
∂w∗

p∂νp,p
= 2

(
λp
γ0
εp‖gp,0‖ − τp,pνp,p‖gp,0‖2

)
wp (55)

∂2L
∂w∗

p∂νq,p
= 2

(
λqεq‖gq,0‖ − τq,pνq,p‖gq,0‖2

)
wp (56)

which equal zero by (52). Thus, (49) to (53) are the optimal
conditions for (40) when νp,q ≥ 0.

From (52), (53) and the definitions of Qp,p and Qp,q in
(48), it is straightforward to show that⎛⎝αpI+ K∑

q �=p
λqηq,pgq,0g

†
q,0

⎞⎠wp =
λp
γ0
ηp,pgp,0g

†
p,0wp (57)

where αp � 1 − λp

γ0
εp(εp − νp,p‖gp,0‖) +

∑K
q �=p λq(εq(εq +

νq,p‖gq,0‖) +
K̃q

Lq,0
), ηp,p � 1 − εp

‖gp,0‖νp,p and ηq,p �
1 +

εq
‖gq,0‖νq,p , ∀p, q ∈ IK , q �= p. Define Tp,p � αpI +∑K

q �=p λqηq,pgq,0g
†
q,0. We have

wp =
λp
γ0
ηp,p(g

†
p,0wp)T−1

p,pgp,0. (58)

This formulation of wp requires a strict feasibility of λp > 0,
∀p ∈ IK , otherwise we have wp = 0. Consequently by
(52), τp,q > 0, as well, ∀p, q ∈ IK . According to (58),

we then have ‖wp‖2 =
λ2
p

γ2
0
η2p,p|gp,0wp|2g†

p,0T
−2
p,pgp,0. By the

complementary slackness of |g†
p,0wp|2 = ν2p,p‖gp,0‖2‖wp‖2

in (51), we thus obtain

1

νp,p
=
λp
γ0
ηp,p‖gp,0‖

∥∥T−1
p,pgp,0

∥∥ (59)

given that νp,p ≥ 0, λp ≥ 0 and ηp,p = 1 − εp
‖gp,0‖νp,p ≥ 0

as νp,p‖gp,0‖‖wp‖ ≥ |g†
p,0wp| ≥ εp‖wp‖ by (36) and (37).

Similarly from (57), we obtain an alternative expression of wp

given by

wp = −λqηq,p(g†
q,0wp)(αpI+

K∑
k �=p,q

λkηk,pgk,0g
†
k,0 −

λp

γ0
ηp,pgp,0g

†
p,0)

−1gq,0. (60)

Let Tq,p � αpI +
∑K
k �=p,q λkηk,pgk,0g

†
k,0 − λp

γ0
ηp,pgp,0g

†
p,0.

Since λq ≥ 0 and ηq,p = 1+
εq

‖gq,0‖νq,p ≥ 0, together with the

complementary slackness of |g†
q,0wp|2 = ν2q,p‖gq,0‖2‖wp‖2

in (51), it follows

1

νq,p
= λqηq,p‖gq,0‖

∥∥T−1
q,pgq,0

∥∥ , ∀q �= p. (61)

Since αp, and, hence, Tq,p are also functions of νp,p and
νq,p, ∀p, q ∈ IK , the values of νp,p and νq,p can thus be solved
iteratively from (59) and (61) with the fixed-point method,
given λp. Recall from (37) that |g†

p,0wp| ≥ εp‖wp‖ which
implies νp,p ≥ εp

‖gp,0‖ due to |g†
p,0wp| ≤ νp,p‖gp,0‖‖wp‖ by

(36). In addition, by the Cauchy-Schwartz inequality, we have
|g†
q,0wp|2 ≤ ‖gq,0‖2‖wp‖2, thus νq,p ≤ 1, ∀p, q ∈ IK , ac-

cording to the definition of (36). Together with the constraints
of νq,p ≥ 0, we obtain the feasible searching range for νq,p
given by

εp
‖gp,0‖ ≤ νp,p ≤ 1, 0 ≤ νq,p ≤ 1, p, q ∈ IK , p �= q. (62)

The expressions of νp,p and νq,p in (59) and (61) are functions
of λp. In the sequel, we will show that λp can also be
expressed as a function of νp,p and νq,p, which leads to an
iterative algorithm for solving νp,p, νq,p and λp in the feasible
ranges of νp,p and νq,p in (62) and λp > 0.
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Continued from (58), multiplying both sides by g†
p,0 and

having g†
p,0wp �= 0 results in

1

λp
=

1

γ0
ηp,pg

†
p,0T

−1
p,pgp,0 (63)

which can also be solved by the fixed-point method, given
νp,q, ∀p, q ∈ IK , since Tp,p is a function of λp as well. The
convergence of (63), given νp,q, ∀p, q ∈ IK , can be proven
following the procedure in Appendix II of [34]. Therefore, if
fixed points of (59) and (61) exist in the ranges of (62), then
ŵp can be continued to solve from the conditions of (50) and
(58). Without the loss of generality, we can have χp � g†

p,0wp

to be positive reals and rewrite (58) as

wp =
λp
γ0
ηp,pT

−1
p,pgp,0χp. (64)

Substituting this expression of wp back into (50) followed by
some mathematical manipulations, one can easily show that
FΓ = Υ, with Γ � [χ2

1, . . . , χ
2
K ]T , Υ � [

σ2
1

L1,0
, . . . ,

σ2
K

LK,0
]T ,

and the entries of F given by

Fp,p �
λ2p
γ30
η2p,p

(∣∣∣g†
p,0T

−1
p,pgp,0

∣∣∣2 + ξp,p
∥∥T−1

p,pgp,0
∥∥2

)
(65)

Fp,q � −λ
2
q

γ20
η2q,q

(∣∣∣g†
p,0T

−1
q,qgq,0

∣∣∣2 + ξp,q
∥∥T−1

q,qgq,0
∥∥2

)
(66)

p, q ∈ IK , p �= q. Suppose that F � 0, then there exist
positive real solutions of χp. Substituting the resultant χp back
into (64) gives the optimal ŵp. Finally, by (53) and (51),
we have ŵ†

pŵp − λp

γ0
ŵ†
pQp,pŵp +

∑K
q �=p λqŵ

†
pQq,pŵp = 0.

Substituting this condition back into (48), and employing the
complementary slackness of (51) give the optimal objective

value :
∑K

p=1 λp
σ2
p

Lp,0
.
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