
IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 21, NO. 6, NOVEMBER 2013 2299

Walk-Assist Robot: A Novel Approach to Gain Selection of a Braking
Controller Using Differential Flatness

Chun-Hsu Ko, Kuu-Young Young, Yi-Che Huang, and Sunil K. Agrawal

Abstract— With increasing populations of the elderly in our
society, robot technology will play an important role in providing
functional mobility to humans. From the perspective of human
safety, it is desirable that controllers for walk-assist robots be
dissipative, i.e., the energy is supplied from the human to the
walker, while the controller modulates this energy. The simplest
form of a dissipating controller is a brake, where resistive
torques are applied to the wheels proportional to their speeds.
The fundamental question that we ask in this brief is how to
modulate these proportional gains over time for the two wheels so
that the walker can perform point-to-point motions. The unique
contribution of this brief is a novel way in which the theory of
differential flatness is used to plan the trajectory of these braking
gains. Since the user input forces are not known a priori, the
trajectory of the braking gain is computed iteratively during the
motion. Simulation and experimental results show that the walk-
assist robot, along with the structure of this proposed control
scheme, can guide the user to reach the goal.

Index Terms— Differential flatness, guidance, passive control,
trajectory planning, walk-assist robot.

I. INTRODUCTION

AS THE population of the elderly grows rapidly, walk-
assist robots continue to be an important research topic

[1]–[3]. The aim of these works is to provide assistance to
the elderly during walking and enhance their quality of life.
Many walk-assist robots have been proposed to assist human
walking [1]–[12]. Systems that support useful functions such
as guidance [5], [7], [12], obstacle avoidance [8], [9], and
health monitoring [1], [7] have been developed. In general,
these robot walking helpers can be classified into two types,
active and passive. The active robot walking helpers [1]–[5]
use servo motors to provide guidance to the user while actively
adding energy to the system. The passive walking helpers
[8]–[11] move only by user-applied forces, and controlled
brakes are used to steer the walker while constantly extracting
energy out of the system. Passive walkers use dissipative
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control laws. With this property of energy dissipation, they are
inherently safe and avoid energy buildup within the system.
For a passive robot walking helper to be effective, it is
important to appropriately control the braking torque in accor-
dance with user-applied force so that it can be steered to the
goal.

To control the robot walking helper, Spenko et al. [7]
used a variable damping model to increase walking stability.
Hirata et al. [8] proposed an adaptive motion control algo-
rithm for obstacle avoidance and gravity compensation.
Chuy et al. [9] used the passive behavior to enhance the
interaction between the user and the support system. For
effectively guiding the user, Agrawal et al. [10] proposed a
passive control algorithm for the user to attain the desired
position and orientation while allowing for small errors.
Peshkin et al. [13] developed the passive assist system referred
to as cobot, which uses active actuators that can accurately
control the guidance direction by actively steering the wheels
in response to user-applied forces. Passive haptic systems
[14]–[16] use velocity or force controllers for path-following
and guidance, but without considering system dynamics. For
passive guidance of the robot walking helper, it needs to deal
with robot walker’s dynamics and also user-applied forces. It is
quite challenging to efficiently derive proper brake torques dur-
ing guidance. Optimal control methods, e.g., model predictive
control [17], have been proposed for controlling active mobile
robots. When applied to passive guidance, they may require
repetitive integration of differential equations and solving
brake torques constraints, which results in low efficiency. The
differential flatness approach [18] deals with both trajectory
planning and robot control within a common framework. It
first plans the trajectories of the robot’s flat outputs with a
set of parameters and mode functions. The system dynamic
equations and brake gain constraints can then be transformed
into a set of algebraic equations, which are much easier to
solve. The braking torques can thus be efficiently selected.
This appealing feature motivates us to adopt it for passive
guidance.

We apply a braking control law on the wheels to differen-
tially steer a walking helper. This control law is both passive
and dissipative. An open question is how to choose the braking
gains for guidance. The novelty of this brief is in the use
of the method of differential flatness to select time-varying
trajectories of braking gains so that the vehicle achieves a
desired final position and orientation. In this approach, the
nonlinear structure of the vehicle dynamic equation under the
braking control law is explored while using the property of
differential flatness. In this model, the braking coefficients are
treated as the new control inputs of the system. Once this

1063-6536 © 2013 IEEE



2300 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 21, NO. 6, NOVEMBER 2013

Fig. 1. User pushing the robot walking helper for guidance.

property of differential flatness is demonstrated for the system
under the braking control law, the states and inputs are rep-
resented as functions of flat outputs and their derivatives, and
the trajectories of flat outputs are then planned. To efficiently
select the braking gains, a passive guidance controller based
on user-applied force is proposed. Since the time-varying user-
applied forces are not known a priori, the braking gains are
computed iteratively. Finally, simulations and experiments on
this passive robot walker are performed to demonstrate the
effectiveness of the proposed approach.

The remainder of this brief is organized as follows.
Section II describes the dynamic equations of the passive
robot walking helper. In Section III, differential flatness is
briefly addressed. Guidance with passive control is described
in Section IV. Sections V and VI present the simulation and
experimental results, respectively. Finally, concluding remarks
are given in Section VII.

II. ROBOT WALKING HELPER AND ITS MODEL

The robot walking helper [11], shown in Fig. 1, consists of
a support frame, two wheels with servo brakes, encoders, two
passive casters, a force sensor, and a PC-based controller. The
support frame has a semi-enclosed design that allows the user
to walk at the center of the helper and provides support and
stability. In order to obtain a high brake torque, a gear system
with a 2.5 magnification is used between the servo brake and
the rear wheel. The encoders are used to measure the wheel
speed, while the force sensor detects the user-applied force.
The servos provide proper braking force for controlling the
motion of the robot walking helper. For controller design, we
describe its dynamics next.

Fig. 2 shows its configuration in Cartesian coordinates [10],
[19] given by

q = [x, y, θ ]T (1)

where x , y are the coordinates of the center of the rear axle,
and θ is the heading angle of the robot. With the assumption
of no slip at the wheel contact points, the velocity of the wheel

Fig. 2. Configuration of a passive robot walking helper.

centers are parallel to the heading direction. Hence, q̇ can be
expressed as

q̇ = S(q)V (2)

where V is the vector of the heading speed v and turning
speed ω, i.e., V = [v, ω]T and S(q) is given by

S(q) =
⎡
⎣

cos θ 0
sin θ 0

0 1

⎤
⎦. (3)

Assume that the robot walking helper is symmetric and the
user applies a push force F on the robot along the forward
direction. The equations of motion are thus given as

Mq̈ = Eτ + DF − Cλ (4)

where

M =
⎡
⎣

m 0 0
0 m 0
0 0 I

⎤
⎦ , E =

⎡
⎣

cos θ
/

r cos θ
/

r
sin θ

/
r sin θ

/
r

b/r −b/r

⎤
⎦ , τ =

[
τr

τl

]
,

D =
⎡
⎣

cos θ
sin θ

0

⎤
⎦ , C =

⎡
⎣

sin θ
− cos θ

0

⎤
⎦ . (5)

Here, m is the mass of the walker, I is the moment of inertia
about the center of the rear axle, r is the wheel radius, b
is half-distance between the two wheels, τr and τl are the
motor torques applied to the right and left wheels, respectively,
and λ the constraint force. On differentiating (2), it leads to
q̈ = ṠV + SV̇ . By substituting q̈ into (4) and premultiplying
by ST , we get

q̇ = SV

V̇ = (ST M S)−1 ST Eτ + (ST M S)−1 ST DF. (6)

To make the robot passive and dissipative, we let the control
law to be

τr = −Kr θ̇r , τl = −Kl θ̇l (7)

where θ̇r and θ̇l are the angular speeds of the right and
left wheels, respectively, and Kr and Kl are nonnegative
parameters. With the no-slip condition, the angular speeds θ̇r ,
θ̇l can be calculated as

θ̇r = (v + bω)

r
, θ̇l = (v − bω)

r
. (8)
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Substituting (7) and (8) into (6), we can obtain the dynamic
equations of the passive robot as

q̇ = SV

V̇ = AK + B F (9)

where

A =
[

− v+bω
mr2 − v−bω

mr2

− b(v+bω)
I r2

b(v−bω)
I r2

]
, K =

[
Kr

Kl

]
, B =

[ 1
m
0

]
. (10)

The nonnegative K can now be regarded as the new control
inputs that need to be planned to steer the vehicle from its
current state to the desired goal state. To design the feedback
controller, we select the brake gain K by using the differential
flatness approach, described in the next section.

III. DIFFERENTIAL FLATNESS

In the differential flatness approach [18], [20], [21], a
nonlinear dynamic equation is shown to be diffeomorphically
equivalent to a linear system via static or dynamic feedback.
For our system, there are two inputs, and hence we select two
outputs such that the system becomes linear through input
and state transformation via dynamic feedback. We select two
suitable flat outputs and express all state variables and inputs in
terms of the flat outputs and their derivatives. For the walking-
assist robot, we find that the flat outputs (y1, y2) = (x, y). The
robot state variables can then be expressed as

(x, y) = (y1, y2), θ = arctan

(
ẏ2

ẏ1

)
, v =

√
ẏ2

1 + ẏ2
2 ,

ω = ẏ1 ÿ2 − ÿ1 ẏ2

ẏ2
1 + ẏ2

2

, v̇ = ẏ1 ÿ1 + ẏ2 ÿ2√
ẏ2

1 + ẏ2
2

,

ω̇ = − sin θ
...
y 1 + cos θ

...
y 2 − 2v̇ω

v
. (11)

Using (9)–(11), the control gain K can be expressed with the
flat outputs and their derivatives as

K = G(ẏ1, ÿ1,
...
y 1, ẏ2, ÿ2,

...
y 2) (12)

where

G = A−1
([

v̇
ω̇

]
− B F

)
. (13)

Note that K should be nonnegative for passive control.
Because the user may push or pull the walking helper, the
robot would experience the conditions of crossing the zero
speed or zero force. When the wheel speed θ̇r or θ̇l becomes
zero, A is singular and K cannot be obtained. Meanwhile, the
detected user-applied force may be around zero or negative
when the user pulls the walking helper. Under these conditions,
the brake gain K is set to a positive constant to increase
damping that stabilizes the system, which is realized via the
servo brake. When the user pushes the walker to move forward
with a positive wheel speed, passive guidance is activated
utilizing trajectories of the flat outputs with the constraint of
nonnegative control gain K , which is described in the next
section.

Fig. 3. Waypoints generation from Dubins curve.

IV. GUIDANCE WITH PASSIVE CONTROL

Fig. 3 shows the proposed guidance control scheme for
the passive robot with which a feasible trajectory and brake
torques are calculated for the period t f , given the current
waypoint, measured states, and user-applied forces. Brake
torques are then applied for controlling the robot when pushed
by the user. This scheme uses a constant value of the current
measured user-applied force. Therefore, the proposed approach
only uses the brake torques to control the robot over a period
of time �t . At the next time step, it needs to read the
states and user-applied forces, and generate a new trajectory.
The procedure is repeated until the stop criterion is satisfied.
Meanwhile, the robot guides the user walking through the
consecutive waypoints. For this control scheme, the passive
controller is designed using the differential flatness approach.
With the approach, we first plan a smooth trajectory [y1(t),
y2(t)] that passes from the initial point to the end point. The
robot state and brake gain K can thus be obtained. The time
transform technique [22] is then applied to dynamically scale
the trajectory such that the robot can reach the end point with
positive brake gains.

To find a smooth trajectory, we first select a set of waypoints
that can be connected into a smooth path using Dubins
curve [23]. This consists of subpaths of arcs or straight
lines to connect the waypoints. Fig. 4 shows an example of
waypoints generation from the S-shaped Dubins curve. The
robot can then guide the user to pass through these waypoints
consecutively. In trajectory planning, the initial conditions
y1(0), ẏ1(0), ÿ1(0), y2(0), ẏ2(0), ÿ2(0) and the final conditions
y1(t f ), ẏ1(t f ), ÿ1(t f ), y2(t f ), ẏ2(t f ), ÿ2(t f ) of the trajectory
can be calculated from the initial state x(0), y(0), θ (0), v(0),
ω(0) and the final state x(t f ), y(t f ), θ (t f ), v(t f ), ω(t f ), with
the parameters expressed as

y1 = x, ẏ1 = v cos θ, ÿ1 = v̇ cos θ − v sin θω
y2 = y, ẏ2 = v sin θ, ÿ2 = v̇ sin θ + v cos θω.

(14)

The initial and final accelerations, v̇(0), v̇(t f ), are set to be
zeros, the final speed v(t f ) is set to be the initial speed
v(0), and the final angular speed ω(t f ) is set to be zero.
The trajectory can be fitted with the following polynomial
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Fig. 4. Proposed guidance control scheme for passive robot.

function [24]:
y j (t) = c j0 + c j1t + c j2t2 + c j3t3 + c j4t3(t − t f )

+c j5t3(t − t f )
2, j = 1, 2. (15)

Once the flat outputs are obtained using (15), the robot states
and inputs can be represented as functions of t f . The constant-
speed trajectory [y1(t), y2(t)] can then be obtained by solving
the following nonlinear optimization problem:

mint f J = 1

t f

∫ t f

0
(v(t) − v(0))2dt (16)

where J is the difference between the walking speed and the
initial speed.

With the time transform method [22], the scaled trajectory
(ys

1(t), ys
2(t)) is expressed as

ys
1(t) = y1(u(t)), ys

2(t) = y2(u(t)) (17)

where u(t) is the time transform function. The speed vs (t)
of the scaled trajectory is calculated as u̇(t)v(t), where v(t)
is the speed of the constant-speed trajectory. The derivative
u̇(t) of time transform function can be regarded as the speed
scaling function, set as

u̇(t) = (1 − s)e−t/α + s (18)

where s is the speed scaling parameter and α time constant. If
s >1, the speed vs (t) is increased; if s <1, vs(t) is decreased.
By integrating u̇(t) with u(0) = 0, the time transform function
u(t) can be obtained as

u(t) = α(1 − s)(1 − e−t/α) + st . (19)

The derivatives of the scaled trajectory are then calculated
as

ẏs
j = y

′
j u̇

ÿs
j = y

′′
j u̇2 + y

′
j ü...

y s
j = y

′′′
j u̇3 + 3y

′′
j u̇ü + y

′
j
...
u , j = 1, 2.

(20)

With (11), (12), and (20), the control gain K can be obtained.
We then select the speed with the speed scaling parame-
ter s to satisfy the nonnegative constraint of the control
gain.

Since the passive guidance is performed with the positive
wheel speed and positive force, the dimensionless passive
index p with nonnegative control gain can be defined as

p = min

(
Kr θ̇r

Fr
,

Kl θ̇l

Fr

)
. (21)

Algorithm 1 Passive Control Algorithm

Choose constants β ∈(0.5, 1), ρd ∈(0, 1), ρi >1;
If F <Fmin or v <vmin, select positive constant gains to

stabilize the system;
let K = Kc;

Else, select positive gains for guidance;
Fit the constant speed trajectory (y1(t), y2(t)) and calculate
p, v, ω, K;

If p <pmin or v > v̄ or ω > ω̄, the robot decreases speed;
set n = 0;

while (p <pmin and n <nmax) or v > v̄ or ω > ω̄
n = n+ 1;
calculate p, v, ω, K using the scaling trajectory
(ys

1(t), ys
2(t)) with s = ρn

d ;
end

Else, if p >pmax and v < βv̄ and ω < βω̄, the robot
increases speed;

set n = 0;

while p >pmax and v < βv̄ and ω < βω̄ and n <
nmax,
n = n+1;
calculate p, v, ω, K using the scaling trajectory
(ys

1(t), ys
2(t)) with s = ρn

i ;
end

End

A larger positive p leads to a larger brake torque and a
positive brake gain. With (9), the index p can be calculated
as p = min(Fb − mbv̇ − I ω̇, Fb − mbv̇ + ω̇)/(2Fb). The
angular acceleration ω̇ is obtained as kv̇ + k ′v2 with the
trajectory curvature k and the derivative of curvature k ′ of
the planned trajectory (y1(t), y2(t)). The passive index p can
be further calculated as p = min(Fb − (mb − I k)v̇ − I k ′v2,
Fb − (mb + I k)v̇ + I k ′v2)/(2Fb). Here, the curvature k is
selected to satisfy mb−I |k| > 0. Hence, p can be nonnegative
by properly selecting v and v̇ , which ensures nonnegative
braking gain K .

When p is small or negative, the speed and acceleration
should be reduced by selecting a small s value. On the other
hand, when p is large and the speed is small, the speed can be
increased by selecting a larger s value. Under the conditions
when the user pulls the walker instead of pushing, or the speed
is crossing zero, nonnegative brake gains for steering the vehi-
cle to the desired goal may not be found. The positive constant
gains are used to increase the damping within the system to
maintain stability, while the system waits for an appropriate
command from the user. Hence, the system under the pro-
posed scheme maintains passivity and stability. Based on the
discussion above, a passive control algorithm with the user-
applied force is developed. Given the current robot state, user-
applied force F , walking speed v̄ , angular speed ω̄, minimum
force Fmin, minimum speed vmin, the positive constant gains
Kc, the minimum passive index value pmin, the maximum
passive index value pmax, and the maximum iteration number
nmax, the brake gain K can be efficiently selected using in
Algorithm 1.
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Fig. 5. S-shaped simulation results. (a) Actual and planned trajectories.
(b) Brake torques. (c) Robot states.

V. SIMULATIONS

To evaluate the performance of the proposed scheme, it
was first simulated for a passive robot walker for guidance.
The parameter values of the robot were set to be m = 50 kg,
I = 11.56 kg m2, r = 0.0616 m, and b = 0.34 m. The
user-applied force F was assumed to follow the function
f p(1 + 0.1 sin(π&t/2)), with the sampling time �t set
as 0.25 s. The parameter values for the passive controller
were set to be v̄ = 0.3 m/s, ω̄ = 0.2 rad/s, Fmin = 0.1 N,
vmin = 0.03 m/s, Kc = [0.08 0.08], pmin = 0.1, pmax = 0.3,
β = 0.9, ρd = 0.9, and ρI = 1.1, and nmax = 100.

The simulation of S-shaped guidance was performed with
the mean user-applied force f p = 10 N. The start and end
points (xc, yc, θ) were set to be (0 m, 0 m, π /2 rad) and
(6 m, 6 m, π /2 rad), respectively. Fig. 5(a) shows the actual
and planned trajectories. It was observed that two waypoints
were generated. The actual trajectory almost overlapped with
the planned trajectory while approaching the target gradu-
ally. Fig. 5(b) shows the values of the torques τr , τl for
S-shape guidance, which were all negative. Because the user-
applied force was with oscillations, the torques τr , τl also
show oscillations to compensate for the oscillating force to
achieve stable walking. The trajectories of state θ , v, ω of
the guidance simulation are shown in Fig. 5(c). We observed
that the walking speed was kept at about 0.27 m/s and the
turning speed to within 0.2 rad/s. The simulation results show
that the proposed scheme guided the user to the target stably
and accurately. The robot would stop when the user stopped
pushing. To evaluate the effect of the user-applied force,
simulations with different values of mean force f p were also
conducted for S-shape simulations. The trajectories with f p

at 2, 5, and 20 N almost overlapped with f p at 10 N [shown
in Fig. 5(a)], indicating that the proposed scheme can still
effectively guide the user under different user-applied forces.

VI. EXPERIMENTS

For further evaluation, we performed the experiments for
S-shaped guidance, with the experimental scenario shown in
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Fig. 6. Robot trajectories in S-shape experiments.
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Fig. 7. S-shaped experimental results of user A. (a) User-applied force.
(b) Brake torques. (c) Robot states.

Fig. 1. Three users were invited and they were blind-folded
to avoid visual feedback. Fig. 6 shows the robot trajectories
during guidance, in which the robot guided the users to
approach the waypoints. Table I shows the experimental results
when the robot reached the position with y = 6. The x
position errors of users A, B, and C are 0.64, 0.86, and
0.95 m, respectively, which might result from wheel slipping.
The orientations θ of the three users are all close to the end-
point orientation (π /2 rad). The speeds of the three users are
0.31, 0.26, and 0.33 m/s, respectively. Their mean values of
user-applied force are about the same. Meanwhile, we also
found that the force responses for these three users were
similar. Fig. 7(a)–(c) shows the user-applied force, the brake
torques, and the robot states in the S-shape experiment by
user A, respectively. The robot applied torques τr , τl were
all negative as expected. The trajectory of θ was smooth, the
human walking speed was maintained within 0.42 m/s, and the
turning speed was within 0.2 rad/s. These experimental results
demonstrate that the proposed scheme can help the user to
walk stably and guide the user to be close to the target.

The influence of user’ mass variation on the performance
was also evaluated. Table I lists users’ masses for the
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TABLE I

USER MASS, POSITION (x , y , θ), MEAN OF SPEED, AND MEAN OF

USER-APPLIED FORCE

Mass
(kg) x(m) y(m) θ (rad)

Mean of
Walking
Speed
(m/s)

Mean of
User-

Applied
Force (N)

User A 64 6.64 6 1.56 0.31 10.84

User B 78 6.86 6 1.54 0.26 11.75

User C 70 6.95 6 1.65 0.33 11.66
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Fig. 8. Robot trajectory for S-shaped guidance with push-pull-push action.
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Fig. 9. Experimental results for S-shaped guidance with push-pull-push
action. (a) User-applied force. (b) Brake torques. (c) Robot states.

experiments, i.e., 64, 78, and 70 kg, respectively. From the
experimental results, the effect of mass variation on the
performance was not evident. We consider that this walking
helper is quite robust to users of ordinary weights to well-
built ones. To further evaluate system stability, the experiments
were performed for the case where the external force was not
strictly positive. During the experiment for S-shape guidance,
the user pushed the robot first, followed by a pull action, and
then pushed it again. Fig. 8 shows the robot trajectory during
guidance, in which the robot guided the user to approach the

waypoints successfully. Fig. 9(a)–(c) shows the corresponding
user-applied force, brake torques, and robot states, respec-
tively. The brake torques τr , τl were all negative as expected
even under the conditions of crossing the zero force or zero
speed. From the results, the proposed algorithm maintains the
system stability, when it waited for the push action from the
user for guidance.

VII. CONCLUSION

In this brief, we presented a novel method for trajectory
planning of the time-varying gains of a braking control law
for a passive robot walking helper. The dynamic model of
the vehicle with braking control law was first established.
The trajectories of the gains were then developed by using
approaches based on the theory of differential flatness. Accord-
ingly, feasible trajectories were found by using the proposed
passive guidance method. The trajectory of the braking gain
is computed repetitively for the passive robot walking helper
since user-applied forces are not known a priori. The simu-
lation and experimental results showed that the passive robot
walking helper with proposed guidance control scheme can
guide the user to reach the goal, thereby demonstrating the
effectiveness of the proposed scheme.
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