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Abstract—We consider a wireless sensor network employing cooperative
beamforming for information relaying. To reduce the signaling overhead,
each relay node quantizes the SNR of the source-to-relay (S-R) link into one
bit, which is then transmitted through a binary symmetric channel (BSC)
with a known crossover probability to the destination. Given the set of the
error-corrupted one-bit messages received at the destination, the beam-
forming design criterion is the maximization of the expected receive SNR,
averaged over the conditional bit-flipping distributions of BSCs. We derive
an analytic expression for the considered SNR metric, which is a compli-
cated function of the beamforming weights. To facilitate analysis, we fur-
ther derive a tractable lower bound for the conditional average SNR. By
conducting maximization with respect to this lower bound, a closed-form
sub-optimal beamformer can be obtained as a solution to a generalized
eigenvalue problem. Computer simulations are used to illustrate the per-
formance of the proposed scheme.

Index Terms—Amplify and forward, beamforming, cooperative commu-
nications, overhead reduction, quantization, relay.

I. INTRODUCTION

A standard system configuration of wireless sensor networks (WSN)
consists of spatially deployed small-size sensing devices connected
through wireless links with a fusion center (FC) for performing cer-
tain global target tasks such as decision fusion or data aggregation [1],
[2]. Sensor nodes are typically powered by battery and, thus, subject
to limited signal transmission and communication capabilities. To en-
able seamless data delivery within WSN, cooperation among sensor
nodes for signal transmission or information relaying becomes neces-
sary [2]–[4]. Among the various cooperative transmission protocols,
cooperative beamforming is a quite popular scheme since it is capable
of exploiting the channel state information (CSI) to enhance link re-
liability [3]–[5]. To facilitate the design of cooperative beamforming
for WSN, signaling overheads dedicated to link CSI transmission, ex-
change, and feedback are thus unavoidable. Tomeet the high energy-ef-
ficiency demand for WSN, such signaling overheads should be prop-
erly reduced or even minimized [6]; notably, reduced communication
overheads can also enhance system capacity when inband signaling
is used. There have been many proposals for low-overhead coopera-
tive beamforming designs [7]–[12], all of which are developed under
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the idealized assumptions that CSI transmission and feedback are er-
rorless. Such a design paradigm, however, may not be realistic in the
WSN scenario. Indeed, since the design of WSN is typically subject
to stringent transmit power and decoding complexity constraints, im-
plementation of forward error correction codes for improving the error
resilience of quantized CSI (or information bits) may be prohibitive due
to unacceptable system complexity and decoding latency [1, Chap. 6].
Hence, transmissions of the local CSI from far-end nodes to the FC via
wireless links could be impaired by severe path loss and deep fading
[1], resulting in distorted CSI received at the FC. Hence, in addition
to the low signaling-overhead requirement, cooperative beamforming
designs for WSN should further take account of imperfect CSI trans-
mission/feedback. Transceiver designs in the presence of noisy quan-
tized CSI feedback have been considered in point-to-point multi-an-
tenna wireless systems with limited feedback [13]–[17]. The related
study in the context of cooperative communications for WSN, how-
ever, remains much to be investigated.
This paper presents an original study of the aforementioned problem

in the cooperative beamforming setup. We consider the cooperative
beamforming scheme for WSN employing the amplify-and-forward
(AF) relaying protocol as in [18]. Also following [18], the informa-
tion symbols from the source node are assumed to be BPSK modulated
so as to reflect the rate and decoding complexity/latency constraints in
WSN [11], [12]. The design of the beamforming weights is aimed at
achieving SNR maximization, hence BER minimization, at the desti-
nation. To reduce the signaling overhead, each relay sensor node quan-
tizes the signal-to-noise ratio (SNR) of the source-to-relay (S-R) link
into one bit, which is then sent to the destination for beamforming de-
sign. Rather than assuming that the quantized bit is received at the des-
tination without errors, we consider the realistic case that the one-bit
message could be flipped by a binary symmetric channel (BSC) with
a known nonzero crossover probability. When referring to “BSC” in
the sequel, we specifically focus on the transmission link of the one-bit
quantized S-R link SNR. Given the one-bit messages received from
all relay nodes, the beamforming coefficients are designed at the des-
tination via maximization of the receive SNR averaged with respect
to the conditional channel flipping distributions. A closed-form for-
mula for the proposed SNR metric is first derived. The formula is seen
to be a highly nonlinear function of the beamforming factors, and di-
rect maximization of this objective function is quite difficult. For ana-
lytic tractability, we then derive a lower bound of the conditional av-
erage SNR that can be expressed as a generalized Rayleigh quotient
[19]. By conducting maximization with respect to this lower bound, a
closed-form suboptimal beamformer can be obtained as the solution to
a generalized eigenvalue problem. Computer simulations are used to
illustrate the performance of the proposed solution. We remark that, in
the considered system, quantized S-R-link SNR is forwarded from re-
lays to the destination, and as in [18] we assume perfect feedback of
the beamforming coefficients from the destination to relays. It is noted
that, in the context of cooperative communications, an alternative relay
beamforming scheme based on the “effective channel”, i.e., the product
of the S-R and relay-to-destination (R-D) link channel gains, estimated
at the destination was proposed in [20]. In our system, the destination
only needs to estimate the R-D-link CSI using, e.g., conventional LS
or LMMSE techniques. To estimate the product channels reliably so
as to aid the beamforming design in [20], one must resort to sophistic
joint channel estimation schemes which are more computationally de-
manding (e.g., the convex optimization based technique [21]). Hence,
in terms of algorithmic complexity for CSI acquisition at the destina-
tion, the approach adopted in our paper could be more attractive when-
ever the destination is subject to stringent complexity constraint. One
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potential application of our scheme is in clustered sensor networks [22],
wherein sensor nodes take turn to serve as the “cluster head” (the des-
tination) to perform certain information aggregation/fusion tasks. In
this scenario, minimization of the processing complexity/energy at the
cluster head, which is active most of the time, is rather crucial for pro-
longing the network lifetime. The rest of this paper is organized as fol-
lows. Section II is the preliminary. Section III presents the main results
of this paper. Section IV is the conclusion.

II. PRELIMINARY

A. Cooperative Beamforming System

We consider the dual-hop cooperative beamforming WSN as in [18]
and is depicted in Fig. 1, in which sensor nodes employ the AF
protocol to collaboratively relay the common source signal

from the source node to the destination. During the signal
broadcasting phase, the received signal at the relay node is

(2.1)

where is the source transmit power, is the
channel gain of the S-R link1, and is the
receive noise at the relay. Based on (2.1) the instantaneous SNR
of the S-R link is thus

(2.2)

At the information relaying phase, the received signal at the destina-
tion then reads

(2.3)

where denotes the R-D channel gain,
is the power normalization factor, is the beam-

forming weight, and represents the receive noise
at the destination. With (2.1), in (2.3) can be expressed as [18]

(2.4)

where is the reciprocal of the SNR of the S-R link,
and . To design the beamforming weights ’s, one
commonly used approach is to conduct SNR maximization based on
the knowledge of the CSI of the S-R and R-D communication links
(e.g., [23]–[25]). This paper focuses on the low-overhead cooperative
beamforming scheme, wherein the relay node quantizes the SNR
of the S-R link (see (2.2)) into one bit . Assuming that
(i) are received at the destination without errors, and (ii)
the CSI of all the R-D links is perfectly known at the destination, the
SNR conditioned on either or , is shown to be [18]

(2.5)

1The notation denotes the complex Gaussian random variable
with zero mean and variance .

Fig. 1. (a) Low-overhead cooperative beamforming system diagram; (b) De-
piction of AF relay and S-R SNR quantizer.

where , ,
,

when

when

(2.6)

is themean of given that belongs to the quan-
tization interval associated with , is the average
S-R link SNR, and is the quantization threshold determined ac-
cording to (66) in [18, p-4780]. We note the following: (i) for a finite
, an analytic expression of the SNR is difficult to find [18]; the ex-
pression (2.5) is obtained in [18] based on asymptotic analyses in the
regime ; (ii) the result (2.6) is directly obtained based on (33)
and (34) in [18] together with the one-bit quantization assumption. The
optimal ’s, which maximize in (2.5) subject to the total
power constraint

(2.7)

are shown to be [18]

(2.8)

B. Problem Statement

The main purpose of this paper is to study the problem of coop-
erative beamforming design for WSN, under the assumption that the
transmitted one-bit message from each relay node is subject to com-
munication channel impairments. More specifically, it is assumed that
is sent over a BSC with a crossover probability , .

From the perspective of SNR maximization, we propose a new beam-
forming design method which takes account of the imperfect reception
of .
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III. MAIN RESULTS

This section introduces the main results of this paper. Section III-A
derives the conditional average SNR, which is the proposed design
metric for the beamforming factors. Section III-B then derives a lower
bound of the considered SNR metric. An analytic suboptimal beam-
forming scheme is also obtained via the maximization of the lower
bound. Computer simulations are given in Section III-C to illustrate
the performance of the proposed solution.

A. Conditional Average SNR

Let be the received quantized message associated with
, . Conditioned on the , the main purpose

is to derive the conditional SNR averaged with respect to all possible
transmitted ’s that are flipped to by the BSC. Re-
call that, the SNR conditioned on is given by

in (2.5). Hence, the expected given is
thus

(3.1)

where denotes the probability that is flipped into . The
conditional average SNR (3.1) is obtained by averaging over all pos-
sible transmitted ’s given the received . To fix the idea, let us define
2

(3.2)

which denotes the set consisting of all possible ’s that differ from
in exactly bits; there are thus possible ’s in .
Associated with each , we further collect all indices at which
differs from to obtain

(3.3)

With (3.2) and (3.3), the conditional average SNR is given as

(3.4)

where

(3.5)

and denotes the complement of . Through further ma-
nipulations an explicit formula of is shown in the fol-
lowing theorem.
Theorem 3.1: The conditional average SNR (3.4) admits the fol-

lowing form

(3.6)

2The notation denotes the binary addition operation.

where

(3.7)

in which and is defined in (2.6),

(3.8)

and

otherwise.
(3.9)

Proof: See Appendix.
To maximize the conditional average SNR given

in (3.6) with respect to the beamforming weights ’s, we shall first
rewrite in a more tractable form. Through further rear-
ranging the indices in the multiple summations in (3.6),
can be expressed as a single sum of Rayleigh quotients. This is
established in the next theorem.
Theorem 3.2: Let be defined in (3.6). Then we have

(3.10)

in which , and, for each 3, ,

(3.11)

(3.12)

for certain . Given a particular set of indices in
the multiple summations in (3.6), the corresponding index in (3.10)
is determined according to

(3.13)

where and denotes the Kronecker delta function.
Proof: See Appendix.

Based on (3.10), the beamforming weights can be obtained by
solving the following optimization problem

(3.14)

where denotes the total transmit power. However, since the cost
function in (3.14) is a highly nonlinear function of , a closed-form
solution to (3.14) is hard to find. In the next subsection we propose an
alternate approach to finding suboptimal beamforming weights.

B. Closed-Form Suboptimal Solution

To facilitate analysis, we go on to derive in the following theorem a
tractable lower bound for . By conducting maximization
with respect to this lower bound, we can then obtain a closed-form
suboptimal solution.
Theorem 3.3: Let and be defined in (3.11) and (3.12). The

following inequality holds:

(3.15)

3The dependence of the index m in (3.10) on is omitted to sim-
plify notation.
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where and .
Proof: See Appendix.

With the aid of (3.15), a suboptimal beamformer can be obtained
based on maximization of the lower bound derived in (3.15):

(3.16)

The solution to (3.16), denoted by , is precisely the dominant eigen-
vector of . Since the matrix is of rank-one, we have

(3.17)

where is chosen so that .

C. Simulation Results

In this section computer simulations are used to illustrate the per-
formance of the proposed method. We consider a cooperative beam-
forming system with four relays in a quasi-static fading en-
vironment, wherein the channels remain constant within a coherent in-
terval and can vary independently across different intervals. During
each coherent interval, the channel gains of both the S-R and R-D links
are drawn independently according to . At each relay node,
the SNR of the S-R link is computed, and is then quantized into one
bit; the quantization threshold is designed in accordance with the rule
in [18, p-4779]. The quantized bit is transmitted from each relay with
on-off signaling over a BSC, with crossover probability drawn inde-
pendently from the uniform distribution over the interval . At
the destination, the received one-bit SNRmessage is decoded for beam-
forming design. In each coherent interval, a total number of
BPSK source symbols are generated; the symbol decision rule at the
destination follows the scheme in [18, p-4776]. The total power of
transmit beamforming is set to be . The BER curves in our sim-
ulations are obtained by averaging over the detection results of 100000
coherent intervals (channel realizations). For fixed average S-R SNR

, Fig. 2 compares the BER curves of the proposed beam-
former (3.17) with the solution in [18] at various average R-D SNR,
defined to be [2]. As can be seen from the
figure, the proposed scheme outperforms the method in [18], espe-
cially when SNR is high; this is not unexpected since the solution in
[18] is designed under the idealized assumption that the one-bit mes-
sage is received at the destination without errors. Also, it is seen from
the figure that the performance improvement is slight when SNR is
below 10 dB. This phenomenon is caused by the fact that, for the con-
sidered cooperative beamforming scheme, S-R-link CSI mismatch is
not a dominant factor for the BER performance in the low-to-medium
SNR regime; this fact has been confirmed by the simulation results
provided in [18, p-4780]. With fixed and assuming that
the cross-over probabilities ’s of the BSC are identical for all (thus

), Fig. 3 further shows the BER of the two methods
for with respect to three different average R-D link SNR

,10, and 15 dB. It can be seen that, when (i.e., the one-bit
message is perfectly received), the proposed scheme and the method
in [18] yields an identical performance. The result is not unexpected
since, with , the considered objective function (3.10) reduces to
the single term (2.5) , and, hence, equality holds in (3.15):
this then implies that the proposed solution (3.17) is exactly the beam-
former given by (2.8). For , our solution is seen to be quite robust
against the increase of , thereby confirming the advantage of the pro-
posed design.

D. Extension to Multiple-Bit Case

It is noted that multiple-bit quantization of the S-R link SNR is con-
sidered in the problem formulation in [18]. Simulation study therein
shows that the beamformer designed based on even one-bit quantiza-

Fig. 2. Simulated BER of the proposed beamformer (3.17) and the solution in
[18].

Fig. 3. BER results of two methods with respect to different cross-over
probabilities.

tion can perform quite close to that designed in accordance with the
full S-R link CSI. Hence, to minimize the signaling overheads for CSI
transmission, the problem formulation of our approach focuses on the
one-bit assumption. We would like to remark that the proposed ap-
proach can be directly extended to the multiple-bit case. Specifically,
assume that (i) bits are used at each relay node for S-R link
SNR quantization, and (ii) the transmission of the bits from the
relay to the destination is over parallel BSC’s each with crossover
probability , . By following essentially the same pro-
cedures as in Section III-A, we can derive an analogous formula for
the corresponding average receive SNR as in Proposition 3.1, based on
which the proposed analytic beamforming design as in Section III-B
can be directly used to obtain a suboptimal solution. Due to space lim-
itation, we refer the details to the supplementary results [26].

IV. CONCLUSIONS

We study the problem of low-overhead cooperative beamforming
design for WSN, under the assumption that the SNR of each S-R link
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is quantized into one bit, which is transmitted through a BSC to the des-
tination. Given the received one-bit message, the performance measure
is the conditional receive SNR averaged over the conditional bit-flip-
ping distributions. A closed-form expression for the considered objec-
tive function is derived, and is seen to be a complicated function of the
beamforming coefficients. A tractable lower bound of the conditional
average SNR is derived. By conducting maximization of this lower
bound, a suboptimal beamformer can be obtained by solving a gen-
eralized eigenvalue problem. Simulation results confirmed the perfor-
mance advantage of the proposed design as compared with an existing
solution designed based on the perfect knowledge of the one-bit S-R
SNR messages. Our report has presented an original study of the coop-
erative beamforming design in the presence of CSI transmission/feed-
back errors. We will extend the current results by taking into account
the effect of the estimation errors of the R-D link CSI.

APPENDIX

Proof of Theorem 3.1: To derive (3.6), we shall find an explicit
expression for , .
The term represents the case with . It then follows immedi-
ately that

(A1)

where (a) follows from (2.5) and (3.5). The term represents the
event that the true differs from in one bit. Given , there are to-
tally possible candidate ’s. Therefore, can be
accordingly expressed as

(A2)

where (b) follows after some straightforward manipulations. The term
stands for the event that differs from the true in two bits. Given
, there are totally possible candidate
’s in this case. By repeating the above arguments, it can be directly
verified that [see (A3) at the bottom of the page]. Based on the same
idea and procedures, it can be readily shown that, for ,
see (A4) at the bottom of the page. (3.6) follows since

.

(A3)

(A4)
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Proof of Theorem 3.2: All we have to do is to rewrite the mul-
tiple summations in (3.6) as a single summation in the form of (3.10),
and then to provide an explicit relation between in (3.10) and the
multiple indices involved in (3.6). For ease of discussion,
recall that , where is defined in (A1) and
for is given by (A4). Note that, for each , there are

totally terms in . The main procedures for deriving (3.10) can be
summarized as follows: (1) exhaustively list all the
terms in (3.6) in the increasing order of ; (2) particularly, in ,
the terms in the -fold multiple summations are listed in the fol-
lowing way: starting from , exhaustively list all involved terms
indexed by this in the remaining summations, and then proceed to

, and so forth. Based on such procedures, for given ,
the corresponding given in (3.13) can then be obtained by induction
and some straightforward manipulations.
The first term in (3.10) (indexed by ) is simply , thus

. Now consider , and our purpose is

to determine for the particular indices the corresponding
. For this we first note that the total number of terms contained in

is . For the particular , let us likewise exhaus-
tively list all the terms in and collect them into a set . Assume
that the considered term indexed by is exactly the -th
element in . Then it follows immediately that .
Hence it suffices to determine .
Towards this end, we recall that, for a fixed , thus totally flipped

bits, the indices , where ,
denote the locations at which bit errors occur. Consequently, it is noted
that the first terms 4 in are those indexed by , the next

terms in are those indexed by , and so on. Hence, in
there are terms listed before the terms indexed by a

given .
Now let us further list the terms indexed by such a to obtain a

set . By following the same argument, the first terms

in are indexed by , the next terms are
indexed by , and so forth. Hence, it can be readily deduced
that there are totally terms listed before the terms
indexed by a given in . As a result, for a given pair of and ,
a total number of terms are listed
before the terms indexed by such in . By induction, it can
be concluded that there are totally terms
listed before the terms indexed by a given set of
in . Hence, for the considered , the associated can be
computed as

(A5)

With (A5), the desired index is thus

(A6)

The assertion follows from (A6).

4Since and the relation must hold, the plau-
sible values of , , take only levels, namely, .
Hence, there are totally possible error patterns (equal to the total number
of combinations of out of levels).

Proof of Theorem 3.3: By the Cauchy-Schwartz inequality, we
have

(A7)

Then,

(A8)

which proves (3.15).
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