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Abstract This paper proposes a new decision making/optimization paradigm, the
decision making/optimization in changeable spaces (DM/OCS). The unique feature
of DM/OCS is that it incorporates human psychology and its dynamics as part of
the decision making process and allows the restructuring of the decision parameters.
DM/OCS is based on Habitual Domain theory, the decision parameters, the concept
of competence set, and the mental operators 7-8-9 principles of deep knowledge.
The covering and discovering processes are formulated as DM/OCS problems. Some
illustrative examples of challenging problems that cannot be solved by traditional
decision making/optimization techniques are formulated as DM/OCS problems and
solved. In addition, some directions of research related to innovation dynamics, man-
agement, artificial intelligence, artificial and e-economics, scientific discovery, and
knowledge extraction are provided in the conclusion.

Keywords Habitual domains · Decision making · Changeable spaces · Parameters ·
Covering · Discovering · Competence set · Decision blinds · Decision traps

1 Introduction

Decision making pervades human life. The quality of life of any individual, family,
group, organization, and of society depends directly on the quality of the decisions
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made by the mandated decision makers (DMs). Therefore, a sound theoretical frame-
work is essential for deriving sound decisions. There are two approaches to decision
making: qualitative and quantitative approaches. In this paper, we focus on the quan-
titative approach. The quantitative approach to decision making went through two
major stages. The early approach to decision making was essentially deterministic. It
assumed that a fixed set X of decisions or alternatives is exactly known and unchange-
able, and a utility (or value) function u(·) that represents the preferences of the DMs,
can be exactly determined. To each decision x in X, a value u(x) is associated; a de-
cision x is preferred to a decision y if u(y) < u(x). Then the problem of finding the
best or optimal decision is formulated as an extremum mathematical programming
problem, where the utility function u(x) is maximized over the set X (see [1] and
references therein). Numerous resolution methods were developed and implemented
as linear programming [2] and references therein, and nonlinear programming [3] and
references therein. This model was extended to decision making problems involving
multiple criteria u1(x), u2(x), . . . , um(x). Here, also many achievements were made
(see [4, 5] and references therein).

In the second stage, the researchers became aware that in order to better model
real decision making problems one has to take into account the uncertainties inherent
in human judgment and the environment. The traditional deterministic model (single
or multiple criteria) was extended to models incorporating partially or completely
probabilistic or fuzzy (see [6–9] and references therein) or fuzzy-probabilistic inputs
[10]. It is important to note that in probabilistic and/or fuzzy models it is assumed that
the uncertain parameters vary within a certain range and have well-known shapes of
probability distributions or fuzzy membership functions.

Despite the tremendous theoretical and practical results achieved in the quanti-
tative approach, some important aspects of decision making have not been incorpo-
rated in the existing models. Indeed, in real decision making, some parameters may
even be intangible. Without special efforts, we may not be aware of their existence.
Even when they are noticed, their dimensions, ranges, and shapes may not be easily
predetermined or assumed as in probabilistic and/or fuzzy models. Often, real-life
decision making problems also involve parameters that are changeable, including the
set of alternatives, the criteria, and the DMs, as situations and psychological states
of the DMs change. Discovering and controlling the change of these parameters is
a vital part of the process of solving challenging decision making problems. A de-
cision making problem involving changeable parameters is called a decision making
in changeable spaces (DMCS) problem. The following examples illustrate this new
class of problems.

Example 1.1 (Game of silence [11]) Silence fell over a young couple after a family
quarrel. They did not talk to each other for two days. The situation became uneasy
for husband and wife. No one of them wanted to break the silence first because of the
fear of losing face.

This problem cannot be formulated in the framework of traditional mathematical
programming because the utility functions of the couple, and its set of alternatives,
are not known. Indeed, the couple is in a stressful state and the solutions or strategies
for solving the problem (return to normal life), have yet to be generated. Here, the
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couple faces a discovering-covering (dis/covering for short) problem. They want to
return to normal life (covering a target), but they do not know how to achieve this
target (discovering solutions).

Example 1.2 (Horse Race [12]) A retiring corporate chairman invited to his ranch
two finalists (A and B) from whom he would select his replacement using a horse
race. A and B, equally skillful in horseback riding, were given a black and white
horse, respectively. The chairman laid out the course for the horse race and said,
“Starting at the same time now, whoever’s horse is slower in completing the course
will be selected as the next chairman!” After a puzzling period, A jumped on B’s
horse and rode as fast as he could to the finishing line, while leaving his own horse
behind. By the time B realized what was going on, it was already too late. Naturally,
A became the new chairman.

Here, we have a dis/covering problem; the two finalists were puzzled at the begin-
ning, it was not immediately apparent what strategy was needed to win the race, they
had to discover winning strategy themselves.

Example 1.3 (Prisoner Dilemma) A business man appointed two of his sons as man-
agers of two of his companies that produced the same products in the same region.
After a period of good relations and cooperation, the two brothers started to compete
for the market share by cutting down their prices. Both brothers were caught in this
decision trap from which they could not get out of. The situation became difficult
for both because by cutting their prices so many times, they were approaching their
production costs. The one whose price reached his production cost first would natu-
rally have to leave the market, with all the consequences that this implies in terms of
losses, which generally lead to bankruptcy.

Here also, being trapped in a price war, the sons had to generate new ideas to solve
the conflict satisfactorily. In other words, they faced a discovering problem.

Another example is the well-known Nokia case. Innovation is a key to success in a
competitive environment. Nokia lost a large part of its market share when it failed to
create new products that satisfied the needs of its customers. Innovation is a discov-
ering process that essentially depends on decision making. Nokia failed to discover
the smart phone in time because its decision makers did not see the trend in customer
needs. As we see, the discovery process cannot be formulated as a traditional opti-
mization problem, because the set of needs of customers is a changeable space, which
Nokia failed to discover. Furthermore, product design requires generating new ideas
and solutions that do not exist or are not known a priori.

From Examples 1.1–1.3, it appears clearly that the traditional theoretical frame-
work or paradigm for decision making ignores many important aspects of the decision
making process, such as the DMs’ psychological states dynamics and uncertain pa-
rameters with unknown range and/or dimensions. In fact, a nontrivial decision mak-
ing process involves at least two groups of parameters, namely, decision elements
and decision environmental facets, which include the human behavioral system [13].
A decision making model that incorporates these two components and DMs’ psy-
chological states would be sounder and closer to reality. Habitual Domain (HD) the-
ory [14–16] is an adequate framework for the development of such a comprehensive
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model. In this paper, we focus on modeling covering and discovering as DMCS prob-
lems, which include a large class of decision making problems. In Sects. 3 and 5, we
will present the situations of Examples 1.1–1.3 as DMCS problems. Moreover, we
will analyze them and provide their solutions.

When DMs face a problem E, they have a relevant set of skills, competences and
resources that is called competence set [17], to handle it (later we will analyze this
set). It often happens that a current competence set is not adequate for solving the
problem, in which case, its transformation to a suitable competence set is necessary.
This very transformation is known as the covering process. Covering can be defined
as “how to transform a given set of skills, competences, and resources to cover a
targeted set of skills, competences, and resources”.

Given a competence set, what is the best way to make use of it to solve unsolved
problems or to create value? The process underlying this problem solving or value
creation involves discovering. A discovering process can be defined as identifying
how to use available tangible and intangible skills, competences, and resources to
solve an unsolved problem or to produce new ideas, concepts, products, or services
that satisfy some newly-emerging needs of people. Usually, a nontrivial covering
problem involves discovering and vice versa. These two processes are complemen-
tary and contrasting. Indeed, covering requires the generation of new ideas and/or
concepts, i.e., discovering, while discovering requires some target or objective that
the DMs want to reach or achieve, that is, to cover.

Since DMCS problems represent a new class of decision making problems, we
introduce a new appropriate optimization paradigm that we call Optimization in
Changeable Spaces (OCS), to handle them. The unique characteristic of OCS is that
it incorporates human psychology and its dynamics and allows the restructuring of a
DMCS to solve it.

The rest of the paper is organized as follows. Section 2 briefly presents the decision
making process from HD theory perspective and the decision parameters. Section 3
presents competence set analysis. Section 4 introduces OCS and provides necessary
and sufficient conditions for dis/covering completion. Section 5 provides some ap-
plications of Sect. 4’s results. Section 6 provides potential applications and research
directions. Section 7 concludes the paper.

2 Habitual Domains and Decision Making in Changeable Spaces

As mentioned in the Introduction, the traditional framework for decision making is
not appropriate for the formulation and resolution of DMCS problems because it does
not take into account the psychological states of the DMs, does not handle parameters
with unknown shapes and ranges, and does not allow the restructuring of the decision
parameters during the decision process. In this paper, we demonstrate that Habitual
Domain (HD) theory [12, 14] can be used as a basis to develop a comprehensive
framework for the DMCS problems. Thus, we essentially use HD theory as a general
framework to develop our model of dis/covering. In this section, because of space
constraint, we briefly introduce the HD theory. For more details, we refer the reader
to the books of Yu [12, 14] and [18].
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The collection of ideas and actions (including ways of perceiving, thinking, re-
sponding, acting, and memory) in our brain, together with their formation, dynamics,
and basis in experience and knowledge, is called our Habitual Domain (HD) [18].
Over time, unless extraordinary or purposeful effort is exerted, our HD will become
stabilized within a certain domain. This can be proven mathematically [19]. As a con-
sequence, we observe that each of us has habitual ways of eating, dressing, speaking,
reacting to specific situations, etc.

The concept of an individual’s HD can be extended to other living entities, such as
companies, social organizations, and groups in general. The following are the basic
elements of HD.

(i) The potential domain (PD): the collection of ideas and actions that can poten-
tially be activated to occupy our attention.

(ii) The actual domain (AD): the set of ideas and actions that are actually activated
or which occupy our attention.

(iii) The activation probabilities (AP): the probabilities that ideas or actions in PD
also belong to AD.

(iv) The Reachable Domain (RD): the set of ideas and actions that can be attained
from a given set in AD.

Thus, the habitual domain can be formally formulated as

HDt := {PDt ,ADt ,APt ,RDt }, (1)

where t represents time. The theory of HD is based on eight hypotheses H1–H8: (H1)
Circuit Pattern Hypothesis, (H2) Unlimited Capacity Hypothesis, (H3) Efficient Re-
structuring Hypothesis, (H4) Analogy and Association Hypothesis, (H5) Goal Setting
and State Evaluation Hypothesis, (H6) Charge Structure and Attention Allocation
Hypothesis, (H7) Discharge Hypothesis, and (H8) Information Input Hypothesis.

The hypotheses H1–H8 are explained in the Appendix. Note that hypotheses H1–
H4 describe how the brain operates, while hypotheses H5–H8 describe how the mind
operates. Moreover, a high level of charge can be a drive for active problem solving
or can create a mental stress if no action is taken. For more details on the hypotheses
H1–H8 and their interaction, we refer the reader to [12, 15, 16].

In fact, it is humans that make decisions; therefore, understanding the human be-
havioral system plays a vital role in making good decisions. The complex processes
of human behaviors have a common denominator, resulting from a common behavior
mechanism. The mechanism depicts the dynamics of human behavior. Based on the
literature of psychology, neural physiology, dynamic optimization theory, and sys-
tem science, Yu [12, 14, 15] described the dynamic human behavior mechanism as
presented in Fig. 1, which is briefly explained below:

(i) Box (1) is our brain and its extended nervous system. Its functions may be de-
scribed by the four hypotheses (H1–H4) in Appendix.

(ii) Boxes (2)–(3) represent two basic functions of our mind, Goal Setting and State
Evaluation, explained by H5 in the Appendix.

(iii) Boxes (4)–(6) represent how we allocate our attention to various events, de-
scribed by H6 in Appendix.
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Fig. 1 The human behavior mechanism

(iv) Boxes (8)–(9), (10), and (14) represent the least resistance principle which hu-
mans use to release their charges (precursors of mental stress), described by H7
in the Appendix.

(v) Boxes (7), (12)–(13) and (11) represent the information input into our informa-
tion processing center (Box (1)). Boxes (10) and (11) are two important func-
tions of human thinking and information processing. Boxes (7), (12)–(13) rep-
resent external information inputs, an important parameter in decision making,
which are explained in H8 in the Appendix.

2.1 Decision Making Parameters

Dis/covering problems are fundamentally DMCS problems. Therefore, a complete
description of the real decision making process is a prerequisite to formulation of a
model of dis/covering problems. Decision making in nontrivial situations is a com-
plex process that involves two interacting groups of parameters, namely, the decision
elements and environmental facets. Moreover, many nontrivial decision problems in-
volve uncertainty and the unknown, which can lead to judgmental fuzziness and deci-
sion failure. The unknown and uncertainty may be due to the changing nature and/or
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unawareness of the relevant parameters. In the next section, we describe briefly the
decision parameters.

2.1.1 Decision Elements

In general, there are five basic elements involved in a decision making process. These
are (i) decision alternatives, (ii) decision criteria, (iii) decision outcomes, (iv) decision
preferences, and (v) decision information inputs. In existing decision theories, these
elements are implicitly assumed to be fixed. In real decision making problems, these
elements are not fixed, they change over time depending on events, information input,
and the psychological states of DMs, especially, when the decision process is in a
transition state. In other words, each of these elements is a changeable space. They
can also be considered as HDs; they tend to stabilize if no relevant event and/or
information arrives. For more details, we refer the reader to [13].

2.1.2 Decision Environmental Facets

Decision environments may be described by four facets: (i) decisions as a part of the
human behavior mechanism, (ii) stages of the decision making processes, (iii) players
in the decision making processes, and (iv) unknowns in decision making processes.
Here also, the existing decision theories implicitly assume that the facets (ii)–(iv) are
more or less fixed; however, in real decision making problems, they change overtime
depending on the psychological sates of DMs and the arriving events and information.
As for (i), in most of the decision theories, it is not incorporated. Let us elaborate
more on the unknowns in the decision making process. For more details on the other
facets, we refer the reader to [13].

Knowing the unknowns and how to manage them may add satisfaction to our deci-
sion processes; otherwise, they may create fear, frustration and bitterness. Unknowns
may exist in any decision element. Because of HDs and being unaware of the deci-
sion parameters and their changing nature, people would easily have decision blinds
or even get into decision traps. When blinds or traps occur, it is hard to see the prob-
lem clearly, let alone to solve it effectively and efficiently. Note that the blinds and
traps can cause fuzziness or unknown in decision making. Conversely, fuzziness and
unknowing about the nature of problems can lead to decision blinds, traps, and wrong
decisions.

Formally, a DMCS problem can be represented by the following collection (from
one decision maker perspective) {Xt,Ct ,Ft ,Dt , It ,HDt , Jt ,Ut }, where the time t

varies in a certain interval [0,L] representing the allowable time for solving the prob-
lem, Xt is the available alternative set at time t ; Ct is the criteria set at time t ; Ft is
the outcome measured in terms of the criteria at time t ; Dt is the preference of DM
at time t ; It is the information inputs at time t ; HDt is the Habitual Domain of DM
at time t ; Jt is the set of the involved DMs at time t and Ut is the set of unknowns
at time t . It is important to note that the described decision parameters not only vary
with time, but also mutually interact with each other through time. Time optimality
and time satisficing solution (optimal or satisficing as perceived by DMs during cer-
tain period of time, see Chaps. 7–8 of [12, 14]) become important solution concepts.
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Fig. 2 Decision blinds

3 Competence Set Analysis

Competence Set Analysis began with Yu in 1989 [20], as a derivative of HD theory.
Its mathematical foundation was built by Yu and Zhang [21–23]. The competence
set (CS) for a given decision problem is defined as a collection of ideas, knowledge,
skills and resources for its effective resolution. Therefore, knowing the characteristics
and dynamics of this set is essential for successfully solving challenging problems.
When the decision maker thinks he/she has already acquired and mastered the CS as
perceived, he/she would feel comfortable making the decision and/or undertaking the
challenge. For more details on competence set, we refer the reader to [13].

3.1 Decision Blinds and Decision Traps from a Competence Set Perspective

The competence set CS of a problem E is, in fact, a projection of the DMs’ HDs
onto the problem. Implicitly, it contains actual domain, potential domain, reachable
domain, and activation probabilities (Eq. (1)). For simplicity, assume that CS(E) is
constant and denoted by CSt (E), the competence set of the DMs at any time t . Then
CS(E)\CSt (E) would be the decision blinds, it is the set of all the competences
required but not seen by the decision makers at time t . See the illustration in Fig. 2.

Note that the larger the decision blind is, the more likely it is that the DMs might
make important mistakes. For more details, we refer the reader to [13].

Suppose that CSt (E) is fixed for all t in a certain domain and CS(E)\CSt (E)

is large, then we tend to make mistakes in decisions and we are in a decision trap.
Note that CSt (E) being fixed or trapped in a certain domain is equivalent to the
corresponding actual domain (AD) and reachable domain (RD) being fixed or trapped
in a certain domain. This can occur when we are in a very highly charged state of mind
or when we are over confident, which makes us respond quickly and unthinkingly and
to habitually commit the behavior of decision traps. In Fig. 3 below, one can see that
decision blinds reduce as we move our AD from A to B then to C. By changing
our actual domain (AD), we can change and expand our reachable domain (RD). We
can reduce decision blinds and/or avoid decision traps by systematically changing the
AD. For illustration, assume that CS(E) and RD are given, as depicted in Fig. 3.

Then, as we move the AD from A to B , then to C, our decision blinds reduce pro-
gressively from CS(E)\RD(A) to CS(E)\(RD(A) ∪ RD(B)) then CS(E)\(RD(A) ∪
RD(B) ∪ RD(C)).

For challenging decision problems, we can treat the 9 decision parameters of
Sect. 2.1 as 9 points of AD. Systematically moving over these 9 parameters and pon-
dering their possible RDs can expand our RD for dealing with the challenging prob-
lems. As a consequence, CSt (E) is expanded and our decision blind, CS(E)\CSt (E),
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Fig. 3 Reducing decision blinds and/or avoiding decision traps

reduced. In the next section, we will introduce HD tools to enrich and expand our HD
and CSt (E) to reduce the decision blinds and avoid decision traps.

3.2 Clarifying Fuzziness and Unknown in Decision Making Using HD Tools

To reduce the blinds and avoid traps, in addition to being aware of the decision pa-
rameters and their changing nature, we need HD tools to expand and enrich our actual
domains and reachable domains and look into the depth of the potential domains. The
HD tools can also expand and enrich our perception of the decision problem and its
related parameters. Here, we present three toolboxes: the seven empowering opera-
tors, the eight basic methods for expanding HD (Eq. (1)), and the nine principles of
deep knowledge. Note that all the HD tools in all three boxes may be used or ignored
by DMs. In fact, the more we use them, the more powerful they will be in our brain
and the more ready to help us expand and enrich our HD. We call them the 7-8-9
principles of deep knowledge (shortly the 7-8-9 principles). These basic general prin-
ciples can be used individually or combined to create new ideas to solve dis/covering
problems. This list is derived from HD theory, we do not pretend that it is exhaus-
tive; the reader may propose other general principles and more specific principles for
specific dis/covering problems.

3.2.1 Seven Empowerment Operators

The seven empowering operators listed in Table 1 can make our minds think posi-
tively, with great hope and confidence to explore our world as to achieve our goals.
As a result, whenever these operators occupy our minds, we could expand and enrich
our HD.

3.2.2 Eight Basic Methods for Expanding HD

The eight basic principles, as listed in Table 2, are almost self-explanatory. They can
expand our HDs. These principles, usually, through self-suggestion, will enable us to
generate new ideas, new concepts and, consequently, to expand our HDs.
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Table 1 The seven empowering operators

M1 Everyone is a priceless living entity. We are all unique creations who carry the spark of the divine.

M2 Clear, specific and challenging goals produce energy for our lives. I am totally committed to doing
and learning with confidence. This is the only way I can reach the goals.

M3 There are reasons for everything that occurs. One major reason is to help us grow and develop.

M4 Every task is part of my life mission. I have the enthusiasm and confidence to accomplish this
mission.

M5 I am the master of my living domain. I take responsibility for everything that happens in it.

M6 Be appreciative and grateful and don’t forget to give back to society.

M7 Our remaining lifetime is our most valuable asset. I will enjoy it fully and make a 100 % contribution
to society in each moment of my remaining life.

Table 2 Eight methods for
expanding and enriching HDs M8 Learning Actively

M9 Projecting from a Higher Position

M10 Active Association

M11 Changing the Relevant Parameters

M12 Changing the Environment

M13 Brainstorming

M14 Retreating in Order to Advance

M15 Praying or Meditating

Table 3 Nine principles of
deep knowledge M16 The Deep and Down Principle

M17 The Alternating Principle

M18 The Contrasting and Complementing Principle

M19 The Revolving and Cycling Principle

M20 The Inner Connection Principle

M21 The Changing and Transforming Principle

M22 The Contradiction Principle

M23 The Cracking and Ripping Principle

M24 The Void Principle

3.2.3 Nine Principles of Deep Knowledge

The nine principles for deep knowledge, as listed in Table 3, not only allow us to
understand and expand our HDs, but help us on how to use our own HDs and other
people’s HDs to solve our problems as well.

For more details on the 7-8-9 principles, we refer the reader to [12, 13, 16].

Remark 3.1 One can, by analogy, see the cognitive process of a DM as an internal
light of the mind that illuminates part of the DM’s Potential Domain. Then the ef-
ficiency and effectiveness of solving a DMCS problem depends on the brightness,
intensity, and orientation (flexibility) of the internal light. It is important to note that
the 7-8-9 principles of deep knowledge are tools that the DM can use to go deeper
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into his/her potential domains, to change and enlarge the scope of his/her Reachable
and Actual domains. Therefore, these principles have a direct effect on the guidance
and control of DM’s internal light. The more they are used skillfully and frequently,
the brighter, intense and flexible (in terms of direction or orientation) is the DM’s
internal light. The brightness of the internal light allows illuminating or shining the
area it points to, its intensity helps to penetrate into the depth of potential domains
in the direction it focuses and its flexibility makes it possible to change direction it
points to. For instance, consider the problem of covering the points A, B , and C

of the targeted competence set CS(E) in Fig. 3. By using one or some of the 7-8-9
principles, the DM may increase the brightness of the light to enlarge the scope of
his RD to reach the point A. Next, using some of the 7-8-9 principles, he/she may
increase the intensity of the light so as to reach deeper parts of the Potential Domain,
then reach the point B . The DM may use the 7-8-9 principles to increase the bright-
ness, intensity, and change the direction (flexibility) of the internal light, at the same
time, to reach the point C. Indeed, referring to Fig. 2, a person who diligently and
repeatedly uses the 7-8-9 principles increases the brightness, intensity, and flexibility
of his/her internal light thereby enlarging his/her reachable domain in all directions.
Thus, enlarging the HDs by 7-8-9 principles increases the potential of DMs to cover
a larger amount of ideas, skills and concepts that are part of the targeted competence
set CS(E), that is, to reduce the decision blinds and avoid decision traps.

The cognitive process in dis/covering may be described by the situation of a person
that enters a dark and open area for the first time, equipped with a torch with variable
brightness and intensity, to look for something he/she believes it is there. The dark
area would be Ω1 space and the area covered by the torch would be the Reachable
Domain, and the torch’s light is his/her internal light. Falling in a decision trap can
be similarly represented by a person that enters a cave and does not know how to get
out. He/she has a torch with variable brightness and intensity to look for the way out.
Thus, completing dis/covering depends essentially on the brightness, intensity, and
flexibility of the torch’s light.

3.2.4 Competence Set Analysis of Dis/Covering

To illustrate how competence set analysis can be used to study real-world dis/covering
problems, we now discuss Example 1.1.

Example 3.1 In Example 1.1, the husband and wife were, in fact, facing a cov-
ering problem where the initial competence set CS∗ consisted of hostile thoughts,
ideas, and behavior; the targeted competence set CS consisted of cooperative ideas,
thoughts, and behavior, i.e., normal family life. They could not solve this covering
problem. The reason is that none wanted to start breaking the silence because of the
fear of losing face. In terms of competence set analysis, they were actually in a deci-
sion trap. The situation was worsening and the charge level of both was increasing.
Staying in such a situation for long time may lead to divorce as it often happens.
Hopefully, the couple could get out the decision trap and reach CS as follows. The
wife started opening and closing drawers and approaching her husband who was
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watching TV. This action made the husband ask: what are you looking for? She at-
tentively answered “your voice.” The husband felt love from wife. They hugged each
other, and then return to normal life followed naturally.

Let us analyze the dis/covering process that took place using competence set anal-
ysis. We describe the transition from the initial competence set CS∗ to the final com-
petence set CS in steps.

Step 1. (Discovering) Since both husband and wife stuck to their position waiting
the other to break the silence, they were caught in a decision trap. In terms of HD
theory, we may say that their actual domains ADs and/or reachable domains RDs
were exclusively occupied by the thoughts of “not losing face,” “waiting the other
to act” and related thoughts. Now, we show how they got out of the decision trap
by using the 7-8-9 principles. First, note that the situation considerably increased
the charge level of both. As mentioned in Sect. 2, a high charge level can be a drive
for problem solving and action. Therefore, the wife started to apply the “Deep and
Down Principle,” M16, to reduce her charge level so as to reach deeper parts of
her HD and allow good ideas and thoughts to surface, i.e., to be activated to the
AD or to be in Reachable Domain, RD. At the same time, the wife applied the
“Contradiction Principle,” M22, “Projecting from Higher Position Principle,” M9,
and “Our remaining lifetime is our most valuable asset. I will enjoy it fully and make
a 100 % contribution to society in each moment of my remaining life,” M7, from
the 7-8-9 principles, which made her compare their current conflict atmosphere with
the ideal situation of good family life and see that the latter should be much more
important. Further, applying the principles M1 and M3 of the Seven Empowering
Operators, “Everyone is a priceless living entity. We are all unique creations who
carry the spark of the divine” and, “There are reasons for everything that occurs; one
major reason is to help us grow and develop,” she came to the conclusion that this
quarrel is just a test of the strength of their relationship; they have to overcome it.
Thus, by using the six mentioned operators, the wife has considerably expanded the
initial competence set CS∗ into a new competence set CS1 consisting of thoughts
related to the desire to return to normal family life, not losing face and waiting
for the other to break the silence. To achieve the transition from CS∗ to CS1 the
wife used the six operators: M16, M22, M9, M7, M1, and M3. One may express this
transition as compound operation as follows:

M3 o M1 o M7 o M9 o M22 o M16
(
CS∗) = CS1. (2)

With CS1, the wife has considerably improved her competence set, but she still
cannot get the couple out of the decision trap. Here and in the rest of the paper,
the symbol “o” in (Eq. (2)) does not mean the common compound operation of two
functions; it reflects the order of operations.

Step 2. Applying the “Alternating Principle,” M17, the wife came to the idea to
change from waiting the husband to break the silence to the idea of making him
break the silence without losing face. This mental operation changed her compe-
tence set from CS1 to CS2. With CS2 including CS1 and making the husband break



J Optim Theory Appl (2012) 155:727–761 739

the silence without losing face, the wife felt that she is close to be able to solve the
problem. One may express this transition as follows:

M17
(
CS1) = CS2. (3)

Step 3. (Covering) Next, she has concentrated on finding the ways she can push the
husband break the silence without losing face. In order to find such ways, she ap-
plied the “Deep and Down Principle,” M16, to go deeper into her potential domain
PD and the “Inner Connection Principle,” M20. Then she came to the ideas of raising
the husband curiosity because curiosity satisfaction is one of the most basic goals
of human being, and activating one of the most important elements of his Habitual
Domain core, his love for her. Thus, she arrived at a new competence set CS3. With
CS3 including CS2, the husband’s curiosity goal and his love for her, she felt that
now she is able to solve the problem, it remains to generate strategies raising hus-
band’s curiosity and activating his love for her. One may express this transition as
compound operation as follows:

M20 o M16
(
CS2) = CS3. (4)

Step 4. To arise the husbands curiosity and activate his love for her, she applied the
“Alternating Principle,” M17, again and the “Active Association Principle,” M10.
Thus, she could generate a set of strategies {c1, c2, . . . , cl} that could arise curiosity
and activate love feeling, among them, the strategy of “approaching him by opening
and closing the drawers” to arise his curiosity and responding that “she is looking
for his voice” when he asks about what is going on to activate his love for her. With
the new competence set CS4 = CS3 ∪ {c1, c2, . . . , cl}, the wife became confident
that the problem will be solved, that is, CS4 contains the required competence set
CS to solve the problem. She chose to implement the “opening and closing drawers”
strategy. One may express this transition as a compound operation as follows:

CS ⊂ CS4 = M10 o M17
(
CS3). (5)

One may summaries the whole operation (Eq. (2))–(Eq. (5)) of transforming the
initial competence set CS∗ to the final competence set CS4 as follows:

CS ⊂ CS4 = M10 o M17 o M20 o M16 o M17 o M3 o M1 o M7 o M9 o M22 o M16
(
CS∗).

(6)

Remark 3.2 Referring to Remark 3.1, from Example 3.1, it appears clearly that dif-
ferent people may get different outcome when they use the same 7-8-9 principles to
solve the same problem depending on how skillfully they use them. Indeed, we have
seen that by using the “Deep and Down Principle,” M16, the wife could come out with
new ideas and change her mind to move from hostile state of mind to a cooperative
state of mind to solve the problem, while the husband could not change his mind even
though he was making a lot of mental efforts too, including the use of the “Deep and
Down Principle,” M16.
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4 Optimization in Changeable Spaces

In this section, we introduce a new optimization paradigm to formulate and solve
DMCS, the optimization in changeable spaces (OCS) or Second Order Optimization.
The OCS model introduces psychological and cognitive aspects and the possibility
to restructure the decision parameters into optimization, which have never been con-
sidered in existing optimization models. OCS is formulated in the framework of HD
theory (Sect. 2). The fundamental elements of OCS are the decision parameters in-
cluding the five decision making elements, the four decision making environmental
facets (see Sect. 2), the 7-8-9 principles of deep knowledge (see Sect. 3.2) and the
concept of competence set presented in Sect. 3.

In our formulation of OCS problems, we focus on one general problem, namely,
the dis/covering problem. Before that, we need to introduce some mathematical nota-
tions and tools. The 7-8-9 principles, M1,M2, . . . ,M24, can help generate new ideas
to solve problems, therefore, mathematically, they can be thought of operators that
transform ideas into other ideas. Thus, the domain of these operators is the Ω1-space
of all the knowledge and skills that the whole humanity has reached so far. The op-
erators M1,M2, . . . ,M24 are set-to-set functions with domain Ω1-space and range
Ω-space, such that for any subset A of Ω1,Mi(A) ⊂ Ω . The space Ω is the space
of all the knowledge and skills that the whole humanity has reached so far and the
knowledge and skills it will reach in the future. The Ω-space is not a set in the tradi-
tional sense because its boundaries are not known.

For presentation convenience, denote by M := {M1,M2, . . . ,M24} the set of 7-8-9
principles. In the decision making process, the DMs may apply these principles indi-
vidually at some times or use a sequence of them at some other times; an individual
principle may also be repeatedly applied in some period of time. A finite compound
of principles Mi(1) o Mi(2) o · · ·o Mi(s) from M is called ideas generation operator or
IG-operator. For any part A of the Ω1-space, the DMs could generate new ideas by
the operation Mi(1) o Mi(2) o · · · o Mi(s)(A) that we call ideas generation operation
or IG-operation. Let us denote by

CM := {
Mi(1) o Mi(2) o · · · o Mi(s)/Mi(j) ∈ M, j = 1,2, . . . , s, s ∈ {1,2, . . .}}, (7)

the set of all IG-operators based on M .

4.1 Covering

In Sect. 1, we have literally defined covering problem as “how to transform a given
competence set CS∗ into a set that contains a targeted competence set CS”. In fact, at
any time, the competence set is just a projection of DMs’ Habitual Domains (Eq. (1));
hence, it has an Actual Domain, a Reachable Domain, a Potential Domain, and Ac-
tivation Probabilities. In this paper, we focus only on the reachable domain part of
competence set, that is, the skills and resources that can be reached from the actual
domain. Generally speaking, at any time, the competence set of DMs may include
part or all of the decision parameters, skills and resources related to the decision
making problem. The process of transformation from one competence set to another
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can occur when there is a change in actual domain or the reachable domain is ex-
panded to deeper parts of the potential domain or some new ideas are acquired from
outside of the DMs’ habitual domains. To realize such transformation, the use of the
7-8-9 principles of deep knowledge is very useful. In this paper IG-operators will be
used as tools of competence set transformation.

4.1.1 Feasibility and Minimum Time and/or Cost Covering

Assume that a time frame [0,L] for completing the covering is given. The first ques-
tion that arises is: Is there an IG-operator H that can complete covering within the
allowed time? In other words, is the covering problem feasible? This problem can be
formulated as follows:

Find H, H ∈ CM, t (H) ≤ L and CS ⊂ H
(
CS∗), (8)

here and in the rest of the paper, t (H) is the duration of the transformation of the given
competence set including the time spent for finding or selecting the IG-operator H .
We will deal with covering feasibility problem in Sect. 4.3. Assume that the covering
problem is feasible, i.e., there exists at least one IG-operator that can lead to CS
covering within the allowed time. Then the minimum time covering problem can be
formulated as follows:

min t (H), Subject to H ∈ CM, t (H) ≤ L, CS ⊂ H
(
CS∗). (9)

In the constraints of (9), the set CS∗ can be replaced by Ω1-space. As far as the
authors know such a problem has not been discussed in literature. The unique feature
of this problem is that it involves the mental operator H in CM that is defined in a
domain that is not endowed with some known mathematical structure to be tractable
with traditional optimization methods. Some new mathematical structures are suit-
able to solve this problem in its general form. This could be a worthy direction of
research. For the time being, in order to make the problem accessible by traditional
methods, some further restrictive assumptions should be made. The optimization
problem (9) can be formulated in a way that takes into account the stages or steps
of the decision making process as follows. Assuming that there are p + 1 stages, we
have

min T =
p∑

i=0

t
(
H(i)

)

Subject to H(i)
(
CSi

) = CSi+1, H(i) ∈ CM, i = 0, . . . , p,

CS0 = CS∗, CS ⊂ CSp+1, T ≤ L,

(10)

where H(i) is the IG-operator implemented at stage i. This problem looks like an
optimal control problem, however, it has a fundamental difference, H(i) is not a
traditional control function, it is an ideas generating operator and the dynamics of
CSt is not governed by a differential equation or difference-equation.
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Assume that the DMs can provide an estimate c(H) of the cost of any IG-operator
H ∈ CM, then the minimum cost covering problem can be formulated as follows:

min c(H), Subject to H ∈ CM, CS ⊂ H
(
CS∗). (11)

When the DMs are interested in time and cost efficiency at the same time, a multiple
criteria formulation is more suitable

min c(H), min t (H), Subject to H ∈ CM, t (H) ≤ L,

CS ⊂ H
(
CS∗).

(12)

The reader may derive more OCS problems from the previous models. In Sect. 5, we
present some applications of the models (8)–(12).

Remark 4.1 In traditional optimization, the term “minimization” is about finding the
absolute minimum of some objective function subject to some constraints. Abso-
lute minimum may not be reached when a problem involves human psychology and
changeable spaces. Therefore, in HD theory “minimization” is about reducing the
charge level of the decision maker to a satisfactory or acceptable level. Thus, mini-
mization in problems (9)–(12) and in the problems that appear in the rest of the paper
should be understood in the HD theory sense not in traditional sense.

4.2 Discovering

In this section, we present the discovering problem as an OCS problem. In Sect. 1,
we have seen that discovering is the transformation of a given competence set CS∗
into a new competence set so as to solve an unsolved problem. In terms of HD theory,
discovering contributes to reducing the charge level (see the Appendix and Sect. 2)
or relieving the pain of some targeted people. Thus, the general formulation of dis-
covering as an OCS problem is

min ch
(
H

(
CS∗)), Subject to H ∈ CM, (13)

where ch(H(CS∗)) is the resulting charge level after implementation of the IG-
operator H . When discovery time is limited, a multiple criteria formulation is more
suitable

min ch
(
H

(
CS∗)), min t (H), Subject to H ∈ CM, t(H) ≤ L,

(14)
where t (H) is the duration of the operation H(CS∗). In fact, the traditional mathe-
matical programming problem

min f (x), Subject to gi(x) = bi, i = 1,2, . . . ,m, x ∈ X, (15)

is a special case of the problem (13). Indeed, in (15) the objective function f (x)

expresses cost or profit in general, which is a special expression of charge level be-
cause maximizing profit or minimizing costs reduces the charge level of the DMs; the
constraints of (15), generally, express the available resources and how they are used
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for a given decision x. In other words, the constraints express the existing resources
(competence set) and how they are used or transformed to create value for a given
decision x.

Remark 4.2 The problem (15) could be an optimal control problem i.e. f could be
an integral functional, the constraints could be a system of differential equations or
difference equations and x a time dependent control function u(t).

The traditional optimization problem reduces to a dis/covering problem. Formu-
lating (15) as an OCS problem, we obtain the problem

min c(H), Subject to H
(
CS∗) ∩ CS �= ∅, H ∈ CM, (16)

where CS∗ := {x/x ∈ X,gi(x) = bi, i = 1,2, . . . ,m} is the fixed set of available
alternatives derived from the constraints of (15); CS := {x∗/x∗ ∈ CS∗, f (x∗) =
minx∈CS∗ f (x)}, is the set of optimal solutions of (15), H is an IG-operator, and
c(H) is the cost of finding and implementing H , e.g., time cost. In terms of the prob-
lem (15), the operator H in (16) may be interpreted as an optimization method or
algorithm, e.g., gradient method. Here, covering CS means covering at least one ele-
ment from CS. A solution H of (16) generally involves mathematical transformations
that can be represented mainly by the principle M21, the “Transforming and Chang-
ing principle” and the other 7-8-9 principles. Thus, the formulation of a traditional
optimization problem alone is not an OCS problem because its decision parameters
are fixed. However, considering the search for its optimal solution, it becomes an
OCS. In general, (15) may appear at the late stages of the resolution process of an
OCS problem when the decision blinds and decision traps are eliminated.

4.3 Necessary and Sufficient Conditions for Covering

In this subsection, we present the dis/covering process in a way that allows us to de-
rive some necessary and sufficient conditions for its completion within the allowable
time [0,L]. We consider an approach based on the cardinality of the competence set
CSt at any time t .

The resolution of the covering problem depends on the awareness of the DMs
of the decision parameters related to the problem, the 7-8-9 principles and the dy-
namics of their HDs. Naturally, in covering problems, the HDs and competence sets
of the DMs should not stay trapped for long time in some area before covering is
completed, especially, when the available time is limited and short. Thus, by avoid-
ing long-lasting decision traps within the allowed time [0,L], the covering problem
could be solved. Generally speaking, if the allowed time is large enough, the covering
problem could be solved when there is a continuous acquiring (up to some period �)
of new elements from the targeted competence set CS. In order to get some practical
results, we make the following general assumptions.

Assumption 4.1 At any time t of the dis/covering process, the DMs have a correct
perception about their actual competence set and the actual targeted competence set.
Moreover, the targeted competence set CS is constant.
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Assumption 4.2 One may generally assume that when ideas or skills or resources
are acquired they are not lost in the future, that is, the sequence of competence sets
CSt is non decreasing, that is, CSt ⊂ CSt ′ for all t , t ′ such that t < t ′.

4.3.1 Cardinality Approach to Covering

Let us assume that the initial competence set CS∗ and the targeted competence
set CS is finite (it is generally the case), i.e., CS∗ := {a1, a2, . . . , an} and CS :=
{b1, b2, . . . , bm}.

Definition 4.1 Let CS0 := CS∗, then the covering problem can be formulated as fol-
lows:

Find the first time t∗∗ ≤ L such that CS ⊂ CSt∗∗
, (17)

where L is the maximum time allowed to solve the covering problem.

Denote by AQt := CSt ∩CS the acquired set of ideas, skills, and competences from
the targeted competence set CS at time t and let qt := Card{AQt } be the cardinality
of AQt . Then the covering problem (17) can be simply formulated as follows:

Find the smallest time t∗∗ ≤ L such that qt∗∗ = m = Card{CS}. (18)

Definition 4.2 (Decision trap) We say that the decision makers are in a decision trap
iff there exists some time t0 such that qt is constant for all t in the interval [t0, t1],
where t1 > t0 + �. The time �, 0 < � < L depends on the allowable covering time
[0,L], it can be subjectively set by the decision makers. � is called decision trap
threshold.

Definition 4.2 means that the DMs cannot acquire any new elements from CS\CSt0

to be added to CSt during the period [t0, t1]. In terms of HD theory, � depends on
the DMs’ charge level. If it is high, the DMs tend to take a small value for �, whereas
when it is low, the DMs tend to take a large value for �. It is important to note that
it often happens that the DMs fall in a decision trap without being aware of it. In
this case, the period � is not relevant and the covering process may not be completed
within the allowed time. In this paper, we assume that when the DMs are in a decision
trap, they are aware of it. A covering process that does not involve decision traps can
be formally defined as follows.

Definition 4.3 We say that the covering process is operational iff for all t such that
CS\CSt �= ∅, there exists some period r(t) ≤ � such that t + r(t) ≤ L and qt+r(t) −
qt ≥ 1.

In other words, starting from any time t , the competence set CSt , does not stop
acquiring additional elements from CS for a period longer than �, which means that
an operational covering process is a process that does never fall in a decision trap.
The condition CS\CSt �= ∅ means that the covering process is not completed at time t ,
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while t + r(t) ≤ L and qt+r(t) −qt ≥ 1 mean that at least one element from CS\CSt is
acquired by DMs within the remaining time [t,L], without falling in a decision trap.
Consequently, we have the following necessary condition for covering completion
within the allowable time.

Necessary Conditions There are two necessary conditions for completing the cov-
ering.

(i) In case the covering process is expected to be operational, a necessary and suf-
ficient condition is that t∗ := max{t (bi), i = 1,2, . . . ,m} ≤ L, where m :=
Card{CS} and t (bi) is the smallest time t such that bi ∈ CSt , i.e., the first time
at which bi ∈ CS is acquired by the DMs. Let us assume that the acquiring of
elements from CS takes place sequentially, that is, at any time t the covering
process is dedicated fully to the acquisition of only one element from CS. Con-
sequently, since m = Card{CS}, in the extreme case when each element of CS
requires the maximum time period � to be covered in an operational covering
process, the necessary condition is m� ≤ L (in Proposition 4.1 below, we prove
that it is also, in general, a sufficient condition). Thus, the period of time m�

can be taken as an upper bound for completing the covering process on time,
provided that m� ≤ L. In case the DMs expects only a certain number s of prob-
lems that will take the maximum resolution period of time � in an operational
covering process, then the necessary condition to complete the covering process
is s� ≤ L. It is important to note that this necessary condition is not valid if the
acquisition of elements from CS is not sequential (i.e., it can be parallel).

(ii) In case the DMs expect to fall in a certain number of decision traps (challeng-
ing problems), then the necessary condition to complete the covering process is
tmax < L, where

tmax := max{t | the DMs are in a decision trap at time t}.
Sufficient Conditions The following two propositions establish the feasibility or
sufficient condition for a covering within allowable time, when the process is op-
erational.

Proposition 4.1 Assume that the acquisition of elements from CS is sequential,
m� ≤ L and the covering process is operational. Then the covering of CS can be
achieved within the allowable covering time [0,L].

Proof Let us recall that based on (18) the covering problem is solved when qt = m

for some time t . Assume the worst case, that for all t such that t ≤ L − �, we have
r(t) = �, since the process is operational, we have qt+� − qt ≥ 1, for all t ≤ L − �.
Therefore, qm� = qm� − q(m−1)� + q(m−1)� − q(m−2)� + · · · + q� − q0 + q0 ≥ m.
Then either qs� = m for some s < m, then qm� = m because qt is nondecreasing by
Assumption 4.2 or the process continues until the time m�, then qm� = m because
the process is operational. �

Let us now turn to the difficult case when the process encounters decision traps.
Assume that the DMs enter a decision trap at some time t0 and consider the problem
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at some time t1 > t0 + �. As stated above, this means that the DMs are stuck and
recognize that they cannot reach or acquire any additional point from CS after trying
during the period �. In terms of HD theory, this means that the Actual Domains
(ADs) and/or the RDs of the DMs are trapped in some area. In order to reach an
additional element from CS, the DMs need either to change their ADs and/or expand
their RDs toward CS. As for the change of ADs, the DMs have to consider decision
parameters (see Sects. 2.1.1–2.1.2) and go deeper into their potential domains (PDs)
to expand their RDs, to come out with new ideas and concepts. For this purpose, the
7-8-9- principles presented in Sect. 3.2 can be very useful.

Definition 4.4 At any time t1, an IG-operation using an IG-operator H is said to be
successful in advancing the covering process, if there exists a subset A of Ω1-space
such that H(A) ∩ (CS\CSt1

) �= ∅. Otherwise, it is said unsuccessful.

Most likely, the subset A of the Ω1-space could be CSt1
itself or part of CSt1

or contain only part of it. If H is successful, the new competence set is CSt2 =
CSt1 ∪ (H(A) ∩ (CS\CSt1

)), which is larger than CSt1
. In terms of the sequence

qt introduced above, an IG-operation that starts at time t1 and finishes at time t2 is
said to be successful if qt1 < qt2 . Thus, we have the following sufficient condition for
solving the covering problem.

Proposition 4.2 Assume that the following conditions are satisfied:

(i) tmax ≤ L

(ii) �(m − qtmax) ≤ L − tmax

Then the covering problem can be solved within the given time frame [0,L].

Proof The condition (i) implies that, each time the DMs get into a decision trap, they
are able to get out of it by acquiring at least one additional element from CS within
the time frame. After the time tmax, the covering process becomes operational, i.e., no
decision trap is expected. Then DMs will acquire at least one new element from CS
within a period of time not exceeding �. Since at time tmax the number of acquired
elements from CS is qtmax , then the number of uncovered elements is m−qtmax . Taking
into account Assumption 4.2, such number of elements would require a maximum
time of �(m − qtmax). Therefore, to complete the covering process, the time that
remains after tmax, i.e., (L − tmax), should be larger than �(m − qtmax), which is
guaranteed by (ii). �

5 Applications

In Sects. 1–3, we have seen that a DMCS problem is a challenging problem that in-
volves decision parameters that the DMs may ignore or have to discover. Moreover,
we have pointed out that such problems cannot be solved by existing optimization
techniques. In Sect. 3, the basic mental operators, 7-8-9 principles, were presented
as tools that can help expand the habitual domain of DMs so as to reduce the blinds
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and get out of decision traps to solve dis/covering problems. In Sect. 4, the cover-
ing and discovering problem were formulated as OCS problems. In this section, to
illustrate this new class of optimization problems, we formulate the DMCS problems
presented in Examples 1.2–1.3 as OCS problems using the models (8)–(14). More-
over, we provide a mathematical expression of some IG-operators from Eq. (7) to
show the possibility of solving OCS problems mathematically.

Example 5.1 In Example 1.2 (Horse Race), at the beginning, the decision making
parameters of the problem including the decision elements and decision environment
facets as described in Sect. 2 are as follows. As for the decision elements, the set
of alternatives is empty for both players because they do not know how to solve
the problem. There is only one criterion in this game situation, the ranking of the
candidate’s horse when it crosses the finishing line. The outcomes of the horse race
for each candidate are either his horse crosses the finishing line first or second. Both
candidates prefer to make one’s horse cross the finishing line last. Finally, information
input consists of the rules of the race given by the president of the company and any
information that each candidate could get about the other. As for the environmental
facets, the situation involves two players, candidates A and B that are involved in a
horse race with very specific rules, therefore, each of them needs to understand and
monitor the behavior of the other and devise strategies accordingly.

This game involves two stages. The first stage is the decision trap period, when
the two candidates did not know what to do. The second stage covers the resolution
process to get out of the decision trap implemented by the candidate A. The unknown
in such situations is the behavior and the competence set of the other candidate. Here,
the use of the eight hypotheses H1–H8 of habitual domain and the derived behavioral
mechanism [12] (see Fig. 1) is essential to understand the behavior of the involved
DMs. In order to win the race, a candidate has to understand the decision elements
and the environmental facets of the race situation, then based on his understanding
of this situation, he needs to evaluate his competence set CS∗ and the required com-
petence set CS, if possible. Finally, by using the 7-8-9 principles, he may expand his
competence set CS∗ to cover CS or discover a CS (in case CS is unknown) that will
make him feel confident to win the race.

Let us now formulate the problem as an OCS problem from the perspective of
candidate A, a similar OCS problem can be formulated for candidate B. Once the
two candidates have been explained the details and the rules of the game, they were
puzzled, i.e., they were in a decision trap. The reason is that the rules of the game
are not the commonly known rules of horse race: generally, the rule is that the first
candidate crossing the finishing line is the winner. The candidates faced a discovery
problem. Thus, the initial competence sets CS∗(A) and CS∗(B) of A and B, respec-
tively, consisted of the traditional knowledge about the rules of horse races and the
individual skills of riding a horse. Here, since the candidates are in a game situation,
staying puzzled for few seconds may be considered as being in a decision trap. In
game situations, falling in a decision trap generally leads to losing the game. The
targeted competence set CS of each candidate is the competences needed to win over
the other candidate by making sure that his own horse crosses the finishing line last.
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Thus, we obtain the following OCS problem for candidate A

min tA(H), Subject to H ∈ CM, CS ⊂ H
(
CS∗(A)

)
, (19)

where tA(H) is the duration of the IG-operation H(CS∗(A)) from A’s perspective.
In this problem, there is no specific time limitation. The game ends when one of the
two horses crosses the finishing line. Let us now see how the candidate A developed
a solution of (19) in steps.

Step 1. The candidate A analyzed the rules of the game using the principles “Deep
and Down Principle,” M16, and “Projecting from a Higher Position,” M9, to activate
new ideas from the his potential domain, PD, to his Actual Domain, AD, or to his
Reachable Domain, RD, he then determined the most important objects that are
involved in the horse race as the two pairs (A, H1) and (B, H2), that is, candidate
A and his horse and candidate B and his horse. This operation resulted in a new
competence set CSt1(A) consisting of CS∗(A) and the pairs (A, H1) and (B, H2) as
the main focus. The transformation from CS∗(A) to CSt1(A) by using the operators
M16 and M9 can be expressed as follows:

M9 o M16
(
CS∗(A)

) = CSt1(A). (20)

Step 2. Next, applying the “Alternating Principle,” M17, to the pairs (A, H1) and
(B, H2), candidate A alternated the horses to obtain the pairs (A, H2) and (B, H1)
by jumping on B’s horse. This operation changed the rule of the game to “whoever
crosses the finishing line first will be the winner”. Then, riding B’s horse as fast as he
could to the finishing line, his horse will be definitely the last to cross the finishing
line because candidate B was still trapped in CS∗(B) and did not understand on time
what is going on. When B realized what was going on, it was too late! Candidate A
won the race. The alternating operation resulted in a new competence set CSt2(A)

for candidate A that obviously includes the needed competence set SC for solving
the game, which completes the discovering problem. The alternating operation can
be represented as follows:

CS ⊂ CSt2(A) = M17
(
CSt1(A)

)
. (21)

One may summarize the whole discovery process (Eq. (20))–(Eq. (21)) of the solu-
tion as follows:

CS ⊂ CSt2(A) = M17 o M9 o M16
(
CS∗(A)

)
.

Now, let us mathematically formulate the two steps of the resolution process, then
derive the specific OCS problem of the form (19). In terms of Habitual Domains,
the operation of Step 1 means that candidate A has brought the two pairs (A, H1)
and (B, H2) into his actual domain. In terms of the activation probability from the
potential domain to the actual domain, this means that the activation probability of
the pairs (A, H1) and (B, H2) became 1. Mathematically, one can formulate the op-
eration (20) as follows. Assume that the initial competence set of candidate A is
CS∗(A) := {a1, a2, . . . , an}, and let P 0(aj ), j = 1,2, . . . , n be the initial activation
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probabilities of a1, a2, . . . , an, respectively, from his reachable domain RD to his
actual domain AD. Generally speaking, the activation probability can be seen as a
time dependent function with domain as the potential domain and range [0,1], that
is, P t (·) : PD → [0,1]. Then the operation (Eq. (20)) reduces to the transformation
of the initial activation probabilities P 0(aj ), j = 1,2, . . . , n to a new set of proba-
bilities P t1(aj ), j = 1,2, . . . , n such that P t1((A,H1)) = P t1((B,H2)) = 1, where
t1 is the duration of operation (Eq. (20)). This transformation can be expressed as
a function S : {P 0(aj ), j = 1,2, . . . , n} → [0,1], such that S(P 0(aj )) = P t1(aj ),
j = 1,2, . . . , n.

Next, one may mathematically formulate the operation (Eq. (21)) as follows. Let
us represent the elements A, H1, B, and H2 by the numbers 1, 2, 3, and 4, respectively,
and let d = (1,2,3,4). Then alternating horses through the “Alternating Principle,”
M17, by candidate A, can be identified with the following linear transformation Fd =
d ′, where d = (1,2,3,4), d ′ = (1,4,3,2) and F is the matrix

F =

⎛

⎜⎜
⎝

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎞

⎟⎟
⎠ . (22)

Clearly, d ′ = (1,4,3,2) expresses the desired change of horses. Thus, by alternat-
ing the horses, candidate A is now confident that he can win the race, that is, he
has covered the required competence set CS, i.e., CS ⊂ M17(CSt1(A)) = CSt2(A),
where t2 − t1 is the duration of operation M17(CSt1(A)). Therefore, min tA(H) =
tA(M17 o M9 o M16) = t2; the discovery problem (Eq. (20))–(Eq. (21)) can be formu-
lated mathematically as follows:

min t (F o f ), Subject to CS ⊂ F o f
(
CS∗(A)

)
, f ∈ V, F ∈ W,

where t (F o f ) is the duration of the operation F o f , V = {f | f : PD → [0,1]} is
the set of functions that assign activation probability from the potential domain to the
actual domain and

W = {F | F is a matrix alternating the elements of a finite ordered set},
the elements of W are similar to the matrix F in Eq. (22). The functions in V help
to identify or select the elements of CS∗ that the DMs should focus on or concentrate
their attention.

Example 5.2 In Example 1.3, the situation can be described as a game that takes place
in two stages: The stage of price war, then the resolution stage. The phase of price war
can be described by traditional game theory as a prisoner dilemma game. At some
time t during the price war, for illustration and simplicity, by “Active Association
Principle,” M10, one may represent the situation as a prisoner dilemma game with
payoff matrix of the form

A :=
(

CP DP

CP (20, 20) (10, 30)

DP (30, 10) (13, 13)

)
, (23)
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where the elder son plays the rows and the younger son plays the columns; CP means
keep current price, while DP means decrease the price. In each entry of the matrix A,
the first number represents the gain of the elder brother while the second number
represents the gain of the younger brother. It is obvious that if one of the brothers
maintains CP the other brother has a high incentive to decreases the price DP. The
one who decreases the price will considerably increase his payoff, while the other
will incur a loss of 50 %. Therefore, the strategy profile (CP, CP) is unstable. It is
obvious that both the strategy profiles (CP, DP) and (DP, CP) are unstable because
one player at least gets the lowest payoff he can get in the game. Most likely, both
players will adopt the strategy (DP, DP), that is, remain in the price war, which is a
Nash equilibrium. However, (DP, DP) is not a satisfactory solution to the players in
the long run. Staying in Nash equilibrium would lead one of the players to lose the
price war and leave the market. Therefore, such a game cannot be solved satisfactorily
in the framework of traditional game theory. In order to consider the second phase of
the game, one has to detach from the restrictive traditional game theory framework
and adopt a more general and flexible framework. OCS could be such a framework.
Indeed, if one looks at the problem as a DMCS problem, he can see that being trapped
in the strategy profile (DP, DP), the players face a discovery problem. They have to
generate new ideas to solve the game satisfactorily, including the restructuring of
the game by calling for external intervention via Hypothesis H8 of HD theory (see
the Appendix).

Let us now analyze how the elder son and father developed a solution to this
problem. The starting competence set CS∗ of both players for solving the problem
was trapped in a very narrow area characterized by hostility and related thoughts and
behaviors, which showed up in the form of price war. In fact, their charge level was so
high that their actual domains (ADs) were almost exclusively occupied by the price
war and related ideas and thoughts. Their reachable domain was very narrow too. The
competence set of both players for solving the problem was almost constant over this
first stage of the game. Over time, when the prices decreased significantly, the danger
of bankruptcy started looming on the horizon. The charge level of the elder brother
started to decrease and his mind started to shift from the idea of pursuing short term
gains to the idea of long term benefits and sustainability. To reach this state, he used
the “Deep and Down Principle,” M16. This principle makes it possible to expand the
current stagnant competence set of the elder son, denoted by CS∗(EL), to a larger
one. Then using the “Contradiction Principle,” M22, he came to the conclusion that
this price war has to be stopped by shifting from short term profit maximization to
long term sustainability and benefits, however, he did not know how to achieve this.
Then using the “Changing and Transforming Principle,” M21, and the Hypothesis H8
(Information input hypothesis, see Sect. 2 and the Appendix) of HD theory, the elder
son could change one of the parameters of the game situation (see Sect. 2.1.1), the set
of players, by appealing to the father as a new player that has the potential to solve
the problem. In terms of HD theory, a union or integration of two habitual domains
has taken place to solve the same problem. Naturally, the resulting competence set
would be larger than the individual competence sets. This phase of the game can be
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characterized by the following transformation:

M21 o M22 o M16
(
CS∗(EL)

) = CS1(EL ∪ F), (24)

where F stands for father and CS1(EL∪F) is the competence set of the elder son and
the father. Here, the superscripts indicate the stage of the game, not time. CS1(EL∪F)

is much larger than CS∗(EL) because it includes the father’s competence set, which
is richer in experience and more powerful in terms of decision making.

In the second stage, when the father came to know the situation through an elder
son’s report, being the actual owner of both companies, his charge level increased
sharply because he did not want to see his sons wagging price war against each other.
The father did not know how to stop the price war at the beginning, he used the
“Deep and Down Principle,” M16, as to open the possibility to generate new ideas.
He wanted to stop the price war, but dealing with his own sons he wanted to be fair
as well. Thus, at the same time using the “Changing and Transforming Principle,”
M21, he changed one of the parameters of the game, the criteria, by introducing fair-
ness, as a new criterion for selecting strategies or solutions. Then, as the owner of
both companies and being not involved in the war price, using the “Projection from
Higher Position Principle,” M9, he could see that the problem can be solved if the
incentive to deviate from the CP strategy is eliminated. Then, using the “Changing
and Transforming Principle,” M21, again, he changed the rule of the game in terms
of outcomes as follows. Whoever deviates from the strategy CP, has to pay a penalty
of 15 = (30 − 20) + 5 to the other. The obtained new game in traditional form from
Eq. (23) is

A′ =
(

CP DP

CP (20, 20) (25, 15)

DP (15, 25) (13, 13)

)
. (25)

Clearly, the strategy profile (CP, CP) is now stable individually and collectively. In-
deed, no player would have incentive to unilaterally decrease his price because he
will end up with a lesser payoff of 15, while collectively the two players cannot move
to the profile (DP, DP), where both decrease the price because they will end up with
a very low payoff of (13, 13). Thus, in the new game, (CP, CP) is a solution that is
individually and collectively stable and fair at the same time. The second phase can
be characterized by the following operations:

CS ⊂ CS2(EL ∪ F) = M21 o M9 o M21 o M16
(
CS1(EL ∪ F)

)
, (26)

where CS2(EL ∪F) is the discovered competence set that includes the required com-
petence set CS to solve the price war problem. It includes the payoff matrix A′. It is
interesting to note that the new payoff matrix of the new game A′ is obtained from the
payoff matrix A of the previous game by applying the “Changing and Transforming
principle,” M21, therefore, it can be represented by the following linear transforma-
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tions:

A′ =
(

(20, 20) (25, 15)

(15, 25) (13, 13)

)
= M21

(
(20, 20) (10, 30)

(30, 10) (13, 13)

)

=
(

(20, 20) (10, 30)

(30, 10) (13, 13)

)
+

(
(0, 0) (15, −15)

(−15, 15) (0, 0)

)
.

One can summarize the whole process of dis/covering (Eq. (24))–(Eq. (25)) by the
following operation:

CS ⊂ CS2(EL ∪ F) = M21 o M9 o M21 o M16 ◦ M21 o M22 ◦ M16
(
CS∗(EL)

)
. (27)

Let us now formulate the dis/covering process as an OCS problem of the form (9)

min t (H), Subject to H ∈ CM, t (H) ≤ L, CS ⊂ H
(
CS∗), (28)

where t (H) is the duration of implementing IG-operator H , CS∗ is the initial compe-
tence set of the sons that was trapped in price war, the allowable time L is short, may
be few weeks, and CS is the required competence set to stop the price war fairly.

Let us now formulate mathematically the solution of the problem (28). Here,
the allowed time is short; it is the time remaining before any of the two com-
panies goes bankrupt. We have seen in Eq. (24) that by applying the operation
M21 o M22 o M16(CS∗(EL)), the elder son called the father for intervention to
solve the problem, as a result, a larger competence set is obtained. Mathemati-
cally, this operation can be formulated as a union of two competence sets as follows
CS∗(EL) ∪ CS∗(F ) = CS1(EL ∪ F). Next, the father and the son addressed the ques-
tion: How to transform the payoff matrix A in Eq. (23) to cover CS? By the operation
(Eq. (26)), the father arrived at the idea of penalty that can be mathematically formu-
lated as follows. Find a matrix K of type A such that the matrix

A′ = A + K =
(

CP DP

CP (a, a) (c, b)

DP (b, c) (d, d)

)
, (29)

satisfies a > d , b < a and c > d . The resulting payoff matrix A′ is the solution of the
dis/covering problem. A solution to this problem is

K =
(

CP DP

CP (0, 0) (15, −15)

DP (−15, 15) (0, 0)

)
. (30)

This solution is equivalent to father’s solution consisting of imposing a penalty
of 15 units on the one who deviates from the current price strategy. The new payoff
matrix A′ = A + K stops the war price in a fair way, that is, the father could get his
sons out of their decision trap by covering the required competence set CS before any
of his companies went bankrupt. Thus, we can formulate the problem (28) as follows:

min t (F o f ), Subject to CS ⊂ F o f
(
CS∗(EL)

)
, F ∈ W, f ∈ V, (31)
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where t (F of ) is the duration of operation F of , V = {f/f : PD(EL) → [0,1]} is the
set of functions that assign activation probabilities from the potential domain (PD) to
the actual domain (AD) and W = {F | F is a linear transformation of type (Eq. (29))}.
A solution to this problem is F ∗ o f ∗, where f ∗ is the function that assigns a prob-
ability 1 to the father. Indeed, by appealing to the father, the elder son brought him
to his actual domain. F ∗ is a transformation of type (Eq. (29)), where K is given in
Eq. (30). The functions involved in the constraints of the OCS problem (31) show
that it is possible to mathematically solve OCS problems under some reasonable
assumptions.

6 Potential Applications and Further Research Directions

The new optimization models (8)–(14) we presented in this work open new directions
of research and have potential applications in economics and management such as (i)
formulation and analysis of the innovation process using DMCS and OCS (ii) the use
of DMCS and OCS models in management, conflict resolution, game theory, plan-
ning and decision making, (iii) the use of DMCS and OCS in artificial intelligence:
introduction of the new optimization models (8)–(14) into the emerging discipline of
artificial economics [24] and e-economy, (iv) the use of DMCS and OCS in scientific
discovery and (v) the use of DMCS and OCS in knowledge extraction (data mining).
In the subsections below, we provide more details on (i)–(v).

6.1 DMCS and OCS in Innovation Dynamics

In the field of corporate management, “corporate competitiveness” has always been a
hot topic. To be competitive, corporations must continually innovate to provide good
products or services that satisfy the needs of customers faster and more effectively
than their competitors, allowing them to create value and distribute the value to all
stakeholders. Clearly, innovation is a process which involves a number of decision
parameters and challenging problems in changeable spaces. By checking the list of
these potential challenging problems and decision parameters therein, we could re-
duce the decision blinds and avoid decision traps; and by deliberating the possible oc-
currence in the potential domain of each possible problem, we could avoid or reduce
the possible decision shocks when we are confronted with the challenging problems.
Scientific discovery and knowledge extraction are an essential part of the innovation
process. We discuss these later in Sects. 6.4–6.5, respectively.

6.1.1 Innovation Dynamics Anatomy

According to the HD theory and competence set analysis, producing new products
or services can be regarded as a transformation of the existing competence CS∗ to
a new competence set CS. With this concept, we could depict a comprehensive and
integrated framework, of Innovation Dynamics as in Fig. 4.

The innovation dynamics can be interpreted step by step clockwise and counter
clockwise. Let us briefly discuss its clockwise interpretation according to the indices
(i)–(vi) of Fig. 4.
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Fig. 4 Innovation Dynamics

(i) According to HD theory, when there exists unfavorable discrepancies between
the current states and the ideal goals of individuals or organizations (for in-
stance, the corporations are losing money instead of making money, or they are
technologically behind, instead of being ahead of the competitors), it will cre-
ate charges which can prompt the individuals or corporations to work harder to
reach their ideal goals;

(ii) The transformation of CSs will appear in visible or invisible ways, which results
in a new set of the products or services produced by the corporations;

(iii) The products or services produced by corporations must carry the capability to
relieve/release the pains and frustrations of targeted customers. Note that there
are actual domains, reachable domains, and potential domains for the targeted
customers, and for their pains, frustrations, and problems;

(iv) Besides discharge, corporations or organizations can create charges in the tar-
geted customers by means of marketing, advertisement or promotion, and vice
versa;

(v) The targeted customers will experience the change of charges. When their pains
and frustrations are relieved, the customers become happy. By their buying the
products or services, the products and services create their value;

(vi) The value will be distributed to the participants such as employees, stakehold-
ers, suppliers, society, etc. In addition, to gain the competitive edge, products
and services have to be continuously upgraded and improved. The reinvestment,
therefore, is needed in order to develop and produce new products and services.

For the counterclockwise interpretation, we refer the reader to [17].
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6.1.2 Challenging Decision Making Problems Related to Innovation Dynamics

Note that activities over each link of the Innovation Dynamics, in Fig. 4, involve
DMCS problems in the form of competence sets transformation problems related to
different fields of management. Therefore, in order to solve them, one may formulate
them as OCS problems using models (8)–(12). For example, the process of transform-
ing competence sets (refer to (i) and (D) in Fig. 4) consists of acquiring, adjusting
and allocating resources (human resources, skills, technologies, etc.) and transform-
ing resources into products/services. The corporation’s internal and external charge
will be released when the transformation of CSs succeeds. The related management
fields are human resource management, organization management, production man-
agement, research and development (R&D), and procurement. For more details on
the fields of management related to different processes of innovation dynamics, see
[17]. Such relations can be seen as a set of new research directions for the various
fields of managements to develop and research, as well as a possible checking list for
reducing decision blinds and avoiding decision traps.

6.2 DMCS and OCS in Management and Game Situations

Nowadays, business or institution managers face various challenges in financial, hu-
man resources, operations, and marketing management as competition and environ-
mental uncertainties increase due to globalization and frequent crises. Most of such
problems can be formulated as DMCS problems, particularly, dis/covering problems.
The parameters involved in changeable spaces may be demand; the price of raw mate-
rials as oil; the rate of exchange between currencies as Dollar–Euro rate; the behavior
of competitors, etc. The survival and sustainability of a business or institution de-
pends on how it deals with DMCS problems. Since decision making in management
is essentially based on interaction, psychology and competence, the OCS models (8)–
(14) we presented in Sect. 4 could be very useful to enable us to derive satisfactory
solutions to DMCS management related problems.

Most of the conflict and game situations are special cases of DMCS because they
involve several DMs with conflicting interests, which makes it difficult for any of
the DMs to know exactly the behavior or the strategies of the other DMs. In terms
of HD theory, a game or conflict situation is an interaction of HDs of the involved
DMs. Therefore, a concept of solution to such situations should involve the states of
mind of each DM that reflects his/her charge level. A solution is reached when the
charge level of DMs is low. In [11, 25, 26], we have introduced second order games
as an HD framework for solving conflict and game situations; in addition, we have
introduced new concepts of solutions called win-win mind profile, strategically sta-
ble mind profile and structurally stable mind profile. These solutions can be reached
by restructuring the game or conflict situation through the implementation of 7-8-9
principles. Challenging problems like global warming, environmental problems and
long-lasting conflicts can be treated using second-order games.

6.3 DMCS and OCS in Artificial Intelligence

An intelligent agent is a software entity which functions continuously and au-
tonomously in an environment, often populated by other agents and processes [27].
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The most desired features of an intelligent agent are: (i) functioning without constant
user’s guidance and/or intervention; (ii) learning from its experience, which requires
basic reasoning capabilities; (iii) monitoring the external environment and being re-
active to changes; (iv) possessing the capability of communicating and collaborating
with people or other software agents, and (v) having personalization, which is de-
fined as a capability of user profiling in order to understand his or her behavior, habits
or preferences [28], that is, his or her HD. There are four basic types of intelligent
agents in order of increasing generality [29]: (a) simple reflex agents; (b) agents that
keep track of the world; (c) goal-based agents and (d) utility-based agents. To date,
all attempts at creating a software entity that successfully imitates human behavior
by passing the Turing test as proof of its true intelligence, have failed. Despite this,
artificial agents have been successfully incorporated into commercial end-user appli-
cations [28]. We believe that developing a Habitual Domain-based intelligent agent
or HD-agent could take artificial intelligence a step further in enriching the function-
alities and improving the performance of the existing intelligent agent models (a)–
(d). Indeed, an intelligent agent can be identified as a Habitual Domain as described
in Eq. (1), the dynamics of which can be described by the eight hypotheses H1–H8
(see Sect. 2 and in the Appendix), which include the aspects of storing, organizing
and retrieving data, learning, goal setting, monitoring the environment and the charge
level, attention allocation, problem solving by discharge, and interacting with the ex-
ternal world. The behavior mechanism described in Fig. 1 can be used as the basic
program or behavior mechanism of the HD-agent. In addition to the existing methods
of creativity, solving problems, pattern recognition, classification, learning, induc-
tion, deduction, building analogies, optimization, language processing, and planning
used by existing intelligent agents, the HD-agent would have the advantage of being
able to deal with DMCS problems and the possibility of their transformation into
OCS problems by using competence set. Further, the obtained OCS problems could
be solved by 7-8-9 principles. Moreover, the HD-agent would speed up the process
of exploring the potential domain by extensively using 7-8-9 principles. As a result,
decision blinds could be substantially reduced and the decision traps avoided. In the
following subsection, we present potential applications of the HD-agent.

6.3.1 HD-Agent in Artificial Economics and e-Economy

Most of twentieth century economics has been reductionist in character. Reduction-
ism tries to break down complex economies into simpler parts, like industries and
households, and those parts, in turn, into even simpler ones, like jobs and persons.
While this approach has enjoyed some success, it has also left us with a major void.
Can reductionism ever tell us how our economy really works? To find this out, we
must combine our knowledge of the smallest parts, the individual agents, with our
knowledge of their interactions, to build up a behavioral picture of the whole econ-
omy? So far, macroeconomics has not devised a convincing way of doing this [30].
Artificial economics is well poised to take on this challenge. Indeed, artificial eco-
nomics connects disciplines like economics, management science, and computer sci-
ence, emphasizing the role of agents, heterogeneity and evolution [31]. Many inter-
esting results, in different areas of economics, have been achieved by artificial eco-
nomics as the study of financial markets, trading, trust in networks, and the long-run
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distribution of wealth, in a model with many classes of agents, to mention just a few
[24, 31]. However, in general, specific agents are designed for some applications.
There is a lack of a generic agent model. It is important to note that since artificial
economics simulates the behavior, interaction, learning and adaptation of human eco-
nomic agents by artificial agents, the quality of its achievements depends essentially
on how well the artificial agents used represent human agents. Most of the existing
agent models are domain-specific, based on heuristics, and do not fully incorporate
human psychology. The HD-agent is universal, in the sense that it is not area-specific
and incorporates human psychology aspects related to decision making, behavior, in-
teraction, and learning as explained by Habitual Domain (Eq. (1)), the hypotheses
H1–H8, and the human behavior mechanism (see Sect. 2 and the Appendix). There-
fore, HD-agent can substantially enhance the descriptive and predictive power of
artificial economics. Using HD-agent in artificial economics would make it possible
to provide psychology-based explanation and prediction of economic phenomena at
micro and macro levels.

In the last two decades, the world has been shifting from traditional economics
based on classical modes of communication and transaction, to e-economy that is
based on extensive use of high-paced internet and mobile communication. Indeed,
with the advent of the internet and mobile communication, numerous business trans-
actions are performed, and services offered, by intelligent agents, via internet and
mobile communication. Nowadays, intelligent agents have become an essential part
of our socio-economic system. Given the importance of the role of intelligent agents,
knowing the HDs of people with whom they communicate and interact, is essential in
order for these agents to achieve the objectives they are designed for. Indeed, the more
an agent knows about the HDs of people with whom it interacts the more accurately
it can predict their behavior and the more efficiently and successfully it can interact
with them. Thus, the use of HD-agent could improve significantly the performance
of the existing intelligent agents.

6.4 Scientific Discovery

Scientific discovery leads to new scientific ideas or theories that can become the ba-
sis for new products and services to meet the needs of people. Therefore, it is an
essential part of the innovation dynamics. In fact, scientific discovery is a particular
type of discovering, as we discussed in Sect. 4. Indeed, in a scientific discovery pro-
cess, a researcher uses the set of knowledge that humanity has reached, Ω1 space,
to produce new ideas or theories to meet some of the needs of humanity; that is, it
is the transformation of a competence set to solve some unsolved problem or to cre-
ate value. Thus, it can also be formulated as a dis/covering OCS problem of the form
(13) or (14) with the starting competence set CS∗ ⊂ Ω1 space. Then, in order to make
the scientific discovery more efficient and effective, one may solve OCS problems of
the form (13)–(14) via artificial intelligence. It is important to mention that artificial
intelligence systems, designed to perform scientific discovery tasks, have made in-
teresting advances in mathematics, physics, chemistry, biology, and astronomy [32].
However, the developed programs are generally domain-specific and use predefined
heuristics [33]. To make use of artificial intelligence in OCS, one may associate to



758 J Optim Theory Appl (2012) 155:727–761

each of the relevant 7-8-9 principles Mi an intelligent agent Ri that has the ability
to implement Mi . The formed group of agents has to be related to some decision
making and coordinating central unit that can generate IG-operators (Eq. (7)) as the
HD-agent. The group may work in parallel or sequentially to solve OCS problems.

6.5 Knowledge Extraction

Managers of businesses or institutions dealing with complex systems or with large
populations often have to deal with a large amount of raw data, from which they need
to extract useful knowledge (data mining) for better decision making and perfor-
mance improvement. Using different data mining algorithms, some raw knowledge
is extracted during the first stage [34]. In the second stage, some experts analyze the
raw knowledge for useful or intelligent knowledge extraction. The second stage can
be considered to be a discovering problem, in the sense that we have discussed in
Sect. 4, with the raw knowledge as the starting competence set CS∗. Then the use
of the discovering model (13)–(14) would considerably improve the efficiency of the
extraction process and the quality of extracted data. The artificial agent-based ap-
proach proposed above for scientific discovery can be used in the case of knowledge
extraction as well.

7 Conclusions

In this paper, we have presented a new general optimization model for solving DMCS
problems, focusing on dis/covering process, the OCS. The proposed model is a con-
siderable departure from traditional decision theory framework for it incorporates
human psychology and its dynamics and the possibility of restructuring the parame-
ters of the decision problem. The theoretical framework of this model is HD theory.
The basic components of this model are the decision parameters (decision elements
and environmental facets), the 7-8-9 principles, and the concept of competence set.
HD theory makes it possible to model the dynamics of the psychological states of the
DMs and the decision making process, while the 7-8-9 principles offer the possibility
to restructure the decision problem, and the generation of new ideas and strategies to
get out of decision traps and/or to cover some targeted competence set. This aspect
has never been taken into account in such a comprehensive way, in traditional deci-
sion and optimization models. Thus, the introduced models offer new possibilities to
decision makers, managers and executives in solving real-world challenging decision
problems effectively and efficiently.

Mathematical formulation of covering and discovering processes as well as the
necessary and sufficient conditions for their completion are presented with illustra-
tions as well. Finally, minimum time- and/or cost- covering and discovering problems
are formulated as new types of optimization problems that can be called optimization
in changeable spaces problems because of the presence of the mental operators, 7-8-9
principles that operate on sets with unknown shapes or boundaries.
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Appendix

Table 4 Four hypotheses of brain operation

Hypotheses Descriptions

H1 Circuit Pattern
Hypothesis

Thoughts, concepts, or ideas are represented by circuit patterns of
the brain. The circuit patterns will be reinforced when the
corresponding thoughts or ideas are repeated. Furthermore, the
stronger the circuit patterns, the more easily the corresponding
thoughts or ideas are retrieved in our thinking and decision
making processes.

H2 Unlimited Capacity
Hypothesis

Practically every normal brain has the capacity to encode and store
all thoughts, concepts, and messages that one intends to.

H3 Efficient
Restructuring
Hypothesis

The encoded thoughts, concepts, and messages (H1) are organized
and stored systematically as data bases for efficient retrieving.
Furthermore, according to the dictation of attention they are
continuously restructured so that relevant ones can be efficiently
retrieved to release charges. (Precursors of mental stress, see H6.)

H4 Analogy/Association
Hypothesis

The perception of new events, subjects, or ideas can be learned
primarily by analogy and/or association with what is already
known. When faced with a new event, subject, or idea, the brain
first investigates its features and attributes in order to establish a
relationship with what is already known by analogy and/or
association. Once the right relationship has been established, the
whole of the past knowledge (preexisting memory structure) is
automatically brought to bear on the interpretation and
understanding of the new event, subject, or idea.

Table 5 Four hypotheses of mind operation

Hypotheses Descriptions

H5 Goal Setting and
State Evaluation
Hypothesis

Each one of us has a set of goal functions and for each goal
function we have an ideal state or equilibrium point to reach and
maintain (goal setting). We continuously monitor, consciously or
subconsciously, where we are relative to the ideal state or
equilibrium point (state evaluation).

H6 Charge Structure and
Attention Allocation
Hypothesis

Each event is related to a set of goal functions. When there is an
unfavorable deviation of the perceived value from the ideal, each
goal function will produce various levels of charge (a precursor of
mental stress). The totality of the charges by all goal functions is
called the charge structure and it can change dynamically. At any
point in time, our attention will be paid to the event which has the
most influence on our charge structure.

H7 Discharge Hypothesis To release charges, we tend to select the action which yields the
lowest remaining charge (the remaining charge is the resistance to
the total discharge) and this is called the least resistance principle.

H8 Information Inputs
Hypothesis

Humans have innate needs to gather external information. Unless
attention is paid, external information inputs may not be
processed.
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