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1. Introduction 

Over the years, many authors have discussed 
the embedding of binary trees in hypercubes [2-71. 
They studied the one-to-one node embedding of 
binary trees into hypercubes. Wu [71 has shown 
that a complete binary tree of height h (h 2 O), 
which has 2h+’ - 1 nodes, can be embedded into 
an (h + 2)dimensional hypercube and that the 
adjacency of the complete binary tree is pre- 
served. In [2,4], it has been proved that a double- 
rooted complete binary tree of height h is a 
subgraph of an (h + l&dimensional hypercube. 
Tzeng et al. [5] have shown that a complete 
binary tree of height h can be embedded into an 
incomplete hypercube which comprises an (h + 
l)-dimensional hypercube and an h-dimensional 
hypercube, and that an incomplete binary tree 
with 2h-1 +2h-2 - 1 nodes can be embedded 
into an h-dimensional hypercube. Wagner [6] de- 
scribed the embedding of a binary tree of height 
h into an h-dimensional hypercube, which was 
complete for the first h - 2 levels. 

incomplete hypercube of the smallest size and to 
look in a hypercube for an incomplete binary tree 
that is larger than the incomplete binary tree in 
[S]. In Section 2, we describe some preliminaries 
for embedding. In Section 3, we prove that the 
complete binary tree can be embedded into an 
incomplete hypercube, then prove that the size of 
the incomplete hypercubes is the smallest. In 
Section 4, we look for an incomplete binary tree 
in a hypercube. 

2. Preliminaries 

A complete binary tree of height h, Th, is a 
rooted binary tree. The root of the complete 
binary tree is in level 0, two nodes in level 1, four 
nodes in level 2, 2’ nodes in level i, etc., and the 
total number of any complete binary tree of height 
h is 2h+’ - 1. A double-rooted complete binary 
tree is a complete binary tree with the root re- 
placed by a path of length two [2]. 

The objective of this paper is to show how to 
embed a complete binary tree of height h into an 

* Corresponding author. 

We denote the n-dimensional hypercube with 
2” nodes as H,. These nodes of H, are labeled 
{O, I, * f ., 2” - l} as binary number. Two nodes in 
the hypercube are linked with an edge if and only 
if their binary numbers differ by a single bit. The 
Hamming distance is the number of different bits 
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T2 7-3 

Fig. 1. Coloring of T2 and T3. 

between two nodes. If a hypercube misses some 
certain nodes, it is called an incomplete hyper- 
cube [ll. Let ZH(n,, n2,. . ., ni> denote the in- 
complete hypercube comprising i complete hy- 
percubes: H,], H,,l,. . . , H,,j,. . . , Hni, nj > ni > 0, 
which can be obtained by deleting the largest 
2”1 - (29 + . . . +2”j) nodes (in binary number) 
and their neighboring edges from an (n, + I)- 
dimensional hypercube. 

To conveniently describe the embedding, we 
use two colors, black and white, to correspond to 
the binary number of each node. If the binary 
number contains an even number of l’s, we color 
the node black. Otherwise, we color the node 
white. Since the hypercube has a perfect match- 
ing, the n-dimensional hypercube has 2”-’ black 
nodes (with an even number of l’s) and 2”-’ 
white nodes (with an odd number of l’s). If Th is 
embedded into a hypercube, the nodes of two 
consecutive levels of Th have to be mapped to 
the nodes with different colors in the hypercube. 
The nodes with the same color as the leaf nodes 
are more than the nodes with the other color. 
Without loss of generality, we color the leaf nodes 
black, their parents white, and so the root black if 
the height h is even, white if h is odd (see Fig. 1 
for coloring of T2 and T3). 

3. Embedding complete binary trees into incom- 
plete hypercubes 

In this section we show how to embed a com- 
plete binary tree into an incomplete hypercube of 
the smallest, size. For the embedding, we need 
the following lemmas. 

Lemma 1. 7Yhe total number of black nodes on the 
tree Th is (2h+2- 2)/3 if h is odd, and (2hi2 - 
1)/3 if h is even [3,6,7]. 

root 

l2r 
(a) (b) 

Fig. 2. (a) T2 is embedded into IH(3,O). (b) T3 is embedded 
into IH(4,1,0). (All the embedded tree nodes are linked by 
solid lines in the incomplete hypercube.) 

Lemma 2. A double-rooted complete binary tree of 
height h can be embedded into an (h + l)- 
dimensional hypercube [2,4]. 

Now we show that an incomplete hypercube of 
a specified size can be embedded by Th. 

Theorem 3. T,, can be embedded into ZH(h + 1, h 
- 1, h - 3,. . . , 5, 3, 0) if h is even, and ZH(h + 
1, h - 1, h - 3,. . . , 4, 1, 0) ifh is odd, where h 2 0. 

Proof. We will prove the theorem by induction on 
h. 

Hypothesis : Th _ 1 can be embedded into 
ZH(h, h - 2,. . . , 5, 3, 0) if h - 1 is even, and Th_l 
can be embedded into ZH(h, h - 2,. . . ,4, 1, 0) if 
h - 1 is odd. 

Basis step (h = 0, 1, 2, 3): When h = 0 and 1, 
T, and TI can be embedded directly into ZH(0) 
and into ZH(l, 01, respectively. Moreover, when 
h = 2 and 3, T, and T1 can be embedded into 
ZH(3, 0) and Z1?(4, 1, O)-(see Fig. 2). 

r2 
- 

r3 - 

Th-I 

!LYiiih! 

Th-2 

Fig. 3. Th is partitioned into one Th_l and two Th 
three subtrees are linked by double roots rl and r2. 

*‘s; the 
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(a) (b) 

Fig. 4. (a) One Th_l and one Th_2 linked by double roots rl 

and r2, contained in a double-rooted complete binary tree of 

height h as (b). 

Induction step: (1) When h is odd, T,, can be 
partitioned into three subtrees, one Th _ I and two 
T ,, _*‘s as shown in Fig. 3. By Lemma 2, Hh + 1 
contains a double-rooted complete binary tree of 
height h, which contains Th_ 1 and one Th_2 
using double roots rl and r2, as shown in Fig. 4. 
By hypothesis, Th_* can be embedded into ZH(h 
- 1, h - 3,. . . ,4, 1, 01, since h - 2 is odd. Hence, 
we can find the other Th_2 of T,, in ZH(h + 1, h 
- 1, h - 3,. . . ,4, 1, 0). 

Since any hypercube is symmetric, we can ad- 
just the double-rooted complete binary tree in 
H h+l. Let the edge (r2, r3) of Th be mapped to 
the node r2 which is in Hh+l and the node r3 
which is in ZH(h - 1, h - 3,. . . ,4, 1, 0); that is, 
the node r2 is established at the certain node in 
H h+l, then the double-rooted complete binary 
tree can be constructed in Hh+l based on the 
node r2. Thus T,, can be embedded into ZH(h + 
1, h - 1, h - 3, , . . ,4, 1, 0). 

(2) Likewise, when h is even, T,, can be em- 
bedded into ZH(h + 1, h - 1,. . . ,5, 3, 0). 0 

The compactness of the embedding is proved 
by the following theorem. 

Fig. 5. IT(2,3). 

Theorem 4. ZH(h+l,h-l,..., .5,3,0) if h is 
even, or ZH(h + 1, h - 1, . . . ,4, 1, 0) if h is odd, is 
the smallest incomplete hypercube that contains Th. 

Proof. The cases for h = 0, 1, 2 and 3 are trivial. 
For h > 4, if h is odd, and the total number of 
black nodes of Th are (2h+2 - 2)/3. The total 
number of black nodes in the embedded ZH(h + 
1, h - 1,. . . ,4, 1, 0) is: 

+ * * . + 24/2 + 272 + 20 

=2h+2h-2+2h-4+ . . . +23+20+20 

= (2h+2 - 2)/3. 

So this embedded incomplete hypercube is the 
smallest. 

Similarly, when h is even, ZH(h + 1, h - 1, h 
-3,... ,5, 3, 0) with (2hf2 - 1)/3 black nodes is 
the smallest into which Th can be embedded. •I 

4. Embedding incomplete binary trees into com- 
plete hypercubes 

We denote an incomplete binary tree of height 
h + 1 as ZT(h, n>, which is a complete binary tree 
of height h plus its leftmost n leaf nodes in level 
h + 1, where 1 Q n < 2h+1 (see Fig. 5 for IT(2, 3)). 

(a) 

Fig. 6. 

(b) 
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Tzeng et al. [6] have shown that IT(h - 
2, 2h-2) can be embedded into Hh. In this sec- 
tion, we present an embedding algorithm in The- 
orem 6 to find an incomplete binary tree in a 
hypercube, which is larger than the incomplete 
binary tree in [6]. To prove this embedding theo- 
rem, we need the following lemma. 

Lemma 5. Two double-rooted complete binary trees 
of height 2 in Fig. 6(a) can be embedded into H4 
as shown in Fig. 6(b), where both the embedded 
trees are linked by solid lines. 

Theorem 6. IT(h - 2, 2h-2 + 2h-4) with 2h-1 + 
2h-2 + 2h-4 - 1 nodes can be embedded into an 
h-dimensional hypercube, where h B 4. 

Proof. First, Hh can be partitioned into two 
Hh _ 1’s which are denoted H, and HI respectively 
according to the most significant bit. Each node 
of H, has an edge to link a certain node of HI. 
Applying Lemma 5 by letting x = n13, y = nl,, 
z =n12, w =n14, x’=n,,, y’=nr2, z’ =nr4 and 
w’ = nr5, respectively, and based on the symmetry 
of the hypercube, two double-rooted complete 
binary trees of height h - 2 can be embedded 
into Hh as shown in Fig. 7 (The solid lines depict 

. . 
the edges which lmk n,3, nl,, n12 and n14 to n,,, 
n r2, nr4 and rq5, respectively). 

We let A, B and C be the complete binary 
subtrees of height h - 3 rooted by n13, n14 and 
n r3, respectively, B, be the complete binary sub- 

h-4 

B DI D2 E 

HI H, 
Fig. 7. 

h-2 

Fig. 8. The embedded incomplete binary tree IT(h - 2, 2h-2 
+2h-4). 

tree of height h - 4 rooted by n,4, D, and D, be 
the complete binary subtrees of height h - 5 
rooted by nr7 and nr8, respectively, and E be the 
complete binary subtree of height h - 4 rooted 
by nr6. The incomplete binary tree constructed as 
shown in Fig. 8 can be embedded into Hh. 

In addition, as there are h - 1 levels from root 
nr2 to either the leaves of its left subtree or the 
leaves of B,, and there are also h - 2 levels from 
root nr2 to either the leaves of D, or the leaves 
of E, the height of the incomplete binary tree 
rooted by nr2 is h - 1. So, the embedded incom- 
plete binary tree is IT(h - 2, 2h-2 + 2h-4). q 
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