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Abstract—In this paper, we have investigated the mode patterns
in real space and reciprocal space, and threshold gain at different
band edges in GaN-based photonic crystal surface-emitting lasers
(PCSELs) by using the multiple-scattering method. The charac-
teristics at each band edge (Γ1, K2, and M3) of PCSELs are sim-
ulated and discussed. In addition, GaN-based PCSELs operated
at different band edges have been fabricated and measured. The
experimental results of threshold show good agreement with the
simulation results.

Index Terms—Distributed feedback (DFB), GaN, multiple scat-
tering, photonic crystal, surface-emitting lasers (SELs).

I. INTRODUCTION

IN RECENT years, the 2-D photonic crystal employing
the 2-D distributed feedback (DFB) mechanism has been

widely utilized in optoelectronic devices, such as photonic crys-
tal surface-emitting lasers (PCSELs) and LEDs) [1]–[4]. With
the careful selection of normalized frequency at the photonic
band edges by adjusting emission wavelength and photonic
crystal lattice constant, specific Bragg diffraction will occur
not only to realize the stimulated resonant condition in the in-
plane direction but also to achieve the laser output coupling
in the surface emission direction. Such a mechanism is ad-
vantageous because PCSELs could lase over a broad area de-
fined by the photonic crystal patterns, which in turn implies
potential to achieve high-output power emission, and operate in
single-mode emission with a low divergence angle. Based on
these characteristics, PCSELs could be excellent candidates for
many applications including high-definition laser printers, high-
density optical data storage systems and microlaser/picolaser
projectors. So far, many investigations on PCSELs have been
explored and the emission wavelength of these devices covers
from short wavelength to terahertz regions [5]–[9]. However,
the 3-D features inherited in the PCSELs pose great challenges
to build a mature analysis and calculation tool to design the
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laser structure. There have been several researchers focusing on
the theoretical analysis of the DFB mechanism on PCSELs by
using different calculation methods. The plane-wave expansion
method (PWEM) to calculate the lasing threshold by analyz-
ing the group-velocity anomaly in the 2-D photonic crystal was
presented in [10]. The authors used the coupled wave theory
to explain the threshold gains and deviations from the Bragg
frequency for square and triangular lattices of PCSELs in [11]
and [12]. The finite-difference time-domain (FDTD) method
was applied to comprehend the quality factor for near band-
edge modes in the finite-size 2-D photonic crystals in [13]. The
multiple-scattering method (MSM) to evaluate laser character-
istics in photonic crystal circular rods with optical gains was
reported in [14] and [15]. The authors also manipulated the cou-
pled wave theory to shed light on the coupling coefficients of
different band edges in PCSELs with a triangular lattice [16].
Although the aforementioned different theoretical methods take
advantageous positions in some respects, while analyzing cer-
tain laser characteristics, each of them suffers limitations in cal-
culation of the PCSEL structures. The coupled wave theory can
provide a quick estimation of threshold conditions in PCSELs
but the boundary condition needs to be carefully dealt with and
the analysis of arbitrary defect or lattice patterns requires further
development. As for the FDTD method, it consumes numerous
computer memories and calculation time to simulate the finite
PC structure. In spite of the 3-D calculation capability provided
by the FDTD, it is a complex way to calculate the threshold
gain from the FDTD. On the other hand, the 2-D PWEM ap-
plies only to the infinite photonic crystal patterns instead of the
real device such that the boundary conditions of the PCSELs are
not taken into account. Finally, the MSM shows good capabil-
ity, such as faster calculation time, considering gain coefficients
within photonic crystal materials with arbitrary defect or lattice
patterns.

Therefore, the purpose of this paper is to investigate the char-
acteristics of different band-edge modes including Γ1, K2, and
M3 (defined and shown in Fig. 3) in GaN-based PCSELs with
a triangular lattice pattern. The mode patterns in real space, re-
ciprocal space, and threshold gain of different band-edge modes
in GaN-based PCSELs were calculated by using the MSM. The
paper is outlined as follows. The model of the MSM is briefly in-
troduced and derived in Section II. Then, the fabrication process
of three kinds of GaN-based PCSELs operated at different bad
edges and the experimental setups are presented in Section III.
In Section IV, different characteristics, such as mode patterns
in real space, threshold gains, and mode patterns in reciprocal
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Fig. 1. Representation of the field at point P contributed by scattered fields
from various circular photonic structures and a point source used in the MSM.

space at Γ1, K2, and M3 band edges, are investigated and dis-
cussed. The threshold power density of GaN-based PCSELs at
Γ1, K2, and M3 band edges are presented. The simulation results
of the threshold gain for each band-edge modes are matched well
to the experimental results. Finally, a summary of these results
and prospects is given in Section V.

II. MULTIPLE-SCATTERING METHOD

In our calculation model, the 2-D photonic crystal basis con-
sisting of cylinder arrays is placed in a uniform gain medium.
As shown in Fig. 1, the background material B is an isotropic
gain medium, which is characterized by a complex dielectric
constant, and circular rods are made up of material A. The di-
electric constant of material B can be written as follows:

εB (ω) = εb(ω) − i
2c
√

εb

ω
k′′

b . (1)

The constant εb represents the dielectric constant varied with
the frequency of light, and the k′′

b represents the amplitude gain
coefficient of material B (background wave number of back-
ground material B, i.e., kB = kb − ik′′

b ). A point source at the
origin point emits a monochromatic wave to cylinders with the
finite number, locating at ri (i = 1, 2,. . ., N). The field scattered
from each cylinder shall response to the total incident field
composed of the direct field from the source and the multiple
scattered fields from other cylinders. The scattered field from
the jth cylinder can be written as

Φs(
⇀
r ,

⇀
rj ) =
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r j |)e
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where H
(1)
n is the nth-order Hankel function of the first kind, k

is the wave number, ψ is the azimuthal angle, and Aj
n is the nth

expansion Bessel coefficient of the jth cylinder. Similarly, the
total incident field around the ith cylinder (i = 1, 2, . . ., N; i �=j)
can be expressed as in the Bessel function form:

Φi
in(
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Bi
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r i |)e
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The coefficients Ai
n and Bi

n can be solved by expressing the
scattered field Φs(

⇀
r ,

⇀
r j ), for each i �=j, in terms of the modes

with respect to the ith cylinder by the addition theorem of the
Bessel function [17]. The final field reaching a receiver located

at
⇀
r is the sum of direct wave from the source and the scattered

fields from all the cylinders. Therefore, the external field of
cylinders could be expressed as

Φi
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⇀
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e
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The aforementioned equation expresses a sum of external field
from the incident field and the scattered field outside the ith
cylinder. In addition, we assume that the wave inside the ith
cylinder can be defined as

Φi
int(

⇀
r ) =

∞∑

n=−∞
Dj

nJn (kA |
⇀
r − ⇀

r i |)e
inφ⇀

r −
⇀
r i . (5)

Here, Di
n is the assumption coefficient of the internal field.

Then, the usual boundary conditions are considered. The field
and the derivative field should be continuous across the interface
between the cylinder and the surrounding material. We derive
the correlation between Ai

n and Bi
n that leads to

Bi
n = iπΓi

nAi
n (6)

Γi
n =

H
(1)
n (kB ai)J ′

n (kAai)−g(kB /kA )H(1)′
n (kB ai)Jn (kAai)

g(kB /kA )J ′
n (kB ai)Jn (kAai) − Jn (kB ai)J ′

n (kAai)
(7)

where ai is the radius of ith cylinder, and g is the dielectric
constant ratio between materials A and B. Then, the total system
matrix of the photonic crystal can be obtained as follows:

Γi
nAi

n −
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j=1,j �=i
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Gi,j

l,nAj
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Here, we define
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n (
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Here, Ai
n and T i

n represent the expansion coefficients of scatter-
ing field and expansion coefficient of the incident field. Equation
(8) can be simplified to an eigen-value problem: MA = T. The
laser oscillation condition would be thus achieved under the
condition that the value of vector A / T is divergent. Therefore,
det(M) = 0 is the complex determinant equation used to search
for a pair of variables of the threshold amplitude gain k′′

am and
the normalized frequency from k = ω/c. Once the coefficient
Ai

n is determined, the total field outside of the cylinder at any
spatial point is given by
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⇀
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= iπH
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(11)
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We, then, solve the relation between Di
n and Ai

n by the boundary
condition and obtain Di

n = iπZi
nAi

n , where Zi
n is expressed as

Zi
n =

−2i/(πkB ai)
Jn (kAai)J ′

n (kB ai) − (kA/(gkB ))Jn (kB ai)J ′
n (kAai)

.

(12)
Therefore, the internal field of the ith cylinder can be derived
from (5) by the aforementioned correlation.

After pairs of the resonant-mode frequency and threshold
amplitude gain are determined, the corresponding laser oscil-
lation modes are investigated in terms of the magnetic-field
distribution in the reciprocal space (or called k-space). Since
the resonant mode will be diffracted to the photonic band edge,
the field pattern in the reciprocal space is useful to clarify the
resonant modes at different band edges. The field pattern in the
reciprocal space can be calculated as

Φ(
⇀
g ) =

∫

|⇀r |<∞
Φ(

⇀
r )e−i

⇀
g ·⇀r d

⇀
r (13)

where
⇀
g is the 2-D reciprocal lattice vector. By observing the

intensity distribution in the reciprocal space, the directions of
the dominant waves can be determined and manifest the char-
acteristics in the PCSELs.

III. DEVICE STRUCTURE AND MEASUREMENT SYSTEM

In the experiment, the GaN-based PCSEL structure was
grown on a c-plane 2-in sapphire by a metal-organic chemi-
cal vapor deposition (MOCVD) system. The epitaxial structure
composed of a 2-μm-thick GaN buffer layer, a 35-pair GaN/AlN
distributed Bragg reflector (DBR), a 560-nm-thick n-GaN layer,
ten pairs of InGaN/GaN multiple quantum wells (MQW), a 24-
nm-thick AlGaN electron blocking layer, and a 175-nm-thick
p-GaN layer. The detailed growth parameters were reported
in [6]. Then, the electron-beam lithography (EBL) was utilized
to define the photonic crystal pattern with the triangular lattice
on the sample surface. The photonic crystal pattern with the
lattice constant a was defined ranging from 180 to 300 nm to
match different normalized frequency conditions and the circu-
lar hole diameter r was chosen such that r/a ranged from 0.18
to 0.3. Here, the lattice constants are designed to make sure that
the gain region would cover the lasing wavelength for particular
band-edge points.

Then, the photonic crystal pattern was etched about 400 nm
down to n-GaN by using the inductively coupled plasma system.
The photonic crystal pattern was filled in a round area with
a diameter of about 50 μm. The schematic cross section of
the GaN-based PCSEL device structure is shown in Fig. 2(a).
Fig. 2(b) shows the fundamental guided mode calculating by
the transfer matrix method.

In the measurement system, a 355-nm YVO4 pulse laser was
used as the excitation source in the micro-photoluminescence
(μ-PL) system [6]. The pulse width is 0.5 ns and the repetition
rate is 1 kHz. The pumping laser beam, with a spot size of 50 μm
in diameter, was normally incident onto the sample surface and
covered the whole PC pattern area. A 15× objective lens with
a numerical aperture of 0.32 was placed normally to the sample

Fig. 2. (a) Schematics of the GaN-based PCSEL structures. (b) Fundamental
guided mode calculated by the transfer matrix method.

Fig. 3. Band structure for the photonic crystal with a triangular lattice in
TE polarization. The dashed circles indicate the Γ1, K2, and M3 band edges,
respectively. The inset shows the Γ, K, and M directions in the real space.
(Right) Detailed band structures near each band edge.

to collect the light emission from the top of the photonic crystal
pattern. The light was, then, collected through a fiber with a
600 μm core and coupled into a spectrometer with a charge
coupled device.

IV. NUMERICAL RESULT

While the light wave is diffracted from the photonic crystal
structure with a triangular lattice, it should satisfy the phase
match and energy conservation as follows [2]:

Kd = Ki + q1K1 + q2K2 , q1,2 = 0, 1, 2, . . .

ωd = ωi (14)

where Kd is a wave vector of the diffracted light wave; Ki is
an xy-plane wave vector of the incident light wave; K1,2 are
the Bragg wave vectors provided by the triangular lattice in the
photonic crystal pattern; q1 and q2 are the orders of diffraction;
ωd is the frequency of the diffracted light wave, and ωi is the
frequency of the incident light. In addition, the dispersion curves
or the photonic band structures for a triangular lattice with the
transverse-electric (TE) polarization can be calculated by the
PWEM as shown in Fig. 3. The Bragg condition and (14) are
well satisfied, especially, at band edges in the photonic band
structures due to the specific lattice constant, e.g., the Γ1, K2,
and M3 band edges indicated by the black dashed circles in
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Fig. 4. (a) Normalized frequency versus the shell number of photonic crystals.
(b) Threshold amplitude gain as a function of the shell number of cylinder layers
with four resonant modes.

Fig. 3. These band edges, showing low group velocity and high
density of states in photonic modes, are suitable for lasing to
occur. Fig. 3 (right) shows the detailed band structure for each
band edge. There are six bands at the Γ1 band edge, three bands
at K2 band edge, and four bands at the M3 band edge, resulting
from different symmetric diffractions. As a result, the different
band edges would exhibit different photonic characteristics. In
addition, the special surface emission condition would occur at
the band edges in 2-D PCSELs when the resonant modes are
above the light line. For example, lasing modes at Γ1, K2, and
M3 band edges in Fig. 3 should exhibit the surface out-coupling
capability.

In this section, we discuss the results of numerical calculation
based on the MSM. The resonant-mode frequencies, threshold
gains, and field distributions in the reciprocal space at different
band edges have been calculated.

A. Influence of the Shell Number in Photonic Crystals

To simplify the complex 3-D problems, the structural pa-
rameters used for this study are based on the effective index
method [2]. The confinement factor of 0.563 for the photonic
crystal layer and the effective index of 2.495 for the guided mode
were calculated by the transfer matrix method [18], [19]. For
the Γ1 band edge, εa of material A (cylinder) was 1.87 and εb

of the background material B (GaN) was 2.65, the filling factor
of the cylinder was 0.25, and the lattice constant was 180 nm.
There were seven partial waves in the expansion coefficient of
the Bessel function (n = −3 to +3). The determinant equa-
tion, i.e., det(M) = 0, calculated the normalized frequency and
threshold amplitude gain. A size parameter Ns shown in Fig. 2,
represents the shell number of cylinder layers in the Γ–M di-
rection. Fig. 4(a) shows the normalized frequency with respect
to the shell number. Four resonant modes can be determined.
It shows that when the shell number increases, the normalized
frequency will approach to the steady value. The relation be-
tween the threshold gain and the shell number Ns is shown in
Fig. 4(b). The threshold gains of four resonant modes would ex-
ponentially decay, while increasing the shell number of photonic
crystals, and the marginal influence of the shell number tends to
converge after Ns is larger than 21 in our simulation model. It
indicates that the influence of PC shell would be saturated and
threshold gains would approach to a constant since the lasing

Fig. 5. Magnetic-field distributions of four resonant modes at the Γ1 band
edge for (a) mode A, (b) mode B, (c) mode C, and (d) mode D. Blue and red
areas represent the positive and negative magnetic fields perpendicular to the
plane, respectively. Black circles indicate the photonic crystal cylinders.

mechanism of PCSELs is provided by the DFB in a photonic
crystal lattice and the boundary reflections around the photonic
crystal structure. If there are only few shells of cylinders, the
boundary reflections will seriously influence the laser threshold.
As the shell number of photonic crystal increases, the feedback
mechanism will be dominated by the photonic crystal diffrac-
tion, and thus, the lasing threshold converges. Simultaneously,
the normalized lasing modes would approach the band-edge po-
sitions. These values are the steady-state solutions that match
well to the results obtained in the PWEM and can be used in the
following calculation. As a result, the shell number was set to
be 21 in the following calculations.

Most of the previous GaN-based PCSELs were designed to
operate at the Γ1 band edge to form the surface emission condi-
tion [5]–[7] due to its strong coupling characteristics. As shown
in Fig. 3, the band diagram around Γ1 band edge indicates four
associated resonant modes, termed as modes A, B, C, and D,
respectively, from low to high normalized frequency. Modes B
and D are doubly degenerate coupling waves. It can be dis-
tinguished into two pairs of doubly degenerate bands and two
pairs of nondegenerate bands. These resonant modes can also
be identified from the magnetic-field distributions, which are
calculated by (10) and (11) by adding the internal and external
magnetic-field distributions as shown in Fig. 5. Each resonant
mode shows distinct magnetic-field distributions. The magnetic
field distribution of mode A is divided into three positive and
negative areas around each lattice point, referred as the hexapole
mode. As for mode B, there are two positive and negative areas
around each lattice point, which is identified as the quadruple
mode. Modes C and D are characterized by monopole and dipole
modes, respectively. The normalized frequencies of modes
A–D were calculated to be 0.4376, 0.4601, 0.4659, and 0.4972,
respectively.

B. Real-Space Resonant-Mode Patterns for K2 and M3
Band Edges

Except for the Γ1 band edge, there are other higher order band
edges, such as K2 and M3, from the band diagram in Fig. 3. The
resonant characteristics including mode patterns and threshold
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Fig. 6 (a) and (b) Magnetic-field distributions for the resonant modes E and F
at the K2 band edge. (c)–(f) Magnetic-field distributions for the resonant modes
G, H, I, and J at the M3 band edge. Blue and red areas represent the positive and
negative magnetic fields perpendicular to the plane, respectively. Black circles
indicate the photonic crystal cylinders.

gains of K2 and M3 band edges can also be investigated and
discussed by using the MSM. Fig. 6 shows all of the mode
patterns at K2 and M3 band edges. For the K2 band edge, εa =
2 and εb = 2.63 were used for materials A and B, respectively.
The filling factor of the cylinder was 0.26 and the lattice constant
was 220 nm. As shown in Fig. 3, the K2 band edge can exhibit
two resonant modes. The normalized frequency of each resonant
mode was calculated to be 0.523 27, and 0.552 86, respectively.
In Fig. 6(a), the field distribution of the lower frequency mode
E has three negative areas around each lattice point. Fig. 6(b)
shows the higher frequency degenerate modes with two opposite
dipoles around every lattice point. It should note that the field
distribution would be changed due to the finite photonic crystal
boundary. Similarly, for the M3 band edge, εa = 2.0 and εb

= 2.63 were used for materials A and for B, respectively. The
filling factor of the cylinder was 0.266 and the lattice constant
was 247 nm. Compared with the Γ1 band edge, there also exist
four modes termed as modes G, H, I, and J at the M3 band edge.
Each mode pattern shows significant symmetric magnetic-field
distributions in Fig. 6(c)–(f). Modes G–I shows three similar
kinds of magnetic-field distributions in Fig. 6(d)–(f). In Fig. 6(f),
mode J has a pair of positive and negative areas around each
lattice point. The normalized frequencies corresponding to G,
H, I, and J modes were calculated to be 0.593 48, 0.609 68,
0.615 71, and 0.624 08, respectively.

C. Reciprocal-Space Mode Patterns

In order to investigate more features of different modes, it
is useful to transfer the magnetic-field distributions in the real
space into the reciprocal space or k (wave number) space by
using (6). Fig. 7 shows the magnetic fields in the reciprocal
space and the white hexagonal lines represent the Brillouin-
zone boundaries for a triangular lattice. For the Γ1 band edge,
the field distribution of modes A and C locates at six zeniths of a
hexagon in the second Brillouin zone, representing that these six
diffraction directions strongly couple together to enhance the in-
plane laser oscillation. On the other hand, the reciprocal-space

Fig. 7. Calculated magnetic-field distributions of Γ1, K2, and M3 band edges
in the reciprocal space. The white arrows indicate the diffraction direction for
each band-edge points.

field distributions of modes B and D show two major diffraction
directions, representing their specific laser oscillation directions.
Since these diffraction patterns are in the Γ points of six sec-
ond Brillouin zone, these modes can be diffracted back to the Γ
point of the first Brillouin zone by the first-order diffraction. As
a result, the output emission shall be normal to the surface. The
same analysis can be applied to other band edges. The K2 band-
edge mode emits the diffracted lights tilting an angle of 30◦ off
to the normal of the surface, which can be extracted from the
reciprocal field patterns as shown in Fig. 7 (middle). Similarly,
the M3 band edge mode emits several inclined diffracted lights.
By observing the reciprocal field patterns shown in Fig. 7 (bot-
tom), the tilted angles of these inclined diffracted lights can be
calculated as 19.47◦, 35.26◦, and 61.87◦ off to the normal of the
PC surface, respectively. These values are in good agreement
with our previous experiment results [19].

D. Threshold Gains for Different Band Edges

Finally, the GaN-based PCSELs operated at different band
edges were measured under the optical pumping system at room
temperature. The gain peak of MQWs was at 410–420 nm with
a linewidth of about 30 nm. The lasing wavelengths for Γ1, K2,
and M3 band-edge points are 416, 402, and 392 nm, respec-
tively. a/λ of the lasing threshold for Γ1, K2, and M3 band-edge
points are 0.46, 0.54, 0.63, respectively. As shown in Fig. 8, clear
threshold conditions are observed with the threshold power den-
sity of 3.7 mJ/cm2 for the Γ1 band edge, 6.3 mJ/cm2 for the K2
band edge, and 8.1 mJ/cm2 of the M3 band edge, showing a ten-
dency of the increased threshold from low- to high-order bands.
According to the simulation results, the threshold amplitude
gains were 6.2×10−3 , 5.9×10−3 , 7.7×10−3 , and 7.3×10−3 for
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Fig. 8. Measured output intensity versus input excitation energy density from
the GaN-based PCSELs for Γ1, K2, and M3 band edges.

Fig. 9. Calculated threshold gains and normalized frequency for Γ1, K2, and
M3 band edges of GaN-based PCSELs.

modes A, B, C, and D of the Γ1 band edge, respectively. The dif-
ferent simulation result of the threshold amplitude gain comes
from the variation distribution of field in a photonic crystal. It
depends on the magnetic distribution field in the gain material.
As shown in Fig. 6, modes A (hexagonal pole) and B (quadrant
pole) have the more distributed field in the gain material than
modes C (mono pole) and D (dipole mode); thus, modes A and
B have the lower threshold gain than modes C and D.

For the K2 band edge, the threshold amplitude gains were
calculated to be 1.6×10−2 and 2.4×10−2 . The lower normalized
frequency mode has a relatively lower threshold gain. As for the
M3 band edge, we obtained the threshold amplitude gains of
3.5×10−2 , 3.0×10−2 , 2.7×10−2 , and 2.9×10−2 . The K2 band
edge has the same result as the Γ1 band edge that the threshold
gain of the hexagonal mode E is lower than the dipole mode
F due to the less overlap of the magnetic field with the gain
material. The same result can be obtained that the dipole mode
G has the highest threshold amplitude gain at the M3 band
edge. Fig. 9 shows the calculated threshold gains versus the
normalized frequency for three band edges. The black dashed
eclipses group three band-edge modes. Typically, modes at the
Γ1 band edge have the lowest threshold gain and modes at the
M3 band edge have higher threshold gains than others. This
can be schematically understood from the following. The white
arrows in Fig. 7 indicate the length and directions of k vectors
oscillating in the reciprocal space. The longer k vector means
lower coupling coefficient due to the deviation from the Bragg
vectors provided by the photonic crystal lattice [3], [16], [20];

thus, the Γ1 has the lower threshold gain than K2 and M3 due to
stronger coupling enhancement. Although the measured results
could not be resolved into exact resonant modes for each band
edge, the calculated results still show great agreement with the
experimental results, indicating that the MSM could correctly
predict the threshold gain in each band-edge mode and provide
a fast design tool for the GaN-based PCSELs.

V. CONCLUSION

In this paper, we have employed the MSM to investigate the
characteristics of different band-edge modes in GaN-based PC-
SELs with the triangular photonic crystal lattice. The different
mode patterns in the real space can be calculated and classified
for different band edges. In addition, the different mode patterns
in the reciprocal space have been calculated and discussed. The
diffraction spots in the reciprocal space could be used to iden-
tify the oscillation directions and output emission angles of each
band-edge mode. Finally, the GaN-based PCSELs operated at
Γ1, K2, and M3 band edges were measured and simulated by
the MSM. The threshold condition at each band edges shows
a clear tendency of the increased threshold from low- to high-
order bands. The simulation results show good agreement with
the experimental results. We believe that the presented results
will be beneficial to the calculation of PCSEL devices and use-
ful for the development of the novel PCSEL devices in the near
future.
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