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The heat transfer of natural convection in three dimensional horizontal parallel plates with a heated bot-
tom surface is investigated numerically. For enlarging the application domain, the compressibility of the
fluid is taken into consideration instead of the Boussinesq assumption. Numerical methods of the Roe
scheme, preconditioning and dual time stepping are adopted for solving governing equations of a low
speed compressible flow. A non-reflection condition is used at both apertures in order to decrease com-
putational grids and a CUDA computational platform is developed to economize massive computing time.
Variations of thermal and flow fields are examined in detail. The results show that accompanied with
elongating the length of the heated bottom surface, both thermal and flow fields are changed from a
steady to an unsteady situation.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Natural convection in opened-ended horizontal parallel plates
is a very important subject in both academic and industrial re-
searches such as drying processes, solar receiver systems, fire
safety research and the deposition process in semiconductor man-
ufacturing. The location of the heated surface installed on the top
or bottom wall of horizontal parallel plates will cause the phenom-
enon of natural convection to be affected. The installation of the
heated surface on the bottom surface is usually more complex than
that of the installation on the top surface because of the easy
occurrence of unsteadily ascending flow. In this process, the den-
sity of the fluid is gradually decreased as the fluid passes over
the heat surface. The velocity of the fluid is then steadily acceler-
ated by the variable buoyancy force. As a result, there is a possibil-
ity to change the flow field from steady to unsteady in the duration
of the heating process that is rather different from the flow field
occurring in the forced convection in which an invariable velocity
of fluid is assigned by the given condition in advance. Therefore,
when this subject is investigated using a numerical study, two
thorny problems are observed. One is the treatment of boundary
conditions at both opened-ended apertures; The other is the devel-
opment of a proper and efficient computation method for resolving
the variations of the flow and thermal fields from a steady to an
unsteady situation during the heating process.
ll rights reserved.
.022

of Mechanical Engineering,
ad, Hsinchu 30056, Taiwan,
65.

.

For facilitating theoretical analyses of the subject mentioned
above, lots of literature [1–6] adopted the Boussinesq assumption
which is available for the temperature differences of natural con-
vection being lower than 30 K [7] to investigate the phenomena
of natural convection. According to usage of the Boussinesq
assumption, the density of the fluid is regarded as a constant which
means the buoyancy force which is a driving force of natural con-
vection is an invariable parameter. The indication of flow field
varying from a steady to an unsteady situation caused by the grad-
ual acceleration of flow field in the duration of the heating process
mentioned above is difficult to be explained. Those results are use-
ful for a low temperature difference condition but not useful for a
high temperature difference condition. Therefore, a previous study
[8] abandoned the usage of the Boussinesq assumption and consid-
ered the compressibility of the fluid to investigate phenomena of
natural convection in a horizontal three dimensional channel. A
non-reflecting condition was successfully modified to treat bound-
ary conditions at the opened-ended apertures. Dual reflection
phenomena were observed at the opened-ended apertures. Regret-
fully, the length of the heat wall was too short which resulted in
the strength of the buoyancy force not being strong enough, and
the variation of flow field from a steady to an unsteady situation
being absent. An experimental investigation conducted by Kitam-
ura and Asakawa [9] revealed heat transfer mechanisms of the sub-
ject mentioned above. The time-averaged results of local Nusselt
numbers were presented and the instantaneously unsteady phe-
nomena were clearly indicated by the thermal field close to the
heat wall. The process of variation of flow field from a steady to
an unsteady situation was difficult to express because of the limi-
tation of time-averaged experimental results. A similar study was

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.04.022
mailto:wsfu@mail.nctu.edu.tw
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.04.022
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


Nomenclature

A area (m2)
d width of the plate (m)
e internal energy (J/kg)
g acceleration of gravity (m/s2)
h height of the plate (m)
k thermal conductivity (W/mK)
k0 surrounding thermal conductivity (W/mK)
l1 length of heat surface (m)
l2 distance between outlet and heat surface (m)
l3 length of the plate (m)
Nux local Nusselt number defined in Eq. (28)

Nux ¼ h
k0ðTh�TcÞ kðTÞ @T

@y

h i
Nux time average local Nusselt number defined in Eq. (29)

Nux ¼ 1
t

R
t Nuxdt

NuA area average local Nusselt number defined in Eq. (30)
NuA ¼ 1

A

R
d

R
l1

Nuxdxdz
Nu average Nusselt number defined in Eq. (31)

Nu ¼ 1
A

R
d

R
l1

Nuxdxdz
P pressure (Pa)
P0 surrounding pressure (Pa)
Pr Prandtl number
R gas constant (J/kg/K)
R⁄ length ratio R� ¼ l1

h

Ra Rayleigh number defined in Eq. (26) Ra ¼ Pr gq2
0ðTh�TcÞh3

T0lðTÞ2

Ra⁄ modified Rayleigh number defined in Eq. (27)
Ra� ¼ Ra� l1

h
Re Reynolds number
t time (s)
t⁄ dimensionless time t� ¼ t l0

q0h2

T temperature (K)
T0 temperature of surroundings (K)
Th temperature of heat surface (K)
u, v, w velocities in x, y and z directions (m/s)
U, V, W dimensionless velocities U ¼ uffiffiffiffiffiffi

Ra�
p

a
h

; V ¼ vffiffiffiffiffiffi
Ra�
p

a
h

; W ¼ wffiffiffiffiffiffi
Ra�
p

a
hx, y, z Cartesian coordinates (m)

X, Y, Z dimensionless Cartesian coordinates X ¼ x
l3

, Y ¼ y
l3

and
Z ¼ z

l3

Greek symbols
a thermal diffusivity rate (m2/s)
q density (kg/m3)
q0 surrounding density (kg/m3)
l viscosity (N s/m2)
l0 surrounding viscosity (N s/m2)
c specific heat ratio
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Fig. 1. Physical model.
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conducted by Turgut and Onur [10]. A code was used to execute
numerical calculation to validate the experimental results auxili-
arily. The results revealed that the increment of the average Nus-
selt number accompanied with the increment of the separation
distance. Both results of numerical and experimental works had
good agreements. Due to the presentation of time- averaged re-
sults, the phenomenon of unsteady natural convection was not dis-
cussed. Yang et al. [11] investigated the thermal fluid instability
between two horizontal parallel plates with three different ther-
mal condition cases numerically. The phenomenon of instability
was mainly induced by a thermal perturbation of temperature ob-
tained from a Goussian random number generator. The results
showed that the total fluid kinetic energy in the domain converged
for the top heating case, but diverged for the other two cases. Be-
cause of the preliminary assignment of perturbation condition,
the process of stability changing to instability could not be indi-
cated. Manca et al. [12] and Manca and Nardini [13] conducted
experimental works to investigate natural convection in horizontal
channels and parallel plates, respectively. Their main results indi-
cated phenomena of flow fields and temperature profiles under dif-
ferent thermal conditions. A flow pattern of a C shape presented in
each mode. Instantaneously detailed results, including steady and
unsteady situations, were separately indicated. Due to the limita-
tions of time-averaged results mentioned above, the realistic and
important phenomena of natural convection varying from a steady
to an unsteady situation in a heating process are hardly studied.

The aim of the study, which involves the changing of the length
of the heated surface investigates variation processes of natural
convection of three dimensional horizontal parallel plates from a
steady to an unsteady situation numerically. In order to simulate
the subject more realistically, the Boussinesq assumption is not
adopted, and instead, the compressibility of the fluid is taken into
consideration. The buoyancy force is then to vary with the heating
process and exerts a force on the fluid to change its buoyancy force
from a weak to a strong state gradually affecting the variation of
flow and thermal fields from a steady to an unsteady. The time
needed for computation and date acquisition is extremely huge,
and an effective method of a CUDA computation platform [14] is
then used for executing parallel computation. Solution methods
of the Roe [15], preconditioning [16] and dual time stepping [17]
for solving a low speed compressible fluid flow in a transient state
are combined together. As well, a modified method [8] is used to
treat the reflection problems occurring at apertures of parallel
plates. The results reveal that accompanied with the increment
of increase of the heated surface length, the flow field varies from
a steady to an unsteady situation. Phenomena of an unsteady situ-
ation easily occur along the longer heat surface and are similar to a



Fig. 2. Schematic diagram of CUDA platform [14].
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periodic motion which naturally causes the variation of the local
Nusselt numbers to be periodic.

2. Physical model

A physical model of three dimensional parallel plates is indi-
cated in Fig. 1. The total length and height of the physical model
are l3 and h, respectively. On the bottom plate, lengths of l1 and
l2 are the heated and adiabatic walls, respectively.

The temperature of the heated wall is Th, and the top plate is
adiabatic. The width of the physical model is d, and the direction
of gravity is downward. Boundary conditions on both apertures
are non-reflecting conditions and both sides of the width are peri-
odic conditions. The pressure and temperature of the outside of
parallel plates are 101300 Pa and 298 K, respectively.

For facilitating the analysis, the following assumptions are
made.

1. The work fluid is ideal gas and follows the equation of state
of ideal gas.

2. Magnitudes of gradients of density and pressure on the
whole surfaces in the normal direction are zero.

The governing equations are expressed as follows.

@U
@t
þ @F
@x
þ @G
@y
þ @H
@z
¼ S ð1Þ
Table 1
Comparison of computing efficiency.

Type CPU Intel Quad
Q6600 (4 core)

CPU Intel
Core i5 (4 core)

GPU Nvidia
Tesla C1060

Grids 220 � 160 � 10 220 � 160 � 10 220 � 160 � 10
Parallel method OpenMp OpenMp CUDA
s/step 76.14 26.3 10.88
Scaling 1 2.7 7
and the state equation of ideal gas is used.

P ¼ qRT ð2Þ
The terms included in U, F, G, H and S are separately shown in the
following equations.

U ¼

q
qu

qv
qw

qE

2
6666664

3
7777775

ð3Þ

F ¼

qu

qu2 þ P � sxx

quv � sxy

quw� sxz

qEuþ Pu� k @T
@x � usxx � vsxy �wsxz

2
6666664

3
7777775

G ¼

qv
quv � syx

qv2 þ P � syy

qvw� syz

qEv þ Pv � k @T
@y � usyx � vsyy �wsyz

2
6666664

3
7777775

H ¼

qw

quw� szx

qvw� szy

qw2 þ P � szz

qEwþ Pw� k @T
@z � uszx � vszy �wszz

2
6666664

3
7777775

S ¼

0
0

�ðq� q0Þg
0

�ðq� q0Þgv

2
6666664

3
7777775

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð4Þ



Fig. 3. Selection of grid distribution in Z direction R� ¼ 11
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Sutherland’s law is adopted to evaluate the viscosity and thermal
conductivity shown as follows.

lðTÞ ¼ l0
T
T0

� �2
3 T0 þ 110

T þ 110
ð5Þ

kðTÞ ¼ lðTÞcR
ðc� 1ÞPr

ð6Þ

in which

E ¼ P
qðc� 1Þ þ

1
2
ðu2 þ v2 þw2Þ ð7Þ

q0 ¼ 1:1842 kg=m3; g ¼ 9:81 m=s2

l0 ¼ 1:85� 10�5 N s=m2; T0 ¼ 298:05 K
c ¼ 1:4; R ¼ 287 J=kg=K; Pr ¼ 0:72
Fig. 4. Comparison of different grid distributions.
3. Numerical method

The Roe scheme and preconditioning method are used to solve
the governing equations of a compressible flow shown in Eq. (1).
Also, the method of dual time stepping is added to calculate the
transient state. And Eq. (1) can be obtained.

C
@Up

@s
þ @U
@t
þ @F
@x
þ @G
@y
þ @H
@z
¼ S ð8Þ

where s is the artificial time, t is the physical time. C is a precondi-
tioning matrix proposed by Weiss and Smith[16] and Up is a prim-
itive form of [q,qu,qv,qw,qe]T.

Discretization of Eq. (8) is executed. The terms of @Up

@s and @U
@t are

differentiated by a first-order forward difference and a second-or-
der backward difference, respectively, and the terms of @F

@x,
@G
@y, and @H

@z

are differentiated by a central difference, the following equation
can be obtained.

C
Ukþ1

p � Uk
p

Ds
þ 3Unþ1 � 4Un þ Un�1

2Dt
þ 1

Dx
Fkþ1

iþ1
2;j;k
� Fkþ1

i�1
2;j;k

� �
þ 1

Dy
Gkþ1

i;jþ1
2;k
� Gkþ1

i;j�1
2;k

� �
þ 1

Dz
Hkþ1

i;j;kþ1
2
� Hkþ1

i;j;k�1
2

� �
¼ S ð9Þ

The terms of Uk+1 and Fk+1 in Eq. (9) are necessary to be linearized
and expressed as follows.
Ukþ1 ¼ Uk þMDUp ð10Þ

in which M ¼ @U
@Up

and Ap ¼ @Fk

@Up

Fkþ1 ¼ Fk þ ApDUp ð11Þ

where Ap ¼ @F
@Up

is the flux jacobian and the same methods for
Bp ¼ @G

@Up
and Cp ¼ @H

@Up
are used in linearization of Gk+1 and Hk+1,

respectively.
To substitute Eqs. (10) and (11) into Eq. (9), the following equa-

tion is derived.

I
Ds
þ C�1M

3
2Dt
þ C�1 dxAk

p þ dyBk
p þ dzC

k
p

� �� �
DUp ¼ C�1Rk ð12Þ

where dx, dy, and dz are central-difference operators and

Rk ¼ S� 3Uk � 4Un þ Un�1

2Dt

 !
� ðdxFk þ dyGk þ dzHkÞ

The solver of Eq. (13) is the LUSGS implicit method proposed by
Yoon and Jamesont [18].

Ap ¼ C�1Ak
p

Bp ¼ C�1Bk
p ð13Þ

Cp ¼ C�1Ck
p

Eq. (12) can be rearranged as follows.

ðLþ Dþ UÞDUp ¼ C�1Rk ð14Þ

where

L ¼ � 1
Dx Aþp
� �

i�1;j;k
þ 1

Dy Bþp
� �

i;j�1;k
þ 1

Dz Cþp
� �

i;j;k�1

� �

D ¼ I
Dsþ C�1M 3

2Dt þ 1
Dx Aþp
� �

i;j;k
� A�p
� �

i;j;k

� �	

þ 1
Dy Bþp
� �

i;j;k
� B�p
� �

i;j;k

� �
þ 1

Dz Cþp
� �

i;j;k
� C�p
� �

i;j;k

� �


U ¼ 1
Dx A�p
� �

iþ1;j;k
þ 1

Dy B�p
� �

i;jþ1;k
þ 1

Dz C�p
� �

i;j;kþ1

� �

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð15Þ

As for the computation of Rk ¼ S� 3Uk�4UnþUn�1

2Dt

� �
� ðdxFkþ

dyGk þ dzH
kÞ in the right hand side (RHS) of Eq. (12), the terms in-



Fig. 5. Histories of development of thermal field and streamlines under Ra⁄ = 1.58 � 106.
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cluded in F shown in Eq. (4) based on Cartesian coordinates can be
divided into two parts. One is the inviscid term Finviscid and the other
is the viscous term Fviscous.

F ¼ Finviscid þ Fviscous ¼

qu

qu2 þ p

quv
quw

q eþ V2

2

� �
uþ pu� k @T

@x

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

�

0
sxx

sxy

sxz

þusxx þ vsxy þwsxz

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð16Þ

The upwind difference scheme developed by Roe [15] is employed
in discretization of the term of Finviscid at the interface cells iþ 1

2

� �
and expressed as follows at a low Mach number situation.

Finviscid;iþ1
2
¼ 1

2
ðFR þ FLÞ �

1
2
jC�1AMjDUP ð17Þ

The third-order MUSCL scheme proposed by Abalakin et al. [19] is
used to compute the term of Finviscid. And a fourth central difference
is adopted to calculate the magnitudes of the viscous terms and the
related derivations are indicated as follows.

@u
@x
¼ ui�2 � 8ui�1 þ 8uiþ1 � uiþ2

12Dx
þ oðDx4Þ ð18Þ

And the same methods for G and H are used, respectively.
On the adiabatic surface, the boundary conditions are

Pði;0; kÞ ¼ Pði;1; kÞ
uði;0; kÞ ¼ �uði;1; kÞ
vði;0; kÞ ¼ �vði;1; kÞ
wði;0; kÞ ¼ �wði;1; kÞ
Tði;0; kÞ ¼ Tði;1; kÞ

ð19Þ
Pði;nyþ 1; kÞ ¼ Pði;ny; kÞ
uði;nyþ 1; kÞ ¼ uði;ny; kÞ
vði;nyþ 1; kÞ ¼ vði;ny; kÞ
wði;nyþ 1; kÞ ¼ wði;ny; kÞ
Tði;nyþ 1; kÞ ¼ Tði;ny; kÞ

ð20Þ

On the heated surface, the boundary conditions are

Pði;0; kÞ ¼ Pði;1; kÞ
uði;0; kÞ ¼ �uði;1; kÞ
vði;0; kÞ ¼ �vði;1; kÞ
wði;0; kÞ ¼ �wði;1; kÞ
Tði;0; kÞ ¼ 2Th � Tði;1; kÞ

ð21Þ

where Th is the wall temperature.
0 indicates the ghost cell and 1 indicates the cell closest to the

wall.
As for the boundary conditions at the apertures of the channel,

in order to avoid a low speed of compressible flow in the channel to
be polluted by the reflections of acoustic waves, the non-reflecting
boundary conditions are then necessarily used at the apertures of
the channel.

In a high speed compressible flow condition, the method of
LODI (local one dimensional inviscid relations) proposed by Poin-
sot and Lele [20] was suitably adopted for determining the nonre-
flecting boundary conditions at the apertures of the channel.
However, a preconditioning matrix is not used in the above meth-
od that causes the method to be not available for determining the
non-reflecting boundary conditions at the apertures of the channel
under a low speed compressible flow. As a result, the modification
of the above method [8] is adopted for resolving the non-reflection
boundary conditions under an extremely low speed compressible
flow.

Along the Z direction, periodic conditions are used, and then the
boundary conditions of surfaces of ABCD and EFGH shown in Fig. 1
can be expressed as the following equations, respectively.



Fig. 6. Histories of development of thermal field and streamlines under Ra⁄ = 4.73 � 106.
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Pði; j; 0Þ ¼ Pði; j;nzÞ
uði; j; 0Þ ¼ uði; j;nzÞ
vði; j;0Þ ¼ vði; j;nzÞ
wði; j;0Þ ¼ wði; j;nzÞ
Tði; j; 0Þ ¼ Tði; j;nzÞ

ð22Þ
Pði; j;nzþ 1Þ ¼ Pði; j;1Þ
uði; j;nzþ 1Þ ¼ uði; j;1Þ
vði; j;nzþ 1Þ ¼ vði; j;1Þ
wði; j;nzþ 1Þ ¼ wði; j;1Þ
Tði; j;nzþ 1Þ ¼ Tði; j;1Þ

ð23Þ



Fig. 7. Histories of development of thermal field and streamlines under Ra⁄ = 8.66 � 106.
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0 indicates the cell at the ABCD surface and nz + 1 indicates the cell
at the EFGH surface.

A procedure calculating the equations mentioned above is
briefly described as follows.

(1) Assign the initial conditions of pressure, velocities and
temperatures.
(2) Use the MUSCL method to calculate Eq. (12) to obtain the
magnitude of DUp.

(3) Substitute the magnitude of DUp into Eq. (17) and use the
Roe method to calculate the magnitudes of inviscid terms
of Finviscid.

(4) Calculate Eq. (18) to obtain the magnitudes of viscous terms
and substitute in Eq. (16).



Fig. 8. Variations of local resultant velocity Vmag at different locations of a time average streamline under Ra⁄ = 4.73 � 106.

W.-S. Fu et al. / International Journal of Heat and Mass Transfer 55 (2012) 4638–4650 4645
(5) Solve Ukþ1
p .
Ukþ1
p ¼ Uk

p þ DUk
p ð24Þ
(6) Calculate Eq. (9) and examine the convergence of the itera-
tional computation of Ukþ1

p . Repeat (2)–(5) until Ukþ1
p �Uk

p

Ds < e,
e = 10�3.

The time of computation and date acquisition is extremely
huge, and an effective method of a CUDA computation platform
is then used for executing parallel computation. The main function
of the CUDA computation platform [14], which is a kind of inte-
grated technique developed by NVIDIA company, is to integrate
the performance of a GPU (graphics processing unit) arrayed in a
video card installed in a host computer to a numerical parallel
computation processor executed in the host computer.

A brief description of usage of the CUDA is indicated as follows.
Three steps have been executed and Fig. 2 is the schematic dia-
gram. The first step is that the data are moved from the memory
of the host to the memory in the graphic hardware. Then the
GPU is utilized to compute. The general method of assigning num-
bers in three dimensional grids is a three dimensional matrix
(i, j,k). However, it will be very complicated to move the data from
the host to the graphic hardware if the three dimensional matrix is
adopted. Therefore, it is necessary to transport the three dimen-
sional matrix to the one dimensional matrix. Then, the data will
be easy to be moved. The equation of transporting is showed in
the following process.

Device ðassign numbersÞ ¼ host ði� ny� nzþ j� nzþ kÞ ð25Þ

where nx, ny and nz are the numbers of grids in the x, y and z direc-
tion, respectively.

The second step is to parallel the program. The best advantage
of the graphic hardware is that there are multiple cores in it to exe-
cute the computation. Then the program paralleling is absolutely
necessary.

The third step is to move the results computed by GPUs from
the graphic hardware to the host and transform the one dimen-
sional matrix to the original three dimensional matrix. Perfor-
mance tests of CUDA computation platforms are tabulated in



Fig. 9. Variations of local resultant velocity Vmag at different locations of a time average streamline under Ra⁄ = 1.58 � 106.
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Table 1, and the results are remarkable. The computational time
consumed by the most complicated case is about three weeks.

4. Results and discussion

The height of parallel plates is usually regarded as a character-
istic length when the Rayleigh number is used in a parallel plates
problem and defined as follows.

Ra ¼ Pr
gq2

0ðTh � TcÞh3

T0lðTÞ2
ð26Þ

However, the length of heated bottom wall affects heat transfer
phenomena remarkably. In order to highlight the influence of the
length of the heat wall, a modified Rayleigh number Ra⁄ is newly
defined in the following equation.

Ra� ¼ Ra� L1

h
ð27Þ

In this study, three different magnitudes of R� ¼ L1
h are considered,

and they are 1
2 ðRa� ¼ 1:58� 106Þ, 3

2 ðRa� ¼ 4:73� 106Þ and 11
4 ðRa� ¼

8:66� 106Þ.
In Fig. 3, in order to ensure the accuracy of the observations of
the three dimensional phenomena and because of the limitations
of the amounts of computational grids, time-averaged local Nusselt
numbers Nu0xs distributed on the heated bottom surface of the cen-
tral cross section of the xy plane are indicated by two different
computational grids of 220 � 80 � 30 and 220 � 80 � 10. The def-
initions of local and time-averaged local Nusselt numbers of Nux

and Nux are expressed as follows, respectively.

Nux ¼
h

k0ðTh � TcÞ
kðTÞ @T

@y

� �
ð28Þ

Nux ¼
1
t

Z
t

Nuxdt ð29Þ

According to the results, 10 grids arrayed in the Z direction are
selected. The results of grid tests of appropriate grids arrayed in X
and Y directions are shown in Fig. 4. The distribution of grids of
220 � 160 � 10 is determined and used to obtain the following
results.

Shown in Fig. 5, histories of development of thermal fields and
streamlines are indicated under the Ra⁄ = 1.58 � 106 situation. The



Fig. 10. Variations of local resultant velocity Vmag at different locations of a time average streamline under Ra⁄ = 8.66 � 106.
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darker the color is, the lower the temperature displays. The tem-
perature of the heated surface is instantaneously raised to 700 K
when the computation process is executed. At the initial stage
(t⁄ = 3.415 � 10�4), the heat conduction mode dominates the heat
transfer mechanism. Fluids close to the heat wall are heated and
expanded, and then part of the fluids are discharged through the
apertures. In the next stage (t⁄ = 4.388 � 10�3), heated fluids with
light density exerted by the buoyancy force ascend to the top wall.
Ascending fluids impinge the top wall and separately flow to both
apertures. Meanwhile part of the ascending fluids form two sym-
metrical circulations. Afterward (t⁄ = 3.36 � 10�2), thermal and
flow fields incline to a steady situation. Phenomena of both fields
indicate a typical natural convection mode.

In Fig. 6, histories of development of thermal fields and stream-
lines are shown under the Ra⁄ = 4.73 � 106 situation. The larger
magnitude of Ra⁄ corresponds with an increase in the length of
the heated wall which naturally causes natural convection phe-
nomena to be more active. In the three initial stages of (a)–(c),
the variations of thermal fields and streamlines of this situation
are similar to those shown in the former situation of Fig. 5. After-
ward, shown in Fig. 6(d) ascending fluids along the longer heated
bottom wall continuously accumulate and start to form two small
circulations. Right after the two small circulations which gradually
attract some fluids on the way to the top wall, they increase in size
shown in Fig. 6(e). In Fig. 6(f), two big circulations are expelled by
the other ascending fluids and flow to both apertures. Not long
after, in Fig. 6(g) two small circulations similar to those shown in
Fig. 6(d) periodically appear in the region near the heated bottom
wall, and the similar development from Fig. 6(d) to (f) uninterrupt-
edly displays. These behaviors are similar to periodic motion and
rather different from those shown in Fig. 5. In this situation, the
symmetrical developments of thermal and flow fields based on
the center line are characteristic.

As the magnitude of the Ra⁄ is equal to 8.66 � 106, the whole
bottom surface is heated. The corresponding histories of develop-
ment of thermal and flow fields are shown in Fig. 7. The variations
of thermal and flow fields of the initial stages ahead of the time of
t⁄ = 5.85 � 10�3 are somewhat similar to those shown in the corre-
sponding initial stages of Figs. 5 and 6. In Fig. 7(a), t⁄ is equal to
5.85 � 10�3. Since the heated bottom surface is long, two couples



Fig. 11. Distributions of time average local Nusselt numbers under different
modified Rayleigh numbers.

Fig. 12. Distributions of variations of area average Nusselt numbers with time
under different modified Rayleigh numbers.
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of circulations appear simultaneously. In Fig. 7(b) two couples of
circulations are sequentially enlarged and raised by the strong
strength of the buoyancy force. Meanwhile, two new circulations
are also produced as fluids are sucked from the apertures. In
Fig. 7(c), the appearance of phenomena of thermal and flow fields
similar to those indicated in the above time steps are repeatedly
observed. Afterward, in Fig. 7(d) behaviors of union of circulations
happen and two residual circulations ascend continuously. Shortly,
in Fig. 7(e) the unexpected appearance of the simple structures of
thermal and flow fields similar to Fig. 5(c) display instantaneously.
Before the time of t⁄ = 1.219 � 10�2, basically the variations of
thermal and flow fields are symmetric based on the centerline
and similar to those shown in Fig. 6. The buoyancy force in the sit-
uation is stronger than that of the above situation. The symmetric
variations of thermal and flow fields based on the centerline have
difficulty to sustain after all. As a result, shown in Fig. 6(f), the ther-
mal and flow fields separately distributed in both half regions be-
gin to swing unsteadily, and the circulation in the right region is
somewhat suppressed by that in the left region. Oppositely, in
Fig. 7(g) the circulation in the left side is suppressed by that in
the right side. Behaviors of unsteady swing appear continuously
and are no longer symmetrical based on the centerline. The differ-
ences between both behaviors indicated in Figs. 6 and 7 are
impressive.

In Fig. 8(a), a time-averaged streamline close to the wall on the
central cross section of the XY plane is indicated under the
Ra⁄ = 4.73 � 106 situation. Points of 1–7 from the inlet to outlet
present corresponding locations on the streamline. Computational
grids have difficulty to match the points of 1–7 exactly, then the
closest computational grids corresponding to the points of 1–7 are

selected. Variations of resultant velocity Vmag ¼ ðU2 þ V2 þW2Þ
1
2

� �
with time at each point are shown in Fig. 8(b). From point 1, fluids
begin to be heated, and the buoyancy force is induced simulta-
neously. A slight fluctuation of the variation of resultant velocity
Vmag at this location is observed, and magnitudes of Vmag’s are small.
Accompanied with fluids close to the central location of the heated
bottom wall, fluids are continuously heated by the heat bottom wall
that causes the strength of the buoyancy force to become stronger
gradually. As a result, the indication of the fluctuating variation of
Vmag is more and more remarkable until point 4. After point 4, fluids
are no longer heated which means the strength of the buoyancy
force is not stronger. Then the indication of the fluctuating variation
of Vmag will decay little by little until fluids flow to the outside. In this
work, the heated wall is installed horizontally and vertical to the
direction of gravity. Except the central region, the flowing direction
of streamline mentioned above is mainly affected by both factors of
supplement of a vacant space induced by fluids discharged to the
outside and a variable buoyancy force. This reason is suggested to
cause the appearance of the fluctuation phenomenon mentioned
earlier even in the situation of a low magnitude of Vmag. Also, the
influence of the fluctuation phenomenon in the former region of
the streamline is naturally transferred to the latter region of the
streamline. Consequently, the fluctuating variations of resultant
velocities display in the whole region.

In Fig. 9, the magnitude of the modified Rayleigh number is
equal to 1.58 � 106. Due to the short length of the heated bottom
wall, the strength of the buoyancy force is then smaller than that
shown in Fig. 8. Except the initial stage, the fluctuating variation
of the resultant velocity is hardly observed in the whole
streamline.

In Fig. 10, the magnitude of the modified Rayleigh number is
equal to 8.66 � 106. Opposite to that indicated in Fig. 9, the length
of the heated bottom wall is long, which directly leads the strength
of the buoyancy force to become stronger. As a result, the fluctuat-
ing variation of the resultant velocity becomes more drastic and
irregular than those shown in Figs. 8 and 9.

Distributions of time-averaged local Nusselt numbers under dif-
ferent magnitudes of modified Rayleigh numbers are separately
indicated in Fig. 11. Cool fluids are sucked from the outside, and then
near the aperture region excellent heat transfer rates can be
achieved. Oppositely, close to the central region, heated fluids are
accumulated which causes an inferior heat transfer rate to be
observed. From Fig. 6 that heated fluids still stagnantly accumulate
in the central region can be observed, and in Fig. 7 heated fluids
swing around the central region uninterruptedly. As a result, in
the central region time-averaged local Nusselt numbers of the
Ra⁄ = 8.66 � 106 are slightly larger than those of the Ra⁄ =
4.73 � 106.

In Fig. 12, variations of area average Nusselt numbers with t⁄ are
shown under different magnitudes of modified Rayleigh numbers.
The definition of area average Nusselt number NuA is expressed as
follows.



Fig. 13. Correction equations of regions of (I) and (II).
Fig. 14. Comparison of present result and results of Kitamura and Asakawa [9].
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NuA ¼
1
A

Z
d

Z
l1

Nuxdxdz ð30Þ

According to the results of the fluctuating variation of the
resultant velocity mentioned above, in the situation of the
Ra⁄ = 1.58 � 106, except the initial stage, the variation of area aver-
age Nusselt numbers with t⁄ is nearly flat which means this situa-
tion is steady. In the situation of the Ra⁄ = 4.73 � 106, the variation
of area average Nusselt numbers is somewhat like periodic varia-
tion that is reasonably consistent with the fluctuating variation
of the resultant velocity shown in Fig. 6. At the situation of the
Ra⁄ = 8.66 � 106, the indication of variation of area average Nusselt
numbers is rather irregular, and periodic characteristics are diffi-
cult to be observed. These behaviors can be regarded as an unstea-
dy situation.

Fig. 13 shows the correlation equations of the modified Rayleigh
number and average Nusselt numbers derived from the results of
(I) and (II) regions, respectively. The definition of an average Nus-
selt number Nu is expressed as follows.

Nu ¼ 1
A

Z
d

Z
l1

Nuxdxdz ð31Þ

In the region (I), the flow and thermal fields mentioned above
are under a broadly steady situation. The average Nusselt number
then decreases steadily accompanied with increasement of the
length of the heated surface. Beyond the length of the heated sur-
face about R� ¼ 3

2, according to the statements mentioned above,
both flow and thermal fields begin to swing based on the center
of the channel that causes the average Nusselt number to be in-
creased. Consequently, the decreasing rate of average Nusselt
numbers in the region (II) becomes small, and the variations of
average Nusselt numbers in the region (II) are then no longer the
same as those in region (I). Reasonably, the variation of average
Nusselt numbers has a turn around R� ¼ 3

2.
In Fig. 14, the results of this study are compared with the exper-

imental results of Turgut and Onur [10]. The model investigated in
[10] was natural convection in parallel rectangular plates that is
different from the model used in this study. The model used in
[10] had four apertures which allow cooling fluids to flow into
and out of the model. However, in the present work, two apertures
are set on two sides to allow cooling fluids to flow into and out of
the model and the other two sides are periodic condition. As a
result, that the ability of heat transfer of [10] caused by the cooling
fluids mentioned above is approximately twice as large as that of
the present work can be reasonably inferred, Both results indicated
in Fig. 14 have a similar trend which indicates the rationality of the
present work.
5. Conclusions

Variations of natural convection in three dimensional horizon-
tal parallel plates with a heated bottom surface from a steady to
an unsteady situation are investigated numerically. Some conclu-
sions are drawn as follows.

(1) By way of elongating the length of the heated bottom sur-
face, behaviors of both thermal and flow fields changing
from a steady to an unsteady situation are observed.

(2) Local heat transfer rates decrease drastically accompanied
between the aperture and the central region.

(3) The performance of a CUDA computational platform is excel-
lent and useful for the challenges of three dimensional
problems.
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