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In a typical approach to model electrical stimulation of an axon, a cable model equivalent to an axon was placed in a simple homogeneous medium. An electrode was used to induce an excitation to stimulate the cable model, and then the transmembrane potentials and
the ionic currents in the cable model in temporal domain were observed. Unfortunately, this simulation approach is not realistic since
inhomogeneous tissues near the axon is not considered. In this paper, the alternating-direction-implicit finite-difference time-domain
(ADI-FDTD) method is coupled with the equivalent model of a membrane (the Hodgkin–Huxley model), and a novel simulation scheme
is developed to predict axon activation. By testing axon activation with current excitation, the simulation results show the new method
is useful for simulating axon activation.
Index Terms—Alternating-direction-implicit finite-difference time-domain (ADI-FDTD), axon stimulation, cable model,
Hodgkin–Huxley (HH) model.

I. INTRODUCTION

T

HE equivalent electric circuit representing the membrane
of a squid giant axon was proposed by Hodgkin and
Huxley [1]. The Hodgkin–Huxley (HH) model is useful for
simulating the membrane activation when a current is injected
into a squid giant axon. Although classical HH experiments
were carried out on the giant squid axon, differences in external
potentials caused by the thickness of the axon were neglected in
the following studies. In 1976, McNeal first modeled an axon
using many small axon segments described by the equivalent
model of a membrane and then connected them with the resistances of the axoplasm [2]. This kind of cable model is useful
for simulating and predicting the axon response to extracellular
electric stimulation [3].
When simulating axon activation by using the cable model,
the medium surrounding the cable model is assumed as simple
or homogeneous tissue, and this assumption does not correspond to the realistic situation, where inhomogeneous mediums
may be near the axon, or several kinds of tissues may surround
the axon. This paper introduces using the finite-difference
time-domain (FDTD) method [4] to simulate axon activation.
In the FDTD method, the temporal and spatial domains are
discretized, and the wave propagation can be simulated by
computing the discrete electromagnetic field in the computational domain. Since the numerical accuracy is affected by
the cell size, and the maximum temporal increment is limited
by the Courant–Friedrich–Levy (CFL) stability condition, the
simulation of an axon with a diameter of several micrometer
requires enormous computation resources. By incorporating
the alternating-direction-implicit (ADI) technique into FDTD,
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the ADI-FDTD method becomes free of the CFL condition
[5]–[14]. By coupling ADI-FDTD with the HH model, the
space of axons is discretized by fine cells, the remainder is
discretized by coarse cells, and the proposed method is able
to simulate axon activation with large temporal increment
to improve the efficiency. In this paper, simulation results
of electrical stimulation of an unmyelinated axon placed in
a homogeneous medium show the accuracy of the proposed
method matches that of the conventional cable model.
II. METHOD
In this section, the cable model is introduced first, followed
by a description of the algorithm of the coupling ADI-FDTD
method with the HH model.
A. Cable Model
Hodgkin and Huxley gave a general description of the time
course of the current which flows through the membrane of a
squid giant axon when the potential difference across the membrane is suddenly changed from its steady state [1]. The results
in [1] suggest that the behavior of a membrane may be represented by the electrical circuit as shown in Fig. 1(a). The current can be carried through the membrane either by charging the
membrane capacitance or by movement of ions through the nonlinear conductance in parallel with the membrane capacitance.
The equation that describes the HH model is

(1)
where is the total ionic current across the membrane due to the
flux of ions,
is the membrane capacity per unit area,
and
are the conductance of potassium and sodium channels,
is the leakage conductance of chloride or other, and
is the
potential across the membrane. The parameters
, and in
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Fig. 2. Graded meshes in the 3-D domain.

technique, the ADI-FDTD method is free of the CFL condition.
The process of updating electromagnetic-field components in a
time step in the FDTD method is shown in published papers
[12]. Here the electromagnetic-field components in Cartesian
coordinate system are distributed in graded meshes as shown in
Fig. 2, and the updated formulations of
and
components in the first half-time step are shown below as examples

(2)

(3)
Fig. 1. Equivalent electric circuits of (a) a membrane, (b) an unmyelinated
axon, and (c) a myelinated axon.

(1) are the probability parameters determining the percentage of
open channels, and all variables are change between 0 and 1 as
functions of time and voltage. More details about the HH model
are described in [1].
As shown in Fig. 1(b) and (c), the cable models based on the
HH model are represented by the electric network. Applying
Kirchhoff’s current law (a set of differential equations discrete
in space and continuous in time, also known as the cable equation) to the electric network is useful for predicting axon activation [2], [3].
B. ADI-FDTD Algorithm
For the FDTD method, Maxwell’s curl equations are discretized in temporal and spatial domains, and the electric- and
magnetic-field components are allocated on Yee cells filled the
computational domain. It is useful for analyzing the distribution
and the propagation of the electromagnetic field in the computational domain. By coupling the FDTD method with the ADI

where the coefficients are
(3)
(4)
(5)
(6)
The implicit formulations in these half-time steps can be solved
with a tridiagonal matrix [9].
The FDTD method was extended to solve the distributed electromagnetic system with lumped elements and voltage and current sources [15]. Here the ADI-FDTD method is coupled with
the equivalent electric current of the membrane (the HH model).
If the definition of the current direction in (1) is the same as
the direction of electric-field components in the ADI-FDTD
method, (2) is modified as:
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Fig. 4. Convergence of the membrane potential.

TABLE I
INITIAL CONDITIONS OF THE MEMBRANE FOR CONVERGENCE TEST

with the electrical resistivity of 300 cm is simulated by the
ADI-FDTD method coupled with the HH model, and the discretization of the computational domain is also shown in Fig. 3.
The setting of the parameters shown in Fig. 3 is:
mm;
mm;
mm;
mm;
m; and
mm. In each direction, the minimum
cell is used to discretize the central area, and the cell whose size
is gradually increased is used to discretize the outer area. The
maximum cell size is
times of the minimum cell size, and ten
layers of perfect match layer (PML) are used in this simulation.
The convergence test and the stimulation test are simulated to
verify the performance of the ADI-FDTD method coupled with
the HH model.
A. Convergence Test
Fig. 3. (a) A simulated domain with an unmyelinated axon and a point source,
the spatial discretization near the axon in (b) xy and (c) yz domains, and the
cell distribution in (d) x, (e) y , and (f) z direction.

Under the steady-state conditions, the voltage across the
membrane is equal to the voltage of the resting potential ,
where the voltage of the resting potential can be analytically
computed as follows:

(10)
(7)
where the modified coefficients are

(8)
(9)
III. SIMULATION RESULT
As shown in Fig. 3(a), an unmyelinated axon with an interior resistivity of 34.5 cm placed in a homogeneous medium

In order to reduce the computational time, the initial temporal increment is set as 0.117 ps and increases at the rate
of 1.01 times per time step until the temporal increment is
larger than 5.878 ns, which is about
times of the
temporal increment under the CFL stability condition. Two
initial conditions of the membrane are considered: all zeros
and steady states. The values of the parameters setting in the
initial conditions are listed in Table I, and the simulation results
are shown in Fig. 4. From the simulation results, it was found
that the membrane potential converges to the resting potential
when the initial conditions of the membrane are all zeros, and
the membrane potential maintains at the resting potential when
the initial conditions of the membrane are set as steady-state
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activation and the propagation of a spike in an unmyelinated
axon. Although the simulation results of a myelinated axon are
not shown in this paper, by the similar manner to discretize the
space near a myelinated axon and couple ADI-FDTD with the
electric network of myelinated axon, the proposed method can
also simulate the activation of a myelinated axon.
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Fig. 5. (a) Locations of the observation points. (b) Pulse of the current induced
at the point source and the membrane potentials at nodes no. 11 and no. 21.
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