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Abstract A water quality monitoring network
(WQMN) must be designed so as to adequately
protect the water quality in a catchment. Although
a simulated annealing (SA) method was previ-
ously applied to design a WQMN, the SA method
cannot ensure the solution it obtained is the global
optimum. Therefore, two new linear optimization
models are proposed in this study to minimize the
deviation of the cost values expected to identify
the possible pollution sources based on uniform
cost (UC) and coverage elimination uniform cost
(CEUC) schemes. The UC model determines the
expected cost values by considering each sub-
catchment being covered by which station, while
the CEUC model determines the coverage of each
station by eliminating the area covered by any up-
stream station. The proposed models are applied
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to the Derchi reservoir catchment in Taiwan. Re-
sults show that the global optimal WQMN can be
effectively determined by using the UC or CEUC
model, for which both results are better than those
from the SA method, especially when the number
of stations becomes large.

Keywords Monitoring · Optimization ·
Site selection · Catchment · Water quality · Model

Introduction

Reservoirs are major sources of drinking water in
Taiwan. However, human or agricultural activi-
ties in the upstream catchments usually contribute
a significant amount of contaminants and thus
deteriorate the water quality in the reservoirs.
Establishing a proper sampling network is thus
necessary to monitor and to ensure the water
quality for protecting the health of the ecology as
well as that of the human population.

As described by Dixon and Chiswell (1996),
various issues, such as information goals, indica-
tors, and data analyses, must be evaluated prior to
designing an appropriate water quality monitoring
network (WQMN). Dixon et al. (1999) indicated
that the cost involved in finding the source of a
pollution event should be considered when deter-
mining proper sampling sites. Furthermore, with
a limited budget available, only a small number
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of sampling sites can be installed in a large catch-
ment. Therefore, it is a challenge to determine
the appropriate locations for installing an effective
WQMN that can provide representative water
samples.

Several approaches have been proposed for the
design of a monitoring network. For example,
Sharp (1971) proposed a successive division algo-
rithm to find topologically optimum sampling sites
using the Shreve stream order number (Shreve
1967). This method may not be able to obtain
the optimal placement of sampling sites (Dixon
et al. 1999). Dixon et al. (1999) thus applied the
simulated annealing (SA) method to design a
WQMN with minimal total expected cost for iden-
tifying possible pollution sources. They proposed
three geographical factors derived from the ratios
of the number of reaches (REACH), upstream
bank length (LENGTH), and sub-catchment ar-
eas (AREA) to represent the expected cost for
locating the problem after a pollution event is
detected at a sampling site. However, these three
factors cannot directly represent the pollution dis-
tribution characteristics. Although other related
researches (e.g., Icaga 2005; Ning and Chang 2005;
Strobl et al. 2006, 2007, Karamouz et al. 2009a, b;
Telci et al. 2009) considered the pollution distri-
bution characteristics, they still did not consider
the pollution detection capability of a WQMN
for locating the source of a pollution event. Kao
et al. (2008) thus proposed three additional cost
factors based on estimated pollution potential,
including total phosphorus (TP), total nitrogen
(TN), and sediment (SED) loads, for improving
the selection of sampling locations using the same
SA method to locate possible pollution sources
more efficiently. However, the SA method is a
heuristic method that may not locate the true
global optimum, or may result in a premature
termination during a SA searching procedure. A
similar situation may occur with other heuristic
methods such as the genetic algorithm (Park et al.
2006; Ouyang et al. 2008; Karamouz et al. 2009a;
Telci et al. 2009). Therefore, optimization models
are desired.

Two new linear optimization models are thus
proposed in this study based on uniform cost (UC)
and coverage elimination uniform cost (CEUC)
schemes to minimize the deviation of the distri-

bution of a cost factor. The cost factor can be
any of the three topographical cost factors pro-
posed by Dixon et al. (1999) or the three pollution
cost factors proposed by Kao et al. (2008). The
UC model determines each sub-catchment to be
covered by which station, while the CEUC model
determines the coverage of a station by eliminat-
ing the area covered by each upstream station.
The proposed models and the SA method adopted
in previous studies were applied to the Derchi
reservoir catchment in Taiwan. Results obtained
from the proposed models and the SA method are
compared and discussed.

Cost functions

Six cost factors are adopted to formulate the
objective functions of the proposed optimization
models. Each cost function is used separately
as the single objective function in the proposed
models for siting monitoring stations. The first
three cost functions were adopted from Dixon et
al. (1999) based on geographical topologies, and
the other three pollutant distribution-based cost
functions were proposed by Kao et al. (2008).

As defined by Dixon et al. (1999), the cost for
investigating the possible sources of a detected
pollution event can be defined by the following
equation:

Ecost =
∑

i

PiEwi (1)

where Ecost is the expected cost, Pi is the oc-
currence probability of a pollution event in sub-
catchment i, and Ewi is the expected effort re-
quired to locate the source once a pollution event
is detected in sub-catchment i. The six cost func-
tions are formulated as follows:
∑
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∑
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where mi is the number of reaches in sub-
catchment i, m0 is the total number of reaches
in the entire catchment, Li is the bank length in
sub-catchment i, L0 is the total bank length in the
entire catchment, ai is the area of sub-catchment
i, and pi, ni, and si are respectively the estimated
TP, TN, and SED loads generated from sub-
catchment i that are determined from AGNPS
(Young et al. 1987) modeling simulations.

For cost function 2, the occurrence probability
for potential pollution is defined to be propor-
tional to the ratio of the number of reaches in a
sub-catchment to the total number of reaches in
the entire catchment. A binary search is applied to
locate the pollution sources, and the mean number
of samples required for the detection can be as-
sumed as log2mi. A similar definition is applied to
the cost factor of the total bank length formulated
in Eq. 3. For cost functions 4 to 7, the occur-
rence probability and the expected cost required
to locate pollution sources are both assumed to
be proportional to the magnitude of the AREA,
TP, TN, and SED loads of a catchment, respec-
tively. For the pollution potential cost functions
5 to 7, pollution loads are primarily generated
from distributed sources, and a high pollution load
indicates the existence of a large area or a large
number of pollution sources. A pollution event is
likely to happen in a place with a high pollution
load, and its probability is thus assumed to be
proportional to its estimated load. Furthermore,
the effort required to identify the source when an
event occurs is also expected to be proportional
to the estimated load. Thus, the cost functions are
expressed by Eqs. 5 to 7.

Water quality monitoring network
design models

The average effort required to locate the source
of a pollution event can be minimized if the inves-
tigation costs of all monitoring stations are sim-

ilar. Therefore, two linear programming models
are proposed herein to determine the monitoring
network with minimal deviation of investigation
costs among stations.

Uniform cost model

In the UC model, each sub-catchment is covered
by a specific station. The event investigation cost
for each station is determined by summing the cost
values of those sub-catchments which are covered
by the station. The optimal WQMN can then be
determined by minimizing the total cost deviation
of the selected monitoring stations from the aver-
age cost value. The UC model is thus formulated
as follows:

Min
N∑

i=1

ui + vi (8)

s.t.

xave − ui + vi − xi = 0 ∀i (9)

xave =
∑

xi

M
(10)

y1 = 1 (11)

∑
yi = M (12)

zij ≤ 1 − yk ∀ j ∈ Ck, ∀k ∈ Ui, ∀i (13)

∑

i∈s j

zij = 1 ∀ j (14)

xi < B yi ∀i (15)

xi =
∑

j∈Ci

zij F j ∀i (16)

yi ∈ [0, 1] (17)

0 ≤ zij ≤ 1 ∀i, j (18)

where N is the number of reaches in the catch-
ment; M is the number of stations to be installed;
xi is the cost value of candidate station i; xave is
the average cost of all selected stations; ui and
vi are the negative and positive deviations from
the average cost, respectively; yi is a 0–1 integer
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variable, for which a value of 1 indicate station i
is selected as a monitoring station; zij is a variable
between 0 and 1, for which 1 indicates that reach j
is covered by a candidate station i; Ck is the set of
reaches covered by a candidate station k; Ui is the
set of all the other candidate stations located in
the upstream of station j; S j is the set of candidate
stations covering reach j; B is an extremely large
value; and F j is the cost value for investigating the
pollution source in reach j.

The objective function minimizes the total cost
deviation of selected monitoring stations from the
average cost value. The most downstream station
is always selected to be a monitoring station by
Eq. 11 to ensure all reaches are covered. The
total number of monitoring stations is restricted
to a predefined number M in Eq. 12. The reaches
covered by each station are determined according
to the topology of the reaches. However, if there is
already a selected station located in the upstream
of a candidate station, then those reaches already
covered by the upstream station are removed
from the coverage of the candidate station, as
constrained in Eq. 13. Equation 14 is applied to
ensure that each reach in the catchment is covered
by a monitoring station. The cost value of station
i can then be evaluated by summing all the cost
values of the covered reaches, as computed by Eq.
16. If station i is not selected, the cost value of
station i will be set to be 0 by Eq. 17. Although
zij is not a 0–1 integer variable, Eqs. 14 and 15
drive zij to be either 0 or 1. After all the cost
values of selected stations are determined, the cost
deviations of each station are then determined by
Eq. 9, and the average cost value for all stations is
computed by Eq. 10.

Coverage elimination uniform cost model

Although the UC model can obtain a proper
monitoring network, a significant number of vari-
ables are required for determining the coverage
of selected monitoring stations. The other model,
called the CEUC model, determines that the
coverage of stations by eliminating overlapped
reaches is thus proposed to reduce the number
of variables. The optimal WQMNs that are deter-
mined using both the CEUC and the UC mod-
els are expected to be the same, except in the

case with multiple alternative optima. The CEUC
model is formulated as follows:

Min
N∑

i=1

ui + vi + pi L (19)

s.t.

xave − ui + vi − xi = 0 ∀i (20)

xave =
∑

xi

M
(21)

y1 = 1 (22)

∑
yi = M (23)

∑
xi = X (24)

xi = Ai yi −
∑

j∈Ui

x j + pi ∀i (25)

xi < B yi (26)

B (1 − yi) > pi ∀i (27)

yi ∈ [0, 1] (28)

where pi is a dummy variable adopted to ensure
xi equal to 0 while station i is not selected as
a monitoring station, L is a small value, Ai is
the original investigation cost value of candidate
station i, X is the total cost value of all reaches,
and all the other variables are the same as those
used in the UC model.

The objective function minimizes the summa-
tion of differences among the cost values of all se-
lected stations. The term for the dummy variable
pi multiplied by a small value L is used to assure
that the dummy variable is driven to zero, if at all
possible.

The cost value of a selected monitoring station i
is determined by Eq. 25. If station i is not selected,
i.e., yi is 0, xi will be set to be 0 by Eq. 26 and
subsequently Ai yi in Eq. 25 will also be 0. At the
same time, variable pi balances the cost values of
the selected upstream stations and ensures that
the cost value of each station is positive in Eq. 25.
On the other hand, if station i is selected as a
monitoring station, i.e., yi is 1, then pi is set to be
0 by Eq. 27 and can be ignored. The cost value
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xi can then be determined without considering
the cost values of the stations upstream to station
i. The total cost value of all selected stations is
constrained to be equal to the total sum of the
cost values in Eq. 24 to ensure that all reaches are
covered by the determined monitoring network.
The other equations are the same as those in the
UC model.

Simulated annealing method

The SA method used by Dixon et al. (1999) and
Kao et al. (2008) is also applied in this study for
comparison with the proposed models. The SA
method is briefly described as follows, and the
detail of the method is referred to Dixon et al.
(1999). The decision variables in the SA method
are the locations for placing monitoring stations.
A pre-defined initial temperature (C0) is cooled
down by a factor of (<1) in each SA iteration
until the number of desired cooling steps or final
temperature is reached. In every iteration, a mon-
itoring station selected in the previous iteration is
chosen randomly to make a random move to an
upstream or a downstream reach. If the associated
cost determined by a pre-specified cost function of
the new WQMN is better than that in the previous
iteration, a subsequent iteration is then initiated to
continue the task. If a worse placement is gener-
ated, the iteration is continued while a generated
random number, between 0 and 1, is less than a
specified function, exp(−�E/C), or the current
placement is discarded and another placement is
tried. The whole procedure is repeated until the
specified number of temperature cooling steps has
been achieved.

Case study

The study area used in our previous research (Kao
et al. 2008) for the Derchi Reservoir, as shown
in Fig. 1, is also used herein for comparison pur-
poses. The Derchi Reservoir stores approximately
2.5 × 108 m3 of water in central Taiwan and
is a major source of local drinking water. The
catchment area of the reservoir is about 602 km2

and is divided into 63 sub-catchments. The land
in the area is mainly used for orchards, with ap-
proximately 2,620 ha under cultivation. The TP
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Fig. 1 The Derchi Reservoir in central Taiwan and the
rainfall gauge stations

concentration of the reservoir water body ranges
between 40 and 140 ppb. According to the index
proposed by Carlson (1977), this reservoir is eu-
trophic, and water quality control is thus required.

The pollution distribution in the catchment had
been estimated by the same modeling approach
used by previous studies (Kao and Tsai 1997; Lin
and Kao 2003; Kao et al. 2008) based on the
simulation result provided by the AGNPS model
(Young et al. 1987). The simulated NPSP distribu-
tions of TP, TN, and SED loads of sub-catchments
are illustrated in Fig. 2. The sub-catchment with
the higher NPSP load is marked in a darker color
and vice versa. The distribution of the TP loads is
similar to that of the TN loads, but the distribution
of the SED loads is slightly different.

Results and discussion

The UC, CEUC, and SA models were formulated
and applied to the Derchi Reservoir case. The
number of monitoring stations was set to be be-
tween 2 and 20. For the stochastic characteristics
of the SA model, the results obtained for the
different runs may not be the same. The SA model
was thus executed five times for each number of
monitoring stations, and the best solution was se-
lected for comparison with the results obtained by
the other two models. The objective values of the
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Fig. 2 Pollution loads in each sub-catchment: a TP, b TN, and c SED loads (in kilograms per day)

UC, CEUC, and SA models for varied numbers
of monitoring stations are illustrated in Fig. 3.
The WQMNs determined by the three models for
eight monitoring stations, as shown in Fig. 4, were
chosen for further analysis and comparison.

As shown in Fig. 3, the values for various cost
functions decrease as the number of monitoring
stations increases, i.e., the time required to trace
the pollution source of a detected event is short-
ened. Both the UC and CEUC models minimize
the differences in the cost values among selected

monitoring stations, and the values determined
by both models are almost the same. Although
the SA approach also formulates the optimization
model with the same objective as the UC and
CEUC models, the WQMNs generated by the
SA approach usually require more expected cost
because the SA search may terminate prematurely
before the global optimum is located and to locate
the true global optimum by the SA search is gen-
erally time-consuming. Therefore, the cost func-
tion values of most WQMNs determined by the
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Fig. 3 Comparisons of
the values obtained by
the UC, CEUC, and SA
models for the six cost
factors: a REACH,
b LENGTH, c AREA,
d TN, e TP, and f SED
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SA method are higher than those determined by
the two proposed models, especially for those with
a higher number of monitoring stations. Some
marginally unreasonable results may be obtained
from the SA method as well. For instance, as
shown in Fig. 3f, the cost function value for the
WQMN with nine monitoring stations is higher
than that for eight monitoring stations. Since the
solution space expands considerably when the
number of monitoring stations increases, locating
the global optimal WQMN by a SA search be-
comes quite difficult.

To evaluate the differences among the distrib-
utions of WQMNs obtained by the SA and those
by the UC and CEUC models, the WQMNs with

eight monitoring stations determined by the mod-
els are illustrated in Fig. 4. According to Fig. 4b, c,
almost all monitoring stations selected by UC and
by CEUC are the same, except for one station.
The UC model selects sub-catchment 35, while
sub-catchment 34 is selected by the CEUC model.
However, the expected costs of the solutions ob-
tained from both models are the same, and these
two solutions are alternative optima. The WQMN
determined by the SA method includes monitor-
ing stations located near the branch ends in the
catchment, such as sub-catchments 7, 22, and 57,
as shown in Fig. 4a. The cost values of these
monitoring stations are small with relatively small
covered areas, and the distribution of the cost
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Fig. 4 Spatial distribution of the eight-station WQMNs determined based on different cost factors and different models:
a SA, b UC, and c CEUC models

values among all monitoring stations will be un-
even, leading to a higher cost function value.
Therefore, as shown in Fig. 5, the cost function
values obtained from the UC model are more
evenly distributed than those determined by the
SA method for both geography and pollution
load-based cost factors. As the results illustrate in

Fig. 3a, d, the even distribution of cost function
values among the eight monitoring stations results
in a low total expected cost.

When a small number of monitoring stations
are established for the cost factors of area, TN,
TP, and SED, the difference in cost function
values among monitoring stations determined by
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Fig. 5 The cost function
value ratio for each
monitoring station of the
eight-station WQMNs
determined by a the SA
model with the REACH
cost factor, b the UC
model with the REACH
cost factor, c the SA
model with the TN cost
factor, and d the UC
model with the TN cost
factor
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all three methods becomes apparent; therefore,
the expected costs are larger than those for a
large number of monitoring stations, as shown in
Fig. 3c–e. As the number of monitoring stations
increases, those sub-catchments with significant
high cost are evenly covered, and thus, the as-
sociated cost function values are reduced. Since
the SA method may be prematurely terminated
before the global optimum is found, almost all the
cost function values of the WQMNs determined
by the SA method are larger than those deter-
mined by the UC and CEUC models, especially
for the WQMNs with a larger number of monitor-
ing stations, although some of the differences are
not significant.

About 40% to 65% of pollution loads of TP,
TN, and SED are generated from five out of the
total of 63 sub-catchments in the Derchi catch-
ment, as shown in Fig. 2. Since these pollution
loads are distributed unevenly in the catchment,
the stations of the WQMNs determined are not
evenly distributed neither. As illustrated in Fig. 4,
sub-catchments 38 and 45 are selected by all
three methods for the cost factors of TP, TN,
and SED because they are effective to monitor
the sub-catchments with high potential pollution

loads. However, for the topographical cost factors
of REACH, LENGTH, and AREA, the deter-
mined monitoring stations are evenly distributed,
as shown in Fig. 4. Such an evenly distributed
WQMN is not effective for monitoring the sub-
catchments with high pollution loads that are
likely to have pollution events occurring due to
intensive human activities.

Conclusion

When the number of stations of a WQMN in-
creases, the decision space will expand and a SA
search may be prematurely terminated without
locating the true global optimum. Thus, two op-
timization models, the UC and CEUC models,
were proposed in this study to determine a proper
WQMN with minimal cost to trace the source
of a pollution event. Six topographical and pol-
lution loading cost factors proposed by Dixon
and Chiswell (1996) and Kao et al. (2008) were
adopted in this study to formulate the optimiza-
tion models. According to the results obtained
of the case study for the Derchi catchment, al-
though the SA method can determine WQMNs
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with cost values close to those determined by the
UC and CEUC models when the desired number
of monitoring stations is small, the SA method
can prematurely terminate with a poor WQMN
if the parameters are not properly set. With the
proposed UC and CEUC models, the true global
optimal solution can be obtained. All the results
obtained by the UC and CEUC models are consis-
tent except for the cases with existing alternative
optima.

The monitoring stations that were determined
are distributed evenly among sub-catchments for
the topographically based cost factors of REACH,
LENGTH, and AREA. However, since the in-
tensive agricultural activities are usually located
diversely among the sub-catchments, the possible
pollution sources with a considerable impact upon
the water quality in the catchment are thus dis-
tributed unevenly among the sub-catchments. The
WQMNs determined for the topographical factors
might thus not be able to detect the pollution
events efficiently. Therefore, the three pollution-
based factors of TN, TP, and SED proposed by
Kao et al. (2008) should be taken into consid-
eration while determining a proper WQMN to
protect the water quality in a more efficient man-
ner. Different combinations of monitoring sta-
tions may be obtained if different cost factors are
considered. A proper WQMN should be deter-
mined based on the possible pollution pattern of
the study area and the strategy adopted by the
authority to implement a monitoring program.
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