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Nowadays green energy devices such as vibration generators attempt to harvest energy from environ-
ment. A lot of studies dealing with vibration generators put emphasis on mechanism designs or power
generation methods, but few on lowering the resonant frequency of power generation systems. This
study proposes that elastic bases attached to vibration generators can lower natural frequencies, so as
to make natural frequencies closer to ambient vibration frequency. Therefore, this study investigates
miniature electric generators consisting of piezoelectric benders and elastic bases. To install the elastic
base, this work uses a spring with prescribed stiffness and a board with given mass between the piezo-
electric bender and a vibration source to make the resonant frequency of piezoelectric benders close to
the frequency of ambient vibration. Analytical derivation is carried out to obtain optimal mass and stiff-
ness. Accordingly, more electric power can be generated from piezoelectric generators using an elastic
base with appropriate mass and stiffness. According to experimental results, using an elastic base
increases 376 times generated power compared with no elastic base. In the presence of the elastic base,
the power increases 132% when a point mass is added.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

For the sake of ubiquitous computing, micro-sensors are pro-
posed to be embedded in isolated environment like human body
or concrete walls. However, how to provide electric power into
these sensors remains to be solved. One of solutions is green power
harvesting. In recent years, without pollution and short-life prob-
lems of traditional batteries, several kinds of energy-harvesting de-
signs have been proposed for green energy sources. These designs
include acoustic energy collection, thermal energy collection, elec-
tromagnetic and electrostatic power transducers, vibration of pie-
zoelectric materials, etc.

Williams and Yates [1] pointed out that mechanical energy can
be used to generate electric power by a mass-spring-damper sys-
tem. Vibration energy can be transformed into electric power by
using transduction mechanisms such as piezoelectric, electromag-
netic, and electrostatic devices. And if the mechanical system oscil-
lates at a resonant frequency, the maximum power occurs.
Therefore, in this study for performance of the miniature genera-
tor, it is beneficial to design a device with resonant frequency as
close as possible to frequencies that human activities result in.
However, resonant frequencies of miniature electromagnetic or
electrostatic generators are too high to utilize. Hence, we focus
on the piezoelectric generator in this paper. The electric power is
ll rights reserved.
generated by the strain change of piezoelectric benders. The strain
change is caused by deformation of the piezoelectric bender in
vibration. Starner [2] presented that computers can be powered
by human motion such as swinging arms. Shenck and Paradiso
[3] proposed that when the piezoelectric material embedded in hu-
man shoes is compressed, electric power is generated. Roundy
et al. [4] powered a wireless sensor by using a low-frequency
vibration source. Roundy et al. [5] pointed out that a trapezoidal-
shaped piezoelectric bender can generate the maximum energy
in the same volume. Xu et al. [6] presented that magnitudes of gen-
erated power are quite different by different loading methods.
Kang et al. [7] presented that the power magnitude is proportional
to the length while inversely proportional to thickness of the pie-
zoelectric bender. The length is more effective than thickness. In
the above studies, however, the vibration mechanisms in the above
studies are all fixed to a rigid base, and the natural frequency of the
vibration mechanism is relatively higher than the frequency of
vibrations caused by natural environment or human-being.
Marinkovic and Koser [8] proposed a harvesting platform using
nonlinear stretch of fixed-fixed beams for a range of frequencies
from 160 to 400 Hz, and aiming at 60 Hz. Cornwell et al. [9]
proposed an auxiliary mechanism to make the resonant frequency
closer to the frequency of the ambient vibration. Lipscomb et al.
[10] presented that the resistance of piezoelectric ceramic varies
with humidity and temperature. Sherrit et al. [11] presented that
piezoelectric coefficients increase as temperature rises. Sharos
et al. [12] proposed that eccentric attached masses and asymmetric
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Fig. 1. Mass-spring model of piezoelectric bender attached to elastic base subject to
excitation from vibration source.
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cantilever geometry lead to modal coupling among bending, tor-
sion, and lateral vibration. To reduce natural frequencies of minia-
ture generators with piezoelectric benders, this paper proposes to
use elastic bases, on which benders are installed, instead of a rigid
base or auxiliary mechanisms.

2. Analytical model

In general, miniature generators are fixed to the ground or a
vibration source rigidly. This paper compares vibration frequencies
and generator powers between benders on a rigid base and bend-
ers on an elastic base. To study the miniature generator with a pie-
zoelectric bender fixed to an elastic base, its dynamic model as
shown in Fig. 1, will be analyzed first.

2.1. Elastic base
ks sin xt þ csx cos xt �msx2 sinxt �cbx cos xt � ks sinxt

�cbx cos xt � ks sinxt ðks þ kbÞ sinxt �mbx2 sinxt � ðcs þ cbÞx cos xt

 !
As

Ab

� �
¼

0
Auðcbx cos xt þ kb sinxtÞ

� �
ð8Þ

ks sin xt þ csx cos xt �msx2 sin xt �cbx cos xt � ks sin xt

�cbx cos xt � ks sinxt ðks þ kbÞ sin xt �mbx2 sin xt � ðcs þ cbÞx cos xt

����
���� ¼ 0 ð9Þ
A miniature generator with a piezoelectric bender attached to a
vibrating source elastically can be treated as two mass-spring sys-
tems in series. One is an equivalent system for the piezoelectric
bender; the other is an equivalent system that accounts for the
elastic-base effect, as shown in Fig. 1. In the equivalent system rep-
resenting the piezoelectric bender, the equivalent mass, damping
coefficient, and spring constant are denoted as ms, cs, and ks,
respectively. In the other equivalent system representing the elas-
tic base, the equivalent mass, damping coefficient, and spring con-
stant are denoted as mb, cb, and kb, respectively. In addition mu

denotes the vibration source. If the vibration source is vibrating
in a harmonic manner, its displacement xu can be expressed by

xu ¼ Au sin xt ð1Þ
where Au is the amplitude of the harmonic vibration at frequency
x. According to Fig. 1, the equation of motion for ms can be
written as

ms
d2xs

dt2 þ cs
dxs

dt
� cb

dxb

dt
þ ksðxs � xbÞ ¼ 0 ð2Þ

and the equation of motion for mb can be written as

mb
d2xb

dt2 þ ðcs þ cbÞ
dxb

dt
� cb

dxu

dt
� cs

dxs

dt
þ ksðxb � xsÞ

þ kbðxb � xuÞ ¼ 0 ð3Þ

where xb is the displacement of mb, xs is the displacement of ms, ks is
the spring constant of the piezoelectric bender, kb is the spring con-
stant of the elastic base, cs is the damping coefficient of the piezo-
electric bender, and cb is the damping coefficient of the elastic base.

When vibration resonance occurs, both displacements of ms and
mb approach the maximum at the same frequency. They can be ex-
pressed as

xs ¼ As sin xt ð4Þ

and

xb ¼ Ab sin xt ð5Þ

where As is the vibration amplitude of the piezoelectric bender and
Ab that of the elastic base. Substituting Eqs. (4) and (5) into Eqs. (2)
and (3) gives

Asð�msx2 sin xt þ csx cos xt þ ks sinxtÞ � Abðcbx cos xt

þ ks sin xtÞ ¼ 0 ð6Þ

and

Asð�csx cos xt � ks sinxtÞ � Ab½mbx2 sinxt þ ðcs þ cbÞx cos xt

� ðks þ kbÞ sin xt� ¼ Auðcbx cos xt þ kb sinxtÞ ð7Þ

Eqs. (6) and (7) can be written as, in matrix form,
The resonance condition requires
It can be written as

ðks sinxt þ csx cos xt �msx2 sin xtÞ � ððks þ kbÞ sinxt

�mbx2 sinxt � ðcs þ cbÞx cos xtÞ � ð�cbx cos xt � ks sinxtÞ
� ð�cbx cos xt � ks sin xtÞ ¼ 0 ð10Þ

and be simplified to become
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Table 1
Normalized resonant frequencies x/x0 when using various stiffness ratios r ¼ kb

ks
and

mass ratios a ¼ mb
ms

.

a 1 4 8 10
r

1 0.62 0.44 0.33 0.30
2 0.77 0.60 0.47 0.42
4 0.88 0.78 0.64 0.59
6 0.92 0.87 0.76 0.71
8 0.94 0.91 0.84 0.80

10 0.95 0.93 0.89 0.86
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where the mass ratio a ¼ mb
ms

, stiffness ratio r ¼ kb
ks

, damper ratio
d ¼ cb

cs
, bender damping ratio n ¼ cs

2
ffiffiffiffiffiffiffi
ksms

p , and bender natural
frequency x0 ¼

ffiffiffiffi
ks
ms

q
are defined.

In general, four damping effects have to be considered: no
damping, critical damping, underdamping, and overdamping. First,
if the damping effect is neglected and thus n = 0, the bender damp-
ing ratio will be zero and Eq. (11) becomes
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Solving Eq. (12) yields two solutions
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However, the lower resonant frequency is concerned. Therefore,
only the smaller solution is employed:

x2

x2
0

¼
1þ 1

a ð1þ rÞ
� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

a ð1þ rÞ
� �2 � 4r

a

q
2

ð14Þ

If the connection between mb and mu is rigid, kb and hence r will
approach infinity. Accordingly, Eq. (14) becomes
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As a result,

x ¼ x0 ¼
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ð15Þ

which is the same as the resonant frequency when the base is rigid
and connected perfectly.

If the piezoelectric bender is overdamping, n will be greater
than 1 in Eq. (11). If the piezoelectric bender is underdamping,
0 < n < 1 in Eq. (11). If the piezoelectric bender is critical damping,
n = 1. Eq. (11) thus becomes
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In fact, the piezoelectric bender damping ratio is usually very
small, since its mechanical quality factor Qm is 80 [13], from which
n ¼ 1

2Qm
¼ 6:25� 10�3. Therefore, n can be treated as zero and Eq.

(11) reduces to Eq. (12).

2.2. Stiffness of piezoelectric bender

A piezoelectric bender can be modeled as a spring as shown in
Fig. 1, whose equivalent spring constant ks in static condition can
be written as [14]

ks ¼ k ¼ 3EI

L3 ð17Þ

where I is the area moment of inertia of the bender, E is the Young’s
modulus bender, L is the length, and ms is the bender mass. How-
ever, in free vibration environment, resonant frequencies of the can-
tilever bender can be expressed by [14]

xn ¼ ðbnLÞ2
ffiffiffiffiffiffiffiffiffiffiffi

EI

msL
3

s
; n ¼ 1;2;3; . . . ð18Þ

where bnL = 1.875, 4.694, 7.855, ... Compared to the definition

x0 ¼
ffiffiffiffi
ks
ms

q
, equivalent spring constants for all resonant frequencies

can be expressed by

k ¼ ðbnLÞ2EI

L3 ð19Þ

In this paper, the bender is made of ceramic piezoelectric mate-
rial and is treated as a cantilever beam in modeling. The cantilever
beam is further expressed by a linear spring with an equivalent
spring constant, which however has been modified to account for
vibration effects, as shown in Eq. (19). Because the bender material
is ceramic of high stiffness and the vibration amplitude is small,
large deformation of the bender does not happen. Hence, there is
no nonlinear effect. Moreover, piezoelectric materials are temper-
ature dependent [10,11]. For example, piezoelectric coefficients in-
crease as temperature rises.

Since the first vibration mode is the main concern in this study,
the equivalent spring constant in the first mode is k ¼ 3:516EI

L3 instead
of Eq. (17). In this study, ms = 3.969 � 10�4 kg, E = 5.8 � 1010 Pa,
and the dimension of the bender is 49 � 2.1 � 0.6 mm with piezo-
electric length of 42 mm. The area moment of inertia is

I ¼ bh3

12
¼ ð2:1� 10�3Þð0:6� 10�3Þ3

12
¼ 3:78� 10�14 m4 ð20Þ

Thus, bender stiffness ks can be calculated by using Eq. (19) as

ks ¼
ð1:875Þ2EI

L3 ¼ 3:516ð5:8� 1010Þð3:78� 10�14Þ
ð4:2� 10�2Þ3

¼ 104:04N=m ð21Þ

Accordingly, the resonant frequency of the piezoelectric bender
is calculated as

f0 ¼
x0

2p
¼

ffiffiffiffi
ks
ms

q
2p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104:04

3:969�10�4

q
2p

¼ 81:2 Hz ð22Þ
2.3. Performance comparison

To investigate the elastic-base effect on lowering the resonant
frequency, with definitions of mass ratio a ¼ mb

ms
and stiffness ratio

r ¼ kb
ks

, damper ratio d ¼ cb
cs

, and bender damping ratio n ¼ cs

2
ffiffiffiffiffiffiffi
ksms

p ,

Eq. (11) can be used to compare the performances among different

values of a, r, d, and n.
Since this study ignores the damping effect based on Section

2.1, Eq. (11) reduces to Eq. (12), where mass ratio a and stiffness
ratio r are treated as design parameters for miniature generators.
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Therefore, this study investigates how different a and r affect the
resonant frequency. Given a = 1, 4, 8, 10 and r = 1, 2, 4, 6, 8, 10, cal-
culating Eq. (14) results in normalized resonant frequencies as de-
picted in Table 1. According to Eq. (22), the theoretical resonant
frequency x0 of the piezoelectric bender fixed to a rigid base
equals to 81.2 Hz, which is closest to that with a rigid base shown
in Fig. 5. Above all, according to Table 1, the use of elastic bases can
lower the resonant frequency of miniature generators. With the
same mass ratio a, as the stiffness ratio r increases, the resonant
frequency of miniature generators increases and approaches that
on the rigid base. However, under the same stiffness ratio r, as
the mass ratio a increases, the resonant frequency of miniature
generators decreases.
Fig. 3. Piezoelectric bender without elastic base.

Fig. 4. Piezoelectric bender with elastic base.
3. Experiment

3.1. Measurement of resonant frequency

This study also measures the resonant frequency of miniature
generators on elastic bases. Springs with known spring constants
are used in experiments so as to observe the effect of elastic bases
of different stiffnesses on natural frequencies.

The experimental setup is illustrated in Fig. 2. An arbitrary
waveform generator (AWG) generates a voltage signal to make a
piezoelectric bender vibrate. A laser beam from a laser Doppler
vibrometer (LDV) projects on the free end on the piezoelectric
bender, and is detected also by LDV to become the displacement
signal at the free end of the bender. The displacement signal is ac-
quired by a dynamic signal analyzer and transformed into the fre-
quency domain. The dynamic response and the resonant
frequencies are thus obtained. Figs. 3 and 4 show photos of benders
without and with an elastic base, respectively.

The measured spectrum of the piezoelectric bender on a rigid
base is shown in Fig. 5, whose resultant resonant frequency is
85 Hz, close to the theoretical value of 81.2 Hz calculated in Eq.
(22). The next step is to obtain the spectrum when using a = 1, 4,
8, 10 and r = 1, 2, 4, 6, 8, 10, respectively. The normalized frequency
x/x0 versus r is plotted with x0 = 85 Hz. For comparison, Fig. 5
shows two measured spectrums of the bender installed on differ-
ent elastic bases a = 4, r = 10, a = 10 and r = 4. The frequencies of
largest peaks are lower than that of the rigid base. Figs. 6–9 depict
Fig. 2. Signal flow in experimental setup of piezoelectric bender.
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Fig. 5. Measured spectrums of piezoelectric bender on different bases.
frequency variation results of a = 1, 4, 8, and 10, respectively. For
comparison, the theoretical normalized frequency x/x0 from
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Eq. (14) is also plotted in the same figures. As a consequence,
variations of resonant frequencies between measured and theoret-
ical results are about the same.
3.2. Shaking of the miniature generator

The photo of the present miniature generator is shown in
Fig. 10. The piezoelectric bender is fixed to pieces of boards. And
the boards are attached to a spring with known spring constant.
The boards and the spring comprise the elastic base. The spring
is fixed to a piece of board that is attached to a swing arm. Back-
and-forth swing of the arm is driven by an electric motor. Vibration
and hence deformation of the bender generate voltage and current,
which are measured and recorded by a digital multimeter. For
comparison, the same piezoelectric generator but with a rigid base
is also measured and recorded in the same manner.

3.3. Power generation

Subject to vibration excitation arising from the electric motor,
the arm swings within ±0.9� and the swing frequency is about
15 Hz. First, the miniature generator with a rigid base is attached
to the swing arm for power generation. The maximum voltage
and current measured are 12 mV and 0.09 lA, respectively. Hence,
the corresponding maximum power is 1.08 nW. Second, the gener-
ator with an elastic base is attached to the swing arm.
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Table 2
Measured voltage (mV) of bender in experiment when using various stiffness ratios
r ¼ kb

ks
and mass ratios a ¼ mb

ms
.

a 1 4 8 10
r

6 230 300 300 400
8 110 100 100 150

10 100 105 90 120

Table 3
Measured current (lA) of bender in experiment when using various stiffness ratios
r ¼ kb

ks
and mass ratios a ¼ mb

ms
.

a 1 4 8 10
r

6 1.6 2.7 2.8 3.2
8 1.5 1.0 0.9 1.3

10 1.1 1.2 1.1 1.3

Table 4
Measured power (lW) of bender in experiment when using various stiffness ratios
r ¼ kb

ks
and mass ratios a ¼ mb

ms
.

a 1 4 8 10
r

6 0.368 0.81 0.84 0.92
8 0.165 0.10 0.09 0.195

10 0.11 0.126 0.099 0.156
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Fig. 12. Measured power generation from piezoelectric bender with elastic base.
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By changing elastic bases, different maximum voltages and cur-
rents are recorded. Long springs with small spring constants may
not be strong enough to maintain compression and elongation in
the longitudinal direction of the spring, such that transverse move-
ment of the spring may happen and buckling occurs.

In the case without any point mass attached to the end of pie-
zoelectric bender, when stiffness ratio r = 1, spring buckling occurs,
as shown in Fig. 10. When r = 4 and a = 2 the maximum power gen-
erated in the case without any point mass is 396 nW, which is 376
times of a rigid base in use.

A point mass is in turn attached to the free end of the piezoelec-
tric bender to generate electric power as shown in Fig. 11, and the
point mass is 0.9 g. However, buckling is easier to occur when
using a point mass. In this case with a point mass, the buckling
not only happens at r = 1, but also happens at r = 2, 4. Therefore,
only the power generation of r = 6, 8, 10 are recorded. By changing
elastic bases, different voltages and currents are recorded and
listed in Tables 2 and 3, respectively. The corresponding powers
are listed in Table 4 and Fig. 12. The maximum power generated
in the case with a point mass is 0.92 lW when r = 6 and a = 10,
which is 2.4 times of that using an elastic base without any point
mass. Based on Table 4, under the same mass ratio, the generator
power decreases as the stiffness ratio increases. When the stiffness
ratio is close to 10, the resonant frequency is also close to that of
the miniature generator on the rigid base. For the resonant fre-
quency far away from the vibration source frequency, the genera-
tor power decreases when the stiffness ratio r is not smaller than
10. The same trend is observed with fixed stiffness ratio while
increasing the mass ratio.

According to the theory of eigenvalue veering [12], previously
uncoupled vibration modes are expected to couple strongly in
the presence of eccentric attached masses and asymmetric cantile-
ver geometry. Therefore, in the presence of eccentric mass or
asymmetric geometry, the piezoelectric bender would show modal
coupling among bending, torsion, and lateral vibration.
4. Conclusions

For the purpose of increasing generated power in harvesting en-
ergy, according to Eq. (14) that has been derived in this paper, the
elastic base can indeed lower the resonant frequency of the mini-
ature generator to approach ambient vibration frequency. The res-
onant frequency reduction percentage depends on mass and
stiffness of the proposed elastic base. Based on Eq. (14) and Table
1, the resonant frequency reduction percentage can reach 70%
when r = 1 and a = 10. If the miniature generator is attached to
the rigid base, the maximum power is 1.08 nW. By contrast, if
the miniature generator is attached to an elastic base with a point
mass, the maximum value of the power 0.92 lW is obtained with
the mass ratio a = 10 and stiffness ratio r = 6. The power of different
cases on elastic base with point mass is shown in Table 4.

In this study, the arm swing frequency is designated as 15 Hz,
and the theoretical resonant frequency of the miniature generator
of piezoelectric bender shown in Eq. (22) is about 81.2 Hz. Accord-
ing to Table 1, when the stiffness ratio r is fixed if the mass ratio a
increases, the resonant frequency decreases and is close to 15 Hz,
the arm swing frequency. Therefore, the bender vibration ampli-
tude becomes larger. The more the bender deforms, the more
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power is generated. For example, Table 4 shows that when r = 6,
more power is generated as the mass ratio a increases. However,
if the mass ratio a is fixed but stiffness ratio r increases, the reso-
nant frequency increases and is far away from 15 Hz. Conse-
quently, the vibration amplitude decreases. Smaller deformation
generates less power. Table 4 shows that when a = 10, less power
is generated as the stiffness ratio r increases.

When appropriate stiffness ratio and mass ratio are chosen, the
presence of an elastic base can indeed reduce the resonant fre-
quency of the generator and approach the frequency that human
can produce. As a consequence, experimental results show that
the presence of elastic bases than the absence increases 376 times
output power. Therefore, the appendage of elastic bases is benefi-
cial to miniature generators in harvesting the vibration energy
from human activities.

Concerning the vision of the proposed miniature generator, its
real application lies in portable electronic devices and ubiquitous
computing. To reduce charging times of portable electronic devices
such as cell phones, the proposed generator utilizes ambient vibra-
tion energy to generate electric energy. In addition, to realize ubiq-
uitous computing requires numerous sensors, which demand
electric energy coming from ambient environment like what the
present study proposes. Nevertheless, it remains to shrink the vol-
ume of the proposed miniature generators before they can be put
into practical use, for which the microelectromechanical system
(MEMS) technology may have to be applied.
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