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ABSTRACT 

A Multi-Objective approach for lens design optimization was verified. The optimization problem was approached by 
addressing simultaneously, but separately, image quality and system tolerancing. In contrast to other previous published 
methods, the error functions were not combined into a single merit function. As a result the method returns a set of non-
dominated solutions that generates a Pareto Front. Our method resulted in alternate and useful insights about the trade off 
solutions for a lens design problem. This Multi-objective optimization can conveniently be implemented with 
evolutionary methods of optimization that have established success in lens design. We provided an example of the 
insights and usefulness of our approach in the design of a Telephoto lens system using NSGA-II, a popular multi-
objective evolutionary optimization algorithm. 
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1. INTRODUCTION 
Tolerancing is a crucial issue in optical design field due to high sensitivity of imaging optical systems with respect to 
fabrication errors. Search for insensitive optical systems that complies with the image quality requirements when built is 
always the goal of an optical designer. An insensitive system is desirable because the production costs are reduced 
without compromising the image quality significantly. 

Classical approaches for the design of an insensitive optical system are based in an interactive method divided in two 
parts. The first is the design itself using first order analysis and optimization tools. As the second task, a tolerance 
analysis is carried out in order to get the systems error budget and the expected as-built performance. Usually, and 
especially for high performance optical systems, designers realize that some modifications in the system draw are needed 
to improve the as-built system performance for the available tolerances. In this way, an interactive process of design and 
tolerance analyses is done, in order to get an acceptable trade-off solution between the as-designed and the as-built result.  

Some authors suggested the inclusion of metrics that estimate the system sensitivity into the merit function (MF) as a 
penalty [1,2]. The problem in this approach is to balance the weight between the image quality and sensitivity metrics in 
a single MF, due to the fact that they do not have the same physical meaning and units. 

Other works have used a multi-configuration approach to design insensitive system [3]. In this method each 
configuration represents a deviation of the original system. The final MF is formed by the average of the merit function 
of each configuration. In this way, the tolerancing can be considered during optimization process. This seems a very 
interesting and practical solution. However, the methodology crash down fast with the number of elements in the system 
due to the number of configurations needed to account for the different fabrication errors for each surface. 

Some approaches have taken advantage of global optimization algorithms to find many local minimums [4,5] and after 
that, the systems are ranked according to the sensitivity, accessed either using a simple metric or by means of a complete 
tolerance analysis. The drawback in these methodologies is that the optimization algorithm is not driven by the 
sensitivity, but only by the image quality metric. 

Epple and Wang, 2008 [6], suggested the inclusion of aspherical surfaces to reduce sensitivities in optical design. 
However, aspherical surfaces might also have its own tolerance problems, what can end up being conflicting with the 
idea of desensitizing.  
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In this paper, we explored a multi-objective approach for the lens design optimization problem. In this way of handling 
the problem, image quality and system sensitivity were taken into consideration simultaneously, driving the search. 
Nevertheless, different from previous published methods in lens design, both criteria are not fused in a single merit 
function. As a result, non-dominated solutions could be obtained to generate the corresponding Pareto Front. This 
method gave better insights about the available trade off solutions for the problem.  

Multi-objective optimizations can be easily implemented with evolutionary methods of optimization, which have been 
applied in the problem of lens design with successful reported results [7-19]. In this work we are going to use a variant of 
the Non-dominated Sorting Genetic Algorithm-II (NSGA-II) [20] to show a simple example of the application for the 
suggested approach in the design of a telephoto camera lens.  

In next section we briefly explain the multi-objective approach. In section 3 we present the two metrics or merit 
functions used with the present idea. The numerical implementation is explained in section 4. An example that applies 
the present concept to the design of a telephoto lens, as well as the obtained results, are shown in section 5. Section 6 
shows the conclusion of this work.  

2. THE MULTI-OBJECTIVE APPROACH  
Engineering optimization problems are normally of multi-objective nature. Many times these objectives or criteria are 
conflicting. In the design of a car engine for example, the main goal is maximize performance and minimize fuel 
consumption simultaneously.  

The most used methods to deal with these kinds of problem are based on scalarization approaches, which transform a 
multi-objective problem into a mono-objective one. Among these scalarization methods we can mention the Weighted 
Sum Approach, the ε-Constraint Method, Goal Attainment, Lexicographic Ordering, Reference Point Approach and Goal 
Programming [21].  

Scalarized methods are attractive approaches to deal with multi-objective problems due to the possibility of using one of 
the many available mono-objective optimization methods and tools. This is perhaps the reason why multi-objective 
approaches have not been extensively explored in optical design.  

Joseph et al [10] used a multi-objective method to optimize optical systems using three criteria, spherical aberration, 
distortion, and transverse ray aberration function. Ono et al [15] also applied a multi-objective optimization in lens 
design using the image resolution and the distortion as attributes. Gagné et al [19] employed a multi-objective 
optimization in lens design taking into account the glass material cost and image quality. Despite of using a multi-
objective optimization approaches, these works do not apply this technique to design optical systems considering the 
sensitivity to fabrication errors. 

To understand this approach, two definitions are important. One is the dominance concept, and the other is the Pareto 
Front.  

Lets suppose we have a generic multi-objective problem where we want to minimize “n” functions, (F1,F2,…Fn). We say 
that a feasible solution “X” is non-dominated if and only if there is no other solution “K” in the feasible design space 
such that for all i=1,2,…,n, Fi(K) ≤ Fi(X). If at least one solution “K” exists, then “X” is called dominated solution. The 
set of non-dominated solutions is called Pareto Front.  

These concepts are illustrated in figure 1. This figure shows some possible solutions for a multi-objective min-min 
problem of two functions (F1 and F2) plotted in the functions space. 
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Fig. 1-The graph shows solutions for a generic min-min multi-objective problem, plotted in the functions space.  

Blue points in fig.1 represent the dominated solutions. Red points denote the non-dominated ones. The set of red points 
form the Pareto Front, represented by the dash lines in the graph. 

The goal in a multi-objective problem is to find the Non-dominated solutions that form the Pareto Front. In this way, 
after running the multi-objective optimization a set of compromise solutions is obtained, and not just a single solution as 
acquired in a mono-objective approach. This gives designers a very clear idea of the compromises that can be made in 
the design considering the used metrics. 

Evolutionary Optimization (EO) Algorithms are very powerful tools to directly solve multi-objective optimization 
problems. Multi-Objective Genetic Algorithm -MOGA [22], Non-dominated Sorting Genetic Algorithm-NSGA [23] and 
NSGAII [20], Niched Pareto Genetic Algorithm-NPGA [24], Strength Pareto Evolutionary Algorithm-SPEA [25] and 
SPEA-II [26], and Pareto Archived Evolution Strategy –PAES [27], can be quoted as the most outstanding multi-
objective evolutionary algorithm. In this work we make use of a NSGA-II variant implemented in a built-in function in 
MATLAB. 

3. THE MERIT FUNCTIONS 
Two merit functions were used in order to verify the method presented herein. One merit function is related to image 
resolution (image quality), and the other one to system sensitivity, or tolerance. Next, each one of these merit functions is 
presented. 

3.1 The image resolution merit function 

One of the main issues in applying EO methods in lens design is related to feasibility of the systems. Many systems 
generated during the search are unfeasible, especially during random generation of the first population and by diversity 
operands (e.g. crossover, mutation, etc) during early stage of the optimization. This problem gets worse in large-scale 
problems (systems with many lens). This is a consequence of high complex constrains involved in the problem of optical 
design. This issue makes standards image quality metrics, such as spot size and optical path difference, impossible to 
calculate due to the failure of real ray trace through the system.  

Feasibility problem has been reported in different papers, in which methods to get round it also had been proposed. Ono 
et al [15], proposed a method that systematic changes systems variables until all the necessary real rays can be traced 
through the system, allowing calculation of spot size. Basically in order to do that, some marginal rays are traced from 
different field of view (FOV) positions. Surfaces where the ray trace fail are identified and parameter from these surfaces 
are changed until one feasible system is achieved. Other references, as Chen and Yamamoto [8] and Gagné et al [19], use 
a two-layer MF. One MF is used when rays cannot be traced through the system and other one when the system is 
feasible.  

In EO methods the number of times a MF is calculated until a useful result is achieved lay in the order of 105 to 107 and 
sometimes even higher depending on the problem. Due to this, the time spent to calculate the MF is a very important 
factor for the problem feasibility and for the EO algorithm performance.  
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In this work we introduced a MF for image quality that can always be computed, gives a reasonable accuracy of image 
quality and only needs to trace two paraxial rays for each wavelength to be computed, what makes it computationally 
very efficient. The MF proposed is the square root of the sum of the RMS wave front error for the whole FOV for each 
wavelength “λ”, as shown in Eq.1. 

 

 F1 = RMSWFE2 (λ)
λ=1

w

∑     (1) 

RMS wave front error for the whole field (RMSWFE) is calculated for each wavelength using Eq. 2: 

RMAWFE(λ)2 =
σ (H,λ)2 dH

0

1∫
H dH

0

1∫
      (2) 

H is the normalized image height, and σ(H,λ)2 is given by Eq. 3, witch is the RMS wave front error for a specific image 
position H. 

 

    σ (H,λ)2 = 1
π

W (H,ρ,ϕ,λ)
0

1∫0

2π∫
2
ρdρdϕ − 1

π 2 W (H,ρ,ϕ,λ)ρ dρ dϕ
0

1∫0

2π∫⎡⎣⎢
⎤
⎦⎥

2
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W is the wave front error polynomial. We use for this equation the 5th order approximation, that is given by Eq. 4: 

 
W (H,ρ,ϕ,λ) =W111(λ)Hρcos(ϕ)+W020(λ) ρ 2 +W040(λ) ρ 4

+ W131(λ)Hρ3cos(ϕ )+  W222H2ρ 2cos2(ϕ) +W220(λ)H2ρ 2

+ W311(λ)H3ρcos(ϕ)+  W240(λ)H2ρ 4 +  W331(λ)H3ρ3cos(ϕ)
+ W422(λ)H4ρ 2cos2 (ϕ )+  W420(λ)H4ρ 2 +W511(λ)H5ρcos(ϕ)
+ W060(λ)ρ 6  +  W151(λ)Hρ 5cos(ϕ)+  W242(λ)H2ρ 4cos2 (ϕ)
+ W333(λ)H3ρ3cos3(ϕ)

   (4) 

 

W020 and W111 are zero for the principal wavelength “λ0”. For other wavelengths “λ” they are respectively given by Eq. 
5 and 6. These coefficients represent the axial and the lateral color wave coefficients respectively [28].  

W 020 = − nδS
2R2

        (5) 

W111= nδh
R

       (6) 

Where “n” is the index of refraction in image space, “R” is the exit pupil semi-diameter, “δS” represents the difference in 
distance from the exit pupil position to the paraxial image plane for the wavelength “λ0” and “λ”, and “δh” the difference 
in image height between paraxial marginal rays coming from the edge of the FOV for “λ0” and “λ”.  

Third order coefficients in Eq. 4 are the Seidel terms and their calculations are very well known. Fifth order terms in Eq. 
4, can be computed through the equations given by Sasian in ref. [29]. From the equations shown above, and from the 
last reference, we can easily deduct that the calculation of this MF only involves the trace of two paraxial rays through 
the system for each wavelength defined.  
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3.2  The sensitivity merit function.  

For the sensitivity merit function, the same principles we used for image quality were followed. Therefore, this MF must 
be fast to calculate, give a good metric for tolerance and must be computed in any situation. 

In the literature it was possible to find some metrics that would work for our application. For example, the power 
distribution metric proposed by Sasian and Descour [30], the two sensitivities metrics proposed by Wang and Sasian 
[31], and the one proposed by Isshiki et al [5]. All these metrics are or can be calculated with paraxial rays. In this work 
we chose the metric presented in the last reference although, instead of using real ray tracing we used paraxial ray tracing 
to compute it. 

Eq. 7 shown below, computes the metric for the chosen sensitivity MF chosen: 

F2 =
(is

2 + rs
2 )

s=1

k

∑
2k

       (7) 

where is and rs represent respectively incident and refracted angles of a chosen ray in surface s. k is the number of 
surfaces in the system. In our work we chose the paraxial marginal ray coming from the extreme FOV position.  

4. NUMERICAL IMPLEMENTATION  
In order to conduct the research presented in this paper and other investigations related to optimization in optical design, 
an optical design toolbox for MATLAB had been implemented. This toolbox can trace rays through any rotational 
symmetric optical systems with spherical surfaces. It is a tool intended to research proposes only, and not to compete 
with commercial optical design packages. 

The toolbox is composed by many functions and subroutines capable of performing real and paraxial ray trace and 
calculating basic parameters of a system, such as: the focal length, exit and entrance pupil positions and size, RMS and 
geometrical spot size, RMS and P-V optical path difference, third and fifth wave aberration coefficients, etc. The Merit 
Functions proposed in this work were implemented in this toolbox too. Other auxiliary functions used during the 
optimization process as: lens edge thickness, lens edge separation, system total length, and others, were implemented as 
well, and are used to control the constrains in the systems.  

The multi-objective optimization method we implemented is based in multiple calls of an evolutionary multi-objective 
optimization algorithm function from the MATLAB Optimization toolbox. This function is a variation of the NSGA-II 
algorithm [32].  The implemented method works according to the follow steps: 

1) An initial population is generated randomly. Each individual is formed by a bit string, which represents each 
one of the variables of the optical system. Both MFs are calculated for each randomly generated individual. 

2) The Multi-objective function from the MATLAB Optimization toolbox is called (gamultiobj). This function 
runs for a pre-defined number of generations, trying to find variable combinations that minimize at the same 
time both merit functions defined for the problem. This function returns non-dominated solutions found during 
the search in the present interaction. 

3) Non-dominated solutions found in the present interaction are combined with non-dominated solutions found in 
the previous interaction. A Pareto filter is then applied in this combined solution set. As a result, we have non-
dominated solutions found for all the previous interactions.  

4) The algorithm returns to step 1 and repeat steps form 1 to 4 for a predefined number of interactions.  

The algorithm gives as output a set of non-dominated solutions that were originated from independent and successive 
runs of an evolutionary multi-objective optimization function.   

5. THE EXAMPLE  
In order to test the approach and the proposed method, some basic requirements were addressed for an optical system 
used as example. The system specified was a telephoto lens for which the requirements are summarized in the Table 1. 

Proc. of SPIE Vol. 8131  813105-5

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 12/31/2013 Terms of Use: http://spiedl.org/terms



 

 

In this specific experiment, the variables were: the radius of curvature, the air and glass thicknesses of all surfaces, 
except for the last one. Solvers for the last surface curvature and air thickness were applied. The first solver preserved 
fixed the efl, while the second solver kept the image plane in its paraxial position. The number of surfaces and the glass 
types were set as fixed. 

Table 1.Requirements for the Telephoto Lens used as an example. 

Telephoto Requirements 

Telephoto ratio: < 0.74 

Effective Focal Length (efl): 400mm 

F/#: 5.6 

Field of View: ± 3.0° 

Spectral band: Visible (0.4861-0.5876-0.6563μm) 

Back Focal Length: > 44mm 

Lens edge thickness: > 2mm 

Lens central thickness: <15mm & >2mm 

Field illumination: ± 5% 

 

Some constrains in this example were controlled by the codification function that transforms the binary code into the 
variables real numbers as for example, the max and min air and glass thickness. Other constraints were controlled by a 
static exterior penalty applied at the same time in both merit functions. 

Twelve surfaces (or six singlet lens) were used in this example. The stop was placed in the first surface of the system. 
Two kinds of glasses were used in the system, one crown (Schott PSK54) and one flint (Schott KZFSN5), for which the 
position were intercalate along the system.  

We ran the proposed algorithm for 75 interactions. The number of generations in each interaction was 250, as well as the 
number of individuals in the population.  

The non-dominated solutions found for the problem can be seen in Fig. 2, where they are plotted in the merit function 
space. In the same figure, we show the layout of four systems, the one with the smallest F1, two in the region we believe 
to be the best trade of one, and other in the region for a low F2.  

As expected, the algorithm returned many different trade-off solutions, different from a single solution normally returned 
by other optimization tools. This provides designers a better insight of possible compromises in terms of image quality 
and fabrication tolerances for the optical system under design.  

As shown in the figure 2, the systems in the different regions of the non-dominated solutions of the graph have different 
architectures. For example, we can see clearly that the first system, from the top to the bottom, has as a first group an air 
spaced triplet, the second has 3 groups, all formed by a air spaced doublet. This gives some insights of the capability of 
the algorithm in finding solutions in the different regions of the design space. 
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Fig. 2-The graph shows solutions for a generic min-min multi-objective problem, plotted in the functions space.  

The systems found as results are far from been very well corrected design in terms of image quality, but represents start 
points for a further local search algorithm. We believe that the first three systems shown in figure 2 are promising 
designs. They differ dramatically from the last one, that we believe to be no longer promising due to its high value of F1 
and strange architecture. 

The performance of the evolutionary algorithm used in this example can be changed of achieving better results with the 
customization of the optimization core algorithm for the specific problem of lens design. As we mentioned before, the 
algorithm we used is a general proposed one and not dedicated for lens design problems.  

 

6. CONCLUSION 
In the present paper we presented and tested the use of a multi-objective optimization algorithm for the design of optical 
system taking to account the image quality and its sensitivity. Although this idea has been mentioned in other papers, we 
are not aware of a work that effectively explored, implemented tested and showed the results for this approach.  

The image quality Merit Function used is also other contribution of this work. This MF was dedicated developed for 
evolutionary optimization algorithm, giving a good approximation of the image quality, fast to compute, and does not 
crash when real rays cannot be traced through the system.  

We applied the proposed method for a simple example, showing that the algorithm works and can be a very good tool for 
the design of insensitive systems, giving the designer many trade off options, with systems presenting different 
architecture.  

The optimization algorithm used here is for a general purpose, not tailored for the problem of lens design. This gives a 
huge perspective for the improvement that can be achieved if a customized multi-objective optimization algorithm is 
used with the presented idea.  
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