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A co-rotational finite element formulation of slender curved beam element is presented
to investigate the effect of member initial curvature on the dynamic behaviour of planar
flexible mechanisms. The Euler–Bernoulli hypothesis and the initial curvature are properly
considered for the kinematics of curved beam. The nodal co-ordinates, incremental
displacements and rotations, velocities, accelerations and the equations of motion of the
system are defined in terms of a fixed global co-ordinate system, while the total strains in
the beam element are measured in element co-ordinates which are constructed at the current
configuration of the beam element. The element equations are constructed first in the
element co-ordinate system and then transformed to the global co-ordinate system by using
standard procedures. Both the deformation nodal forces and the inertia nodal forces of the
beam element are systematically derived by consistent linearization of the non-linear beam
theory in the element co-ordinates. An incremental-iterative method based on the Newmark
direct integration method and the Newton–Raphson method is employed here for the
solution of the non-linear dynamic equilibrium equations. Numerical examples are
presented to demonstrate the effectiveness of the proposed element and to investigate the
effect of the initial curvature on the dynamic response of the flexible mechanisms.
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1. INTRODUCTION

The dynamic behaviour of flexible mechanisms has been the subject of considerable
research [1–13]. Currently, the most popular approach for this analysis is to develop finite
element models. Hsiao and Jang [13] proposed a co-rotational formulation for the dynamic
analysis of planar flexible mechanisms, which was proven to be very effective by numerous
numerical examples studied. However, only a straight beam element was considered.

In order to investigate the effects of member initial curvature on the dynamic behaviour
of planar flexible mechanisms, a consistent co-rotational formulation of a slender curved
beam with large rigid body motion and small elastic deformations is proposed in what
follows here. It is assumed that the product of the initial curvature and the depth of the
slender curved beam is much smaller than unity. As was done by Hsiao and Jang [10, 12],
the nodal co-ordinates, incremental displacements and rotations, velocities, accelerations
and the equations of motion of the system are defined in terms of a fixed global co-ordinate
system, while the total strains in the beam element are measured in element co-ordinates
which are constructed at the current configuration of the beam element. The element
equations are constructed first in the element co-ordinate system and then transformed to
the global co-ordinate system by using standard procedures. The element inertia nodal
forces and deformation nodal forces are derived by using the d’Alembert principle and the
virtual work principle. In order to capture all inertia effects and coupling between
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extensional and flexural deformations for the curved beam element, the exact kinematics
of the curved Euler beam is used in the derivation of the element inertia and deformation
nodal forces. The exact expressions for the element inertia and deformation nodal forces
are highly non-linear functions of the element nodal parameters. However, the dominant
factors in the geometrical non-linearities of beam structures are attributable to finite
rotations, the strains remaining small. For a beam structure discretized by finite elements,
this implies that the motion of the individual elements to a large extent will consist of rigid
body motion. If the rigid body motion part is eliminated from the total displacements and
the element size is properly chosen, the deformational part (initial deformation included)
of the motion is always small relative to the local element axes; thus, in conjunction with
the co-rotational formulation, the higher order terms of the nodal parameters in the
element deformation nodal forces and inertia nodal forces may be neglected by consistent
linearization [13].

An incremental-iterative method based on the Newmark direct integration method and
the Newton–Raphson method is employed here for the solution of the non-linear dynamic
equilibrium equations. Numerical examples are presented to demonstrate the effectiveness
of the proposed beam element and to investigate the effect of the initial curvature on the
dynamic response of the flexible mechanisms.

2. NON-LINEAR FORMULATION

2.1.  

The following assumptions are made in the derivation of the non-linear behaviour: (1)
the Euler–Bernoulli hypothesis is valid; (2) the unit extension of the centroid axis of the
beam element is uniform; (3) the deflections of the beam element measured in the element
co-ordinates are small; (4) the product of the initial curvature and the depth of the beam
is much smaller than unity; (5) the strain of the beam element is small.

The third assumption can always be satisfied if the element size is properly chosen. Due
to the assumption of small strain, the engineering strain and stress are used for the measure
of the strain and stress. For convenience, the engineering strain is obtained from the
corresponding Green strain in this study.

2.2. - 

In order to describe the system, following Hsiao and Jang [10, 12], we define two sets
of co-ordinate systems (see Figure 1).

(1) The first is a fixed global set of co-ordinates, X1, X2; the nodal co-ordinates,
incremental displacements and rotations, velocities, accelerations and the equations of
motion of the system are defined in this co-ordinate system.

(2) The second set is the element co-ordinates, x1, x2; a set of element co-ordinates
associated with each element, which is constructed at the current configuration of the beam
element. The origin of this co-ordinate system is located at node 1, and the x1 axis is chosen
to pass through the two end nodes of the element. Note that this co-ordinate system is a
local co-ordinate system not a moving co-ordinate system. However, this co-ordinate system
is updated at each iteration. The element equations are constructed first in the element
co-ordinate system and then transformed to the global co-ordinate system for assemblage
using standard procedure.
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Figure 1. Co-ordinate systems.

2.3.    

The geometry of the beam element is described in the current element co-ordinate
system. In this study, the symbol {} denotes a column matrix, and the symbol ( ) denotes
the variable ( ) in the undeformed state. Let P (see Figure 2) be an arbitrary point in the
beam element, and Q be the point corresponding to P on the centroid axis. The position
vector of point P in the undeformed and deformed configurations can be expressed as

r̄=6x̄p

ȳp7=6x̄c (s̄)−y sin u�
v̄(s̄)+y cos u�7 , (1)

Figure 2. Kinematics of the deformed beam.
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Figure 3. Nodal displacements u1 and u2.

and

r=6xp

yp7=6xc (s)−y sin u

v(s)+y cos u7 , (2)

where xc (s) and v(s) are the x1 and x2 co-ordinates of point Q, respectively, s is the arc
length of the deformed centroid axis measured from node 1 to point Q, y is the distance
between points P and Q, and u is the angle measured from the x1-axis to the tangent of
the centroid axis. The relationship among xc (s) and v(s) and s may be given as

xc (s)=u1+
S
2 g

j

−1

cos u dj, cos u=(1−v'2)1/2, v'=
dv(s)
ds

=sin u,

j=1+
2s
S

, (3–6)

where u1 is the displacement of node 1 in the x1-direction, S is the current arc length of
the centroid axis of the beam element. Note that due to the definition of the element
co-ordinate system, the value of u1 is equal to zero. However, the variation and time
derivatives of u1 are not zero. Making use of equation (3), one obtains

S=2l>g
1

−1

cos u dj=2l/b and l=xc (S)−xc (0)=L−u1+u2, (7, 8)

in which l is the current chord length of the beam axis, L is the chord length of the
undeformed beam axis, and u2 is the displacement of node 2 in the x1-direction as shown
in Figure 3.

If s̄ and y in equation (1) are regarded as the Lagrange co-ordinates, the Green strains
eij (i=1, 2; j=1, 2) are given by [14]

eij=1
2 (G

T
i Gj−gT

i gj), (9)

where

G1=
1r

1s̄
=

1r

1s
1s
1s̄

=(1+e0)(1−ky)6cos u

sin u7 ,

g1=
1r̄

1s̄
=(1−k̄y)6cos u�

sin u�7 ,

G2=
1r

1y
=6−sin u

cos u 7 ,

g2=
1r̄

1y
=6−sin u�

cos u� 7 ,

(10)

e0=(1s/1s̄)−1 and k=1u/1s=v0/cos u=cv0, (11, 12)
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in which e0 is the unit extension of the centroid axis, c=1/cos u, v0=d2v/ds2, and k is an
exact expression for the physical curvature of the deformed beam centroid axis. An
equivalent expression for k has been given by Hodges [15]. Making use of the assumption
of uniform unit extension, one may rewrite the unit extension e0 in equation (11) as

e0=(S/S�)−1. (13)

Due to the use of the Euler–Bernoulli hypothesis, as expected, e11 is the only non-zero
component of eij , and is given by

e11=1
2 [(1+e0)2(1−ky)2−(1−k̄y)2]. (14)

The engineering strain corresponding to e11 is given by [14]

e=01+
2e11

gT
1 g11

1/2

−1=
(1+e0)(1−ky)

(1−k̄y)
−1. (15)

Note that e in equation (15) is an exact expression for the engineering strain for the curved
Euler beam. When k̄yW1, the engineering strain in equation (15) may be approximated
by e1e0−(k−k̄)y.

Here, the lateral deflection of the centroid axis, v(s) is assumed to be represented by
cubic Hermitian polynomials in s and is given by

v(s)={N1, N2, N3, N4}T{v1, v'1 , v2, v'2}=NT
bub, (16)

where vj and v'j ( j=1, 2) are the nodal values of v and v' at nodes, j, respectively. Note
that, due to the definition of the element co-ordinates, the value of vj is zero. However,
the variations and time derivatives of vj are not zero. Ni (i=1–4) are shape functions and
are given by

N1=1
4 (1−j)2(2+j), N2=(S/8)(1−j2)(1−j), N3=1

4 (1+j)2(2−j),

N4=(S/8)(−1+j2)(1+j), (17)

where S is the current arc length of the centroid axis, and j is the non-dimensional
co-ordinate defined in equation (6).

The initial lateral deflection of the centroid axis, v̄(s̄) is required for the calculation of
the initial curvature k̄ of the beam axis. For consistency, v̄(s̄), should have the same form
as v(s). Here v̄(s̄) is obtained by adding an overbar for each variable in equations (6), (16)
and (17).

Note that because the value of vj is zero, from equations (16) and (17), v' in equation
(5) can be determined by v'j and j only. Thus, the value of S in equation (7) can be
calculated by using equations (7), (8), (16) and (17), and then xc (s) in equation (3) can
be determined by using v' and S.

2.4.     

The global nodal parameters for the system of equations associated with the individual
elements are chosen to be the incremental translations DUj and DVj ( j=1, 2) in the X1 and
X2 directions, respectively, and the incremental counterclockwise rotations Duj ( j=1, 2) at
nodes j (see Figures 1 and 4). The nodal forces corresponding to the nodal parameters DUj ,
DVj and Duj ( j=1, 2) at nodes j are forces Fij in Xi (i=1, 2) directions and counterclockwise
moments mj ( j=1, 2) at nodes j (see Figure 4). The element employed here has three
degrees of freedom per node defined in the current element co-ordinate system (see Figures
1, 3 and 4): these are the translations uj and vj ( j=1, 2)
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Figure 4. Nodal parameters and nodal forces.

in the x1 and x2 directions, respectively, and the counterclockwise rotations uj ( j=1, 2) at
nodes j. Note that the initial rotations are included in the measurement of uj . The nodal
forces corresponding to the nodal parameters uj and vj and uj ( j=1, 2) at nodes j are forces
fij in xi (i=1, 2) directions and counterclockwise moments mj ( j=1, 2) at nodes j (see
Figure 4).

Due to the definition of the element co-ordinate system, the non-zero element nodal
parameters are u2 and uj ( j=1, 2) only. Let uI

j , XI
1j and XI

2j ( j=1, 2), and xI
i (i=1, 2) be

the total nodal rotations, global nodal co-ordinates in the X1 and X2 axes at nodes j, and
the axes of the element co-ordinate system, respectively, for a single element at the
equilibrium configuration of the Ith increment. The procedure used to determine the
current u2 and uj ( j=1, 2) for individual elements corresponding to the incremental
translations DUj and DVj ( j=1, 2), and the incremental nodal rotations Duj ( j=1, 2) at
nodes j (see Figure 1) is the same as that given in reference [12]. However, it is repeated
here for completeness.

X1j and X2j ( j=1, 2), the current global nodal co-ordinates of the element at nodes j,
are obtained by adding DUj and DVj to XI

1j and XI
2j , respectively, and then the xi (i=1, 2)

axes, the axes of the current element co-ordinate system, can be constructed. The current
chord length of the element l can be calculated by l=[(X12−X11)2+(X22−X21)2]1/2, and then
the value of u2 can be determined by u2=l−L, where L is the initial chord length of the
element. Let a (Figure 1) denote the angle of rigid body rotation measured from the xI

1-axis
to the current x1-axis; then the current value of uj ( j=1, 2) is given by uj=uI

j+Duj−a.

2.5.     

The element internal nodal forces are obtained from the d’Alembert principle and the
virtual work principle in the current element co-ordinate system. The virtual work principle
requires that

duT
a fa+duuT

b fb=gV�

(deTs+rdrTr̈) dV�, (18)

where

dua={du1, du2}, duu
b={dv1, du1, dv2, du2}, (19)

fa=fd
a+f i

a={ f11, f12}, fb=fd
b+f i

b={ f21, m1, f22, m2}, (20)
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in which fd
j and f i

j ( j=a, b) are the deformation nodal force vector and the inertia nodal
force vector, respectively. de is the variation of e given in equation (15). s=Ee is the normal
stress, where E is the Young’s modulus. r is the density, dr is the variation of r given in
equation (2) with respect to the nodal parameters, and r̈=d2r/dt2. In this paper, the symbol
( � ) denotes differentiation with respect to time t. V� is the volume of the undeformed beam.
For a curved beam the differential volume dV� may be expressed as
dV�=(1−k̄y) dA ds̄=(1−k̄y) dA ds/(1+e0), where dA is the differential cross section area.

Note that the element co-ordinate system is just a local co-ordinate system, which is
updated at each iteration, not a moving co-ordinate system. Thus, r̈ is the absolute
acceleration and fV�rdrTr̈ dV� comprises all the virtual inertia forces.

The exact expressions for fa and fb may be obtained by substituting the exact expressions
for de, e, dr and r̈ into equation (18). However, if the element size is properly chosen, the
values of the nodal parameters (displacements and rotations) of the element defined in the
current element co-ordinate system, which are the total deformational displacements and
rotations, may always be much smaller than unity. Thus only the first order terms of the
nodal parameters are retained in fd

a and fd
b. However, in order to include the effect of axial

force on the lateral forces, a second order term of the nodal parameters is retained in fd
b.

Because the values of the nodal parameters of the element may always be much smaller
than unity, it is reasonable to assume that the coupling between the nodal parameters and
their time derivatives are negligible. Thus only zeroth order terms of nodal parameters are
retained in f i

a and f i
b. The approximations, 1−k̄y11, 1+e011, v'1u, v̇'1u, v̈'1u� and

cos u11 are used in the derivation of fa and fb. In order to avoid improper omission in
the derivation of fa and fb, these approximations are applied to the exact expressions for
de, e, dr and r̈. Note that because the shape functions of v' and v0 are functions of S, which
is given in equation (7), the variations and differentiation of the shape functions are
considered here.

From equations (7), (8), (12), (13) and (15), de may be expressed as

de=[1/(1−k̄y)][(1−ky)de0−(1+e0)ydk], (21)

where

dk=cdv0+c3v'v0dv', de0=dS/S�=(2dl/bS�)−(2ldb/b2S�), (22, 23)

dl={−1, 1}T{du1, du2}=GT
a dua, db=−g

1

−1

cv'dv' dj, (24, 25)

in which dv' and dv0 are the variations of v' and v0, respectively, with respect to the nodal
parameters. From equations (16) and (17), dv' and dv0 can be obtained as

dv'=(dN'Tb )ub+N'Tb dub=−[de0/(1−e0)]NT
c ub+N'Tb dub, (26)

and

dv0=(dN0T
b )ub+N0T

b dub=−[de0/(1+e0)]NT
dub+N0T

b dub, (27)

where

dub={dv1, cos u1du1, dv2, cos u2du2}, Nc={N'1 , 0, N'3 , 0},

Nd={2N01 , N02 , 2N03 , N04 }. (28–30)

Note that due to the definition of the element co-ordinate system, the values of v1 and v2

are zero. Thus NT
c ub=0 in equation (26), and NT

dub=v0 in equation (27).
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From equations (22)–(30), by using the approximations 1−k̄y11, 1+e011, v'1u, and
cos u11, and retaining all zeroth order terms and one first-order term of the nodal
parameters, de in equation (21) may be approximated by

de=(1/S�)GT
a dua+GT

bduu
b−yN0T

b duu
b, (31)

where

Gb=1
2 g

1

−1

v'N'b dj. (32)

From equations (2)–(8), (16) and (17), dr can be expressed as

dr=8du1+
dS
2 g

j

−1

(1−v'2)1/2 dj−
S
2 g

j

−1

cv' dv' dj−ydv'

dv−ycv'dv' 9 , (33)

where

dv=(dNT
b )ub+NT

bdub=[de0/(1+e0)]NT
e ub+NT

bdub and Ne={0, N2, 0, N4}.
(35)

Substituting equations (23)–(26) and (34) into equation (33), using the approximations
1+e011, v'1u, and cos u11, and retaining only zeroth order terms of nodal parameters,
one obtains

dr=6NT
a dua−yN'Tb duu

b

NT
bduu

b 7 , where Na=61−j

2
,
1+j

2 7 . (36, 37)

From equations (2)–(8), (16) and (17), the exact expression for r̈ may be obtained. Using
the approximations 1+e011, v'1u, v̇1u� , v̈'1u� and cos u11, and retaining only zeroth
order terms of nodal parameters in the exact expression of r̈, one obtains

r̈=g
G

G

F

f

NT
a üa+

S�(1+j)
4 g

1

−1

(N'Tb ub)2 dj−
S�
2 g

j

−1

(N'Tb u̇b)2 dj+
2y
S� NT

c u̇bG
T
a u̇a−yN'Tb üb

NT
b üb−y(N'Tb u̇b)2+

2
S� GT

a u̇aN
T
e u̇b

h
G

G

J

j

,

(38)

where

u̇a={u̇1, u̇2}, üa={ü1, ü2}, and u̇b={v̇1, u� 1, v̇2, u� 2),

üb={v̈1, u� 1, v̈2, u� 2). (39, 40)

Note that u̇j and üj ( j=a, b) are the absolute velocity and acceleration vectors of an element
referred to the element co-ordinate system which are obtained from the transformation of
the corresponding global velocity and acceleration vectors extracted from the equations
of motion of the system by using standard procedures [9].

Substituting equations (15), (31), (36) and (38) into equation (18), using the
approximations 1−k̄y11, 1+e011, v'1u, and cos u11, dropping higher order terms
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of nodal parameters, and equating the terms in both sides of equation (18) corresponding
to virtual displacement vectors dua and duu

b, respectively, one obtains

fd
a=AEe0Ga, fd

b=kgub+kb(ub−ūb), (41)

kb=
EIS�
2 g

1

−1

N0b N0T
b dj, kg=

AEe0S�
2 g

1

−1

N'bN'Tb dj, (42)

f i
a=maüa+

rAS�
2 g

1

−1

Na $S�(1+j)
4 g

1

−1

(N'Tb u̇b)2 dj−
S�
2 g

j

−1

(N'Tb u̇b)2 dj% dj,

ma=
rAS�

2 g
1

−1

NaN
T
a dj, (43)

f i
b=mtüb+mrüb+rAGT

a u̇a g
1

−1

NbN
T
e dj u̇b−rIGT

a u̇a g
1

−1

N'bNT
c dj u̇b,

mt=
rAS�

2 g
1

−1

NbN
T
b dj, mr=

rIS�
2 g

1

−1

N'bN'Tb dj, (44)

where A is the cross-section area, I=fA y2 dA. e0 in equations (41) and (42) is given in
equation (13). Kb and kg in equation (42) are bending and geometric stiffness matrices of
conventional beam element [12]. ma in equations (43) is the consistent mass matrix of bar
element [12]. mt and mr in equations (44) are the consistent mass matrices of conventional
beam element for lateral translation and rotation, respectively [12]. The underlined terms
in equations (43) and (44) are called velocity coupling terms in this study.

Note that even equations (42)–(44) are functions of S, because the approximation
1+e011 is used in the derivation of equations (42)–(44); S is approximated by S� in
equations (42)–(44).

2.6.  

The element stiffness matrices and mass matrices may be obtained by differentiating the
element nodal force vectors in equations (41)–(44) with respect to nodal parameters, and
time derivatives of nodal parameters. However, element matrices are used only to obtain
predictors and correctors for incremental solutions of the non-linear equations in this
study. Approximate element matrices can meet these requirements. Thus, the conventional
stiffness matrix of a bar element

ka=
AE
S� $ 1

−1
−1

1% , (45)

and conventional element matrices given in equations (41)–(44) are adopted here for
simplicity.

2.7.   

The non-linear equations of motion may be expressed as [13]

R=FI+FD−P=0, (46)
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where R is the unbalanced force among the inertia nodal force FI, deformational nodal
force FD, and the external nodal force P. FI and FD are assembled from the element nodal
force vectors in equations (41)–(44), which must be transformed from element co-ordinate
system to global co-ordinate system before assemblage by using standard procedures.

In this paper, three convergence criteria are employed for the equilibrium iterations, and
these are given by

ef=>R>/N>Ri>Eeftol , ed=>DU>/N>DUi>Eedtol ,

ew=>RTDU>/N>RT
i DUi>Eewtol , (47–49)

where the subscript i of a quantity is used to denote that the quantity corresponds to the
ith iteration; N is number of the equations of the system; DU is the displacement correction;
eftol , edtol and ewtol are prescribed values of error tolerance. The error tolerance is set to 10−10,
and i is chosen to be 1 in this paper.

3. NUMERICAL ALGORITHM

An incremental iterative method based on the Newmark direct integration method
[12, 16] and the Newton–Raphson method is employed. For clearness, the numerical
procedure used here is given as follows.

Assume that the dynamic equilibrium configuration at time tn is known. Let Q� n and Q� n

denote the velocity and acceleration vectors of the discretized system at time tn ,
respectively. DQ, Q� n+1 and Q� n+1

, the incremental displacement, velocity and acceleration
vectors at time tn+1=tn+Dt, respectively, may be obtained by the following
incremental-iterative procedure.

The initial incremental displacement vector DQ for the next time step may be chosen
to be DQ=0. Then, from the Newmark method, Q� n+1 and Q� n+1 can be expressed as

Q� n+1=
DQ

aDt2−
Q� n

aDt
−0 1

2a
−11Q� n , and Q� n+1=Q� n+Dt[(1−b)Q� n+bQ� n+1],

(50, 51)

where Dt is the time step size, and a and b are the parameters of the Newmark method.
In the present study a=0·25 and b=0·5 are employed.

The incremental translations DUj and DVj , and the incremental nodal rotations Duj

( j=1, 2) of individual elements at element nodes j can be extracted from DQ. By using
the method described in section 2.4, the current configuration and deformation of
individual elements can be calculated. Then, by using equations (41) and (42), the element
deformation nodal force vectors can be calculated in the current element co-ordinate
system.

One can extract the global velocity and acceleration vectors of individual elements
at element nodes j ( j=1, 2) from Q� n+1 and Q� n+1. Then, the absolute velocity and
acceleration vectors (equations (39) and (40)), of individual elements, referred to the
element co-ordinate system, can be obtained from the transformation of the corresponding
global velocity and acceleration vectors to the current element co-ordinate system by using
standard procedures. Then, by using equations (43) and (44), the element inertia nodal
force vectors can be calculated in the current element co-ordinate system.
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Figure 5. Slider–crank mechanism.

From the assemblage of the element nodal force vectors and equation (46), the
unbalanced force vector R can be calculated. If the convergence criteria in equations
(47)–(49) are not satisfied, a displacement correction DU is added to the previous DQ to
obtain a new incremental displacement for the next iteration. The displacement correction
DU may be determined by using the Newton–Raphson method as

DU=−K
 −1R (52)

where K
 is the co-called effective stiffness matrix and may be expressed by

K
 =(1/aDt2)M+K, (53)

where a is the parameter of the Newmark method. M and K are the mass matrix and the
stiffness matrix of the system of equations, which are assembled from element matrices.
This procedure is repeated until the convergence criteria are satisfied.

Figure 6. Midpoint deflection of coupler for slider-crank mechanism for v=124·8 rad/s, h/l=0 and ms=0.
----, present; —-—, Chu and Pan [1].
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4. NUMERICAL STUDIES

4.1. – 

A slide–crank mechanism as shown in Figure 5 consists of a rigid crank OA, an initially
curved flexible coupler AB of uniform circular cross-section, and a sliding block located
at B. The geometry, inertia properties and material properties of the slide–crank
mechanism are as follows: length of OA=0·1524 m (6 in), chord length of AB=0·3048 m
(12 in), diameter of AB=6·35×10−3 m (0·25 in), Young’s modulus E=2·068×1011 N/m2

(3×107 psi), density=7·834×103 N s2/m4 (7.331×10−4 lb s2/in4). Three cases are con-
sidered for the mass of the sliding block ms : (a) ms=0, (b) ms=0.03781 kg
(2.159×10−4 lb s2/in), (c) ms=0.07562 kg (4.318×10−4 lb s2/in). The initial centroid axis of
the coupler is represented by a one-half sine function written as v̄=h sin (px/l), where

Figure 7. Midpoint deflection of coupler for slider–crank mechanism for v=124·8 rad/s. (a) ms=0; (b)
ms=0·03781 kg; (c) ms=0·07562 kg. – – –, h/l=0; —-—, h/l=0·01; ----, h/l=0·2.
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h is the amplitude of the sine function and l is the initial chord length of the couple. The
values of h/l are chosen to be 0, 0·01 and 0·02 for this example.

The initial crank angle is set to zero and the initial elastic deformations are assumed
to be zero. Three different crank speed, v=124.8, 250, 375 rad/s are considered here. The
initial velocity and acceleration of the mechanism are calculated by using the kinematics
of rigid mechanisms. In the numerical study, the rigid crank OA is simulated by a flexible
member with the same cross-section and density as the member AB of the Young’s
modulus 1010 times larger than that of member AB. The member OA is discretized by one
element for all cases and AB is discretized by using different numbers of element for
different cases. Let Dt denote the time step size and N denote the number of elements used
for member AB. Unless stated otherwise, Dt is chosen to be 10−4, 5×10−5 and

Figure 8. Midpoint deflection of coupler for slider–crack mechanism for v=250 rad/s. (a) ms=0; (b)
ms=0·03781 kg; (c) ms=0·07562 kg. – – –, h/l=0; —-—, h/l=0·01; ----, h/l=0·2.
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2·5×10−5 s, and N is chosen to be 6, 6 and 12 for crack speeds v=124·8, 250 and 375 rad/s,
respectively.

The transverse deflection of the midpoint of the coupler vd , measured relative to its initial
deflection, is computed for different h/l, ms and v. For the case h/l=0, ms=0 and
v=124·8 rad/s, the present results obtained when using N=2 are compared with those
reported by Chu and Pan [1] in Figure 6. It is seen that the agreement between these two
results is very good. Figures 7–9 show the present results for different h/l, ms and v. For
the cases with ms=0.07562 kg and v=375 rad/s, the results shown in Figure 9(c) were
obtained by using Dt=10−5 s and N=24. It can be seen that the effect of the initial
curvature on the midpoint deflection of the coupler is not negligible for all the cases

Figure 9. Midpoint deflection of coupler for slider–crank mechanism for v=375 rad/s. (a) ms=0; (b)
ms=0·03781 kg; (c) ms=0·07562 kg. – – –, h/l=0; —-—, h/l=0·01; ----, h/l=0·2.
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Figure 10. Four-bar mechanism.

studied. The midpoint deflection of the coupler increases with increasing h/l. The
discrepancies among the solutions for different h/l increase with increasing ms and/or v.

4.2. - 

A four-bar mechanism shown in Figure 10 is considered. The crank OA is considered
to be rigid, and the initially curved coupler AB and rocker BC are considered to be flexible.
AB and BC are made of the same material and have the same cross section. The geometry,
inertia properties and the material properties of the four-bar mechanism are as follows:
length of OA=0·3048 m (12 in), chord length of AB=0· 9144 m (36 in), length of

Figure 11. Midpoint deflection of coupler for four-bar mechanism for v=10p rad/s. – – –, Dt=10−3 s, N=1;
— - —, Dt=10−3 s, N=2; ----, Dt=5×10−4 s, N=4.
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BC=0·9144 m (36 in) cross section area=2·58×10−3 m2 (4 in2), moment of inertia=
1·387×10−7 m4 (0·3333 in4), Young’s modulus E=7·101×1010 N/m2 (1·03×107 psi),
density=2·766×103 N s2/m4 (2·588×10−4 lb s2/in4). The initial centroid axis of the coupler
considered here is the same as those used in the first example.

The initial crank angle is set to zero as shown in Figure 10, and the initial elastic
deformations are assumed to be zero. Four different crank speeds, v=10p, 30p and
60p rad/s are considered here. The initial velocity and acceleration of the mechanism were
calculated by using the kinematics of rigid mechanisms. In the numerical study, the rigid
crank OA is simulated in the same way as in the first example. The member OA is
discretized by one element for all cases, and AB and BC are discretized by the same number
of elements. Let N denote the number of elements used for member AB (BC). Unless it is
stated otherwise, Dt is chosen to be 5×10−4, 2·5×10−4, 2·5×10−4 and 10−4 s, and N is
chosen to be 4, 4, 4 and 12 for crank speeds v=10p, 20p, 30p and 60p rad/s, respectively.

The transverse deflection of the midpoint of the coupler vd , being measured relative to
its initial deflection, was computed for different h/l and v. For the case h/l=0 and
v=10p rad/s, different Dt and N were used for convergence and accuracy studies.
Figure 11 shows the time histories of vd /l obtained when using Dt=10−3 s, N=1,

Figure 12. Midpoint deflection of coupler for four-bar mechanism. (a) 10p rad/s; (b) 20p rad/s; (c) 30p rad/s;
(d) 60p rad/s. – – –, h/l=0; —-—, h/l=0·01; ----, h/l=0·2.
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Dt=10−3 s, N=2, and Dt=5×10−4 s, N=4. The solutions corresponding to
Dt=5×10−4 s, N=4 are nearly identical to those obtained when using Dt=2×10−4 s,
N=4 (not shown in Figure 11). Thus, the solutions corresponding to Dt=5×10−4 s, N=4
may be taken to be the converged solutions. Note that the solutions corresponding to
Dt=10−3, N=1 are nearly identical to those reported in reference [9] (not shown in
Figure 11), which were obtained by using the same Dt and N. As can be seen from
Figure 11, the solutions obtained by using Dt=10−3, N=1 are not accurate enough.
Figure 12 shows the present results for different h/l and v. It can be seen that the effect
of the initial curvature on the midpoint deflection of the coupler is not negligible for all
the cases studied. The midpoint deflection of the coupler increases with increasing h/l. The
discrepancies among the solutions for different h/l increase with increasing v.

5. CONCLUSIONS

A co-rotational finite element formulation of a slender curved beam element to
investigate the effect of member initial curvature on the dynamic behaviour of planar
flexible mechanisms has been presented. The Euler–Bernoulli hypothesis and the initial
curvature are properly considered for the kinematics of curved beams. Both the inertia
nodal forces and deformation nodal forces are systematically derived by consistent
linearization of the fully geometrically non-linear beam theory by using the d’Alembert
principle and the virtual work principle. In conjunction with the co-rotational formulation,
the higher order terms of the nodal parameters in the element nodal forces are consistently
neglected. From the numerical examples studied, it is found that the effects of the initial
curvature on the dynamic response of flexible mechanisms is not negligible for all the
cases studied. The midpoint deflection of the coupler increases with increasing h/l. The
discrepancies among the solutions for different h/l increase with increasing v.

It is believed that the consistent co-rotational formulation for a curved beam element
presented here may represent a valuable engineering tool for the dynamic analysis of planar
flexible mechanisms with initially curved members.
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