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Impact of Thermal Effects on Simulation Accuracy of
Nonlinear Dynamics in Semiconductor Lasers
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Abstract—Simulations based on a carrier heating model are
performed to investigate the behavior of a directly modulated
1.55-µm InGaAsP distributed feedback (DFB) laser diode (LD).
Results show that bandgap shrinkage has a significant effect on
the simulated nonlinear behavior of LDs. However, the varying na-
ture of lattice temperature and excess carrier energy relaxation is
important to produce simulated results that agree with measured
results.

Index Terms—Chaos, laser stability, nonlinear optics, semicon-
ductor lasers.

I. INTRODUCTION

THE SEMICONDUCTOR laser diode (LD) is a device
known to exhibit a rich variety of nonlinear dynamics,

including chaos and self-pulsations. Such highly nonlinear be-
havior is normally seen as undesirable, although some applica-
tions, such as chaotic communications, rely on it. In either case,
it is vital to be able to predict the nonlinear characteristics of
an LD with excellent accuracy. The single-mode rate equations
have been used widely [1]–[17] to simulate the large signal
behavior of LDs. Over the years, the predictive power of the
single-mode rate equations has been improved by the introduc-
tion of a phenomenological gain suppression factor [18]–[20].
Subsequently, the effects of current-dependent gain suppres-
sion on the accuracy of nonlinear dynamics simulation were
studied [21], [22] as gain suppression had been shown to be
bias-dependent [23], [24]. This dependence of the gain suppres-
sion has been attributed to the variations of lattice temperature,
as optical gain is very sensitive to temperature changes. To test
this postulation, the single-mode rate-equation model needs to
be revised to incorporate temperature effects, which is the aim
of this paper. As the effect of carrier heating dominates over
lattice heating [25]–[27] for the biasing conditions considered
in [21], [22], the effect of carrier heating will be specifically
investigated. Hence, a carrier temperature rate equation will be
presented and used in conjunction with the carrier and photon
rate equations to simulate the nonlinear dynamics of a 1.55-µm
distributed-feedback (DFB) LD. Calculated results will be com-
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pared to the measured results, and the research findings will be
presented. To reduce any complications that might arise from
inadequately accounted lattice temperature, the lattice tempera-
ture will be extracted based on the measured results.

In Section II, the carrier heating model used in this analysis
and simulation considerations are presented. Simulation results
are presented and discussed in Section III in three parts. In the
first part, the lattice temperature is assumed to be constant for all
bias currents. Here, the effects of bandgap shrinkage on simula-
tion results will be reported. The second part is concerned with
the study of longitudinal optical (LO) phonons by incorporating
a LO phonon temperature rate equation. As for the final part,
the varying nature of the lattice temperature is accounted for in
the simulations.

II. CARRIER HEATING MODEL AND SIMULATION

CONSIDERATIONS

The first step in formulating a carrier temperature rate equa-
tion is to consider the major physical causes of carrier heating
in semiconductor lasers, which are described as follows.

1) Due to the energy difference between the cladding and
the active layers in semiconductor lasers, injected carriers
must release this excess energy in order to relax down to
the lasing band. Excess energy is redistributed to carriers in
the active layer by carrier-carrier scatterings, thus causing
a rise in carrier temperature.

2) Besides stimulating free carriers to recombine, photons
can also be absorbed by free carriers (i.e., free-carrier
absorption). This process causes the energies of absorbed
photons to be transferred to free carriers, increasing their
energy and hence their temperature.

3) The Auger recombination process describes the absorption
of the energy released from a non-radiative carrier recom-
bination by a free carrier, which therefore gains excess
energy. Thus the carrier temperature rate equation needs
to account for Auger recombination heating especially for
long-wavelength LDs.

4) Spontaneous and stimulated emissions are the results of
recombination of free carriers with below average energy.
Therefore, the carrier reservoir in the active layer is de-
prived of its lowest energy carriers, causing the average
carrier energy and temperature to change.

5) Finally, heated carriers relax their excess energy to longi-
tudinal optical phonons and acoustic phonons.
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Taking these processes into account, the carrier temperature
rate equation (in its general form) is formulated as

dTe

dt
=

dTinj

dt
+

dTfca

dt
+

dTAuger

dt

− Te − TL

τε
− dTspon

dt
− dTstim

dt
(1)

where Te and TL are the average carrier temperature and lattice
temperature, respectively; Tinj, Tfca, TAuger, Tspon, and Tstim

are the contributing temperature terms due to the injection cur-
rent, free-carrier absorption, Auger recombination, spontaneous
and stimulated emissions, respectively; and τε is the carrier
energy relaxation time. In a more specific form, each of the
previous terms is modeled as follows. The contribution of the
injection current to the average carrier temperature is given by

dTinj

dt
=

(
ηiI/e

NV

)
Einj (2)

where ηi is the internal quantum efficiency, I the injection cur-
rent, e the electronic charge, N the carrier density, V the volume
of the active layer, and Einj the excess energy of an injected car-
rier. Free-carrier absorption heating is modeled as

dTfca

dt
=

vgαfcaSVE
NV

=
vgαfcaSE

N
(3)

where vg is the group velocity, αfca the free-carrier absorption
coefficient, S the photon density, and E the energy of emitted
photons. Auger recombination is significant in long-wavelength
LDs, and its contribution to the carrier temperature is described
by

dTAuger

dt
=

(
CN3V

NV

)
Eg

= CN2Eg (4)

where C is the Auger recombination coefficient and Eg the
bandgap energy. Spontaneous and stimulated emissions remove
electrons from the conduction band-edge, thus reducing the pop-
ulation of free-electrons with the lowest energy. This affects the
average carrier temperature, and their contributions can be cal-
culated using the following:

dTspon

dt
=

Te(t) − Te(t−δt)

δt

=

(
TeNV − BN2V δtE

)
/(NV ) − Te

δt

=
Te − BNδtE − Te

δt

= −BNE (5)

dTstim

dt
=

Te(t) − Te(t−δt)

δt

=
[TeNV − vgGSVδtE]/(NV ) − Te

δt

Fig. 1. Energy band diagram to demonstrate the calculation of the excess
energy of an injected carrier.

= Te − (vgGSδtE)/N − Teδt

= −vgGSE
N

(6)

where B is the bimolecular recombination coefficient and G the
optical gain. Gathering all contributing temperature terms and
substituting them into (1) yields the following carrier heating
model, which is combined with the single-mode rate equations:

dN

dt
=

ηiI

eV
− AN − BN2 − CN3 − vgGS (7)

dS

dt
= ΓvgGS − S

τp
+ ΓβBN2 (8)

dTe

dt
=

(
ηiI/e

NV

)
Einj +

vgαfcaSE

N
+

vgGSE
N

− Te − TL

τε
+ BNE + CN2Eg (9)

where A is the nonradiative recombination coefficient, Γ the
optical confinement factor, τp the photon lifetime, and β the
spontaneous emission factor.

With reference to Fig. 1, the equation for calculating the
energy of injected carriers is formulated as

Einj = E + 0.5(Ecladding − E) (10)

where Ecladding is the energy difference between the conduction
and valence bands of the cladding, and has a value of 1.35 eV
for InP cladding [29].

The absorption α(E) and gain G(E) models used are given
by (11) [31] and (12) [32], respectively

α(E) =
(

e2h|Mb |2
4π2εom2

ocnE

)
×

(
2mr

h̄2

)3/2

× (E − Eg )1/2

× [1 − fc(Ec) − fv (Ev )] (11)

G(E) =
(

e2h|Mb |2
4π2εom2

ocnE

)
×

(
2mr

h̄2

)3/2

× (E − Eg )1/2

× fc(Ec) × fv (Ev ) (12)

where h is Planck’s constant, h̄ the reduced Planck’s constant,
n the refractive index of the active layer, c the speed of light in
vacuum, εo the permittivity of free-space, mo the free-electron
mass, mr a mass ratio, |Mb |2 the average matrix element for the
Bloch states, fc(Ec) the occupation probability of an electron
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with the energy Ec , and fv (Ev ) is the occupation probability of
a hole with the energy Ev .

Change in refractive index (δn) of the active layer due to car-
rier density change (δnN ) and current-induced heating (δnT )
is calculated as follows:

δn = δnN + δnT

= δN

(
∂n

∂N

)
+

(
1

2Λ

)
δT

(
∂λ

∂T

)
(13)

where δN is the change in carrier density, dn/dN the rate of
change in refractive index with carrier density, Λ the corrugation
periodicity, δT the temperature change and dλ/dT the rate of
change in emission wavelength with temperature.

As the refractive index changes, there is a corresponding shift
in lasing wavelength

δλ = δλN + δλT

= (2Λ)δN
(

∂n

∂N

)
+ δT

(
∂λ

∂T

)
(14)

where δλ is the overall wavelength-shift, δλN the carrier-
induced wavelength-shift, and δλT the wavelength shift caused
by current-induced heating.

Besides bandgap shrinkage, the index change due to vari-
ations in carrier density and current-induced heating, and
subsequent blue-shifting and red-shifting of the operating wave-
length, are also taken into account by varying the photon energy.
The optical absorption and gain experienced by the shifted op-
erating wavelength are calculated using (11) and (12), respec-
tively, with the corresponding value of |Mb |2, n, E,Eg , fc(Ec),
and fv (Ev ) at each shifted operating wavelength. Finally, the
change in group velocity due to refractive index change is also
considered.

All these changes are accounted for in the simulations through
the change in all n- and E-related terms in (7)–(14). The mag-
nitude of E is obtained from

E = h

(
c

λ + δλ

)
+ δT

(
dE

dT

)
(15)

where λ is the lasing wavelength.

III. RESULTS AND DISCUSSIONS

In this section, the nonlinear dynamics of a directly modulated
1.55-µm DFB LD having the parameters shown in Table I will
be studied numerically. In the first part of this analysis, TL was
assumed to be constant, under all biasing conditions, and τε was
assumed to be fixed at the value determined by the bias current
and does not vary with modulation conditions.

As can be observed from the femtosecond pump-probe trans-
mission measurement performed in [33] for a semiconductor
optical device having very similar characteristics with the de-
vice in this work, carriers lose their excess energy in three phases
(i.e., ultrafast, fast, and slow). By neglecting the long energy re-
laxation process, the value of τε at threshold was estimated to be
1.333 ps. With this value, TL was found to be 339 K at threshold
by fitting the calculated L–I curve to measured results. For the
first case, TL will be assumed to be at this value for other bias

TABLE I
PARAMETER VALUES OF A 1.55 µm InGaAsP DISTRIBUTED FEEDBACK (DFB)

SEMICONDUCTOR LASER

currents. From the bifurcation maps shown in Fig. 2, it was noted
that the simulated results do not resemble the measured results
at all. This is due to neglecting the bandgap shrinkage effect
[a phenomenon that has an adverse effect on the gain spectrum
(Fig. 3)] as can be seen from the behavioral maps (Fig. 4) ob-
tained from simulations that accounted for bandgap shrinkage.
In the latter case, the value of TL at threshold was found to
be 447 K, and the simulated behavioral maps are very similar
to those simulated using constant gain suppression [21], [22].
However, discrepencies arise when comparing them with the
measured results [14].

In the second part of the investigation, simulations were based
on a two-level carrier heating model by incoporating a longitu-
dinal optical phonon temperature rate equation shown in (16),
and changing TL as in (9) to the LO phonon temperature (i.e.,
TLO)

dTLO

dt
=

Te − TLO

τε
− TLO − TL

τLO
(16)

where TLO is the longitudinal optical phonon temperature, and
τLO is the longitudinal optical phonon lifetime.

Hall et al. [33] have suggested that heat carrier distribution
cools to an equilibrium temperature with a time constant of ap-
proximately 1 ps. As mentioned earlier, carriers lose their excess
energy in three phases (i.e., ultrafast, fast, and slow phases). The
estimated values for τε by considering only the ultrafast decay
phase are 0.733, 0.556, and 0.467 ps in the absorption, trans-
parency, and gain regions, respectively. These values give an
average value of 0.585 ps. However, if the fast energy decay-
ing phase is also taken into account together with the ultrafast
energy decaying phase to estimate the value of τε , then the esti-
mated values in the absorption, transparency, and gain regions
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Fig. 2. Bifurcation regions considering a lattice temperature of 339 K and
without taking bandgap shrinkage and carrier-induced index change into ac-
count. (a) Idc = 18 mA. (b) Idc = 20 mA. (c) Idc = 22 mA.

are 1.4, 1.422 and 1.111 ps, respectively. These values give a
mean value of 1.311 ps for τε . In the simulations that follow,
a value of 0.948 ps (i.e., the average of the above two mean
values) is used for τε . Simulated results showed that by taking
TL to be constant at 300 K, the carrier heating effect on the
nonlinear dynamics of laser diode cannot be observed because
of the relatively much shorter τε as compared to the modula-

Fig. 3. Calculated gain spectra of the DFB LD at the threshold carrier density
(i.e., 2.32 × 1024 m−3). (a) Bandgap shrinkage was not taken into considera-
tion. (b) Bandgap shrinkage was accounted for.

tion period. In other words, Te would have relaxed to 300 K on
a time scale that is much shorter than one modulation period;
hence, after the carrier energy relaxation phase, there is no sign
of gain suppression. This deduces the same conclusion made
before that TL does not stay constant at 300 K. Instead it varies
with the bias current.

A reverse engineering approach was used, whereby simulated
results were fitted to measured results by varying TL and τLO

at each of the selected modulation frequencies for each of
the bias currents. Fitting begins by assuming the appropriate
extracted value of τLO for the bias current considered, and
varying TL . The optical gain calculated here (approximately
2 × 104 m−1) is the same as that calculated using the conven-
tional single-mode rate equation model that uses differential
gain [32]. With the aid of the calculated gain spectra of this
LD [Fig. 3(b)], TL was estimated to be around 450 K. If
no acceptable results were obtained, TL was varied and τLO

was changed accordingly. This process was repeated until
the values of TL and τLO that yield the best-fitted calculated
nonlinear behavior were obtained. For this case, the best choice
of TL and τLO at each selected modulation frequency (i.e.,
2.0, 2.5, 3.0, 3.5, and 4.0 GHz) is shown in Fig. 5(a) and
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Fig. 4. Route of bifurcation for the case where TL is 447 K and effects of
bandgap shrinkage and refractive index change due to variation of carrier density
are taken into account. (a) Idc = 18 mA. (b) Idc = 20 mA. (c) Idc = 22 mA.

(b), respectively. The values at other modulation frequencies
were then obtained by interpolation. The explanation for
these irregular characteristics is given in the final part of this
analysis. As can be seen from the bifurcation maps shown in
Fig. 6, the simulated result at a bias current of 18 mA does
bear some resemblance to the measured result. However, the
experimentally observed period-tripling, period-quadrupling,
higher order bifurcation, and chaos at a bias current of 20 mA
were not produced in the simulation. Similarly, simulation did
not show the period-quadrupling behavior observed in measure-
ment when the bias current was set at 22 mA. These missing

Fig. 5. Estimated variations of (a) lattice temperature, and (b) longitudinal
optical phonon lifetime with modulation frequency. Triangle: Idc = 18 mA,
star: Idc = 20 mA, and diamond: Idc = 22 mA.

details are due to the fact that the value of τε was fixed, and a
constraint was set on the lowest value of τLO to compromise for
computational efficiency. In the next part of this investigation,
the one-level carrier heating model was revisited taking into
account the varying nature of TL , and hence τε as well.

As the constraint imposed on τLO, due to reasons of computa-
tional efficiency, was hindering the investigation of the effect of
varying TL on simulated behavior of LDs, the one-level carrier
heating model in the final part of this analysis (where there is
only one time constant in describing the decaying rate of the
excess energy of carriers) was revisited with varying TL and
τε taken into consideration. First of all, the best choice of TL

and τε at each of the selected modulation frequencies over the
frequency range from 2.0 to 4.0 GHz was acquired using the
previously described method. The resulting graphs of TL and
τε versus the modulation frequency are shown in Fig. 7(a) and
(b), respectively. With these values of TL and τε , the simulated
bifurcation maps (Fig. 8) showed good agreement with mea-
sured results [14]. The observed discrepency at a bias current of
18 mA for modulation currents and frequencies ranging from
18 to 22 mA and 2.6 to 2.8 GHz, respectively, is attributed
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Fig. 6. Regions of simulated bifurcation. (a) Idc = 18 mA. (b) Idc = 20 mA.
(c) Idc = 22 mA.

to the fact that the dependence of τε on modulation current
has not been considered exclusively. Even so, simulations still
yield remarkable agreement with measured results. The phe-
nomena that gave rise to the characteristics of the TL and τε

versus modulation frequency graphs shown in Fig. 7(a) and
(b), respectively, are explained as follows. Due to nonlinearity
and the parasitic capacitance of LDs, the number of carriers
injected into the active layer under large-signal conditions dif-
fers from one modulation frequency to another. Therefore, at
different modulation currents and frequencies, the carrier en-
ergy is different, which results in irregular characteristics of

Fig. 7. Graphs of (a) Lattice temperature. (b) τε versus modulation frequency.
The effects of bandgap shrinkage and carrier-induced index change were taken
into account in the simulations. Triangle: Idc = 18 mA, star: Idc = 20 mA,
and diamond: Idc = 22 mA.

carrier energy relaxation time as a function of bias current
[Fig. 7(b)]. However, for simplicity, the dependence of carrier
energy relaxation time on the modulation current has not been
exclusively considered here. The dependence of lattice temper-
ature on bias current is directly related to that of the carrier
energy relaxation time, because the temperature transfer rate
from carriers to the lattice is determined by the carrier energy
relaxation time. Therefore, the lattice temperature rises as the
carrier energy relaxation time decreases, which explains the re-
sult shown in Fig. 7(a). However, the generally increasing trend
of the lattice temperature as the modulation frequency increases
seems questionable. Nevertheless, this can be explained as fol-
lows. Clearly, as the modulation frequency increases, a larger
portion of the modulation current will bypass the active layer
and flow through the shunt capacitance of the LD current block-
ing layers to the ground. This means that the average energy of
the carriers within the active layer is lower [in agreement with
Fig. 7(b)], hence the lattice temperature should also decrease in-
stead of rising [Fig. 7(a)]. However, in reality, resistive heating
also contributes to the lattice temperature. When the modulation
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Fig. 8. Regions of bifurcations. (a) Idc = 18 mA. (b) Idc = 20 mA.
(c) Idc = 22 mA. Calculated using one-level carrier heating model with varying
lattice temperature, bandgap shrinkage effect, and carrier-induced index change.

frequency increases, the conversion efficiency of the laser
diode drops, and a larger portion of the modulation current
is shunted to the ground. This explains the generally rising
lattice temperature as the modulation frequency increases [Fig.
7(a)]. Hence, although the temperature contribution from Joule
heating might be relatively much smaller compared to other
temperature contribution processes [25], it might have some in-
fluence as far as further improvement of simulation accuracy is
concerned, especially for the situation where the LD is subjected
to large signal high-frequency modulation.

IV. CONCLUSION

For the first time, a carrier heating model has been used to
study the nonlinear dynamics of LDs. Simulations performed
on a 1.55-µm DFB LD revealed the importance of taking
bandgap shrinkage into account. Carrier-induced index change,
and hence wavelength drift, was found to have negligible ef-
fect on the calculated nonlinear behavior of LDs. Simulations
that account for the varying nature of lattice temperature and
carrier energy relaxation time supports the current-dependent
gain suppression concept proposed in [21], [22]. Further analy-
sis suggested that the lattice temperature variation could be due
to resistive heating. Hence, it is postulated here that in order to
accurately reproduce the measured nonlinear behavior of LDs
in simulations, resistive heating might have to be accounted for.
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