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This paper reports the scattering of electromagnetic plane wave by annular metamaterials composed of concentric regular dielectric layers of infinite length. Interestingly,
in certain frequency ranges, their scattering properties are similar to those of a
perfect electric conductor cylinder, except that the tangential electric field on their
surfaces does not vanish. Moreover, the frequency bands of total reflection spectra
can be rigorously predicted using Floquet–Bloch theorem. C 2016 Author(s). All
article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
[http://dx.doi.org/10.1063/1.4943899]

I. INTRODUCTION

The natural dielectric medium has its own specific refractive index. However,
synthetic(artificial) dielectrics, which are usually periodic structures, provide flexibility in obtaining a desired effective permittivity or permeability from their physical structures instead of their
chemical composition. Specifically, the dispersive and anisotropic characteristics of the effective
refractive index of synthetic dielectrics can be rigorously analyzed using electromagnetic field theory.2,3 Recently, metamaterials made of conventional materials such as metal and Epoxy were found
to have extraordinary refractive indices, which are negative in a certain frequency band.1
Metamaterials were originally developed for creating an invisibility cloak, i.e., a covering for
a metal object that makes it invisible to microwaves, millimeter waves, and light. Consequently,
annular metamaterials are popularly designed for their symmetrical structure. Reported cases of
such uses include, the echo-width calculation of a conducting cylinder coated with metamaterials,4
the numerical analysis of radiation and scattering from concentric metamaterial cylinders excited by
an electric line source,5 the investigation of sub-wavelength resonances in metamaterial cylinders
affected by the shape of the cylinder cross–section,6 and a homogeneous isotropic invisibility cloak
design based on geometrical optics.7,8
Planar metamaterials can be used to create mirrors for reflecting incident waves. Specifically,
the tunable reflection phase can be employed to optimize the standing–wave profile to maximize
light–matter interaction in planar devices.9
In this study, a cylindrical metamaterial made of conventional dielectrics is developed to mimic
the scattering properties of a perfect electric conductor (PEC) cylinder in a certain frequency band.
Because the periodicity of the unit cell is smaller than the wavelength of total reflection, the structure can be called metamaterial. Scattering fields, expressed using the superposition of cylindrical
harmonics, are formulated analytically and calculated numerically. The underlying physics of wave
processes involved are also discussed.

II. STRUCTURE CONFIGURATION

As shown in Fig. 1, the structure considered is composed of a cylinder filled with a uniform
dielectric medium, with its radius and refractive index designated as r c and nc , respectively. The
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FIG. 1. Structure of the cylindrical metamaterial. Each unit cell along the radial direction is composed of two regular
dielectric mediums, denoted as n 1 and n 2, with thicknesses t 1 and t 2, respectively. The core region has radius r c and refractive
index n c .

region outside the core consists of multiple concentric dielectrics arranged in a one-dimensional
periodic structure along the radial direction. The cylinder is assumed to be of infinite length (z-axis).
A plane electromagnetic wave is incident along the +x axis. We assume that there is no field
variation along the z-axis, i.e., k z = 0. Electric and magnetic field problems can be regarded as 2D
ones so that the Ez and Hz waves can be treated independently.
In the next section, mathematical procedures for performing the scattering analysis are
summarized.

III. MATHEMATICAL ANALYSIS

Because the structure considered is a conical one, electric and magnetic fields can be expressed
as superpositions of modal solutions in a cylindrical coordinate system, such as the Bessel, Neumann, and Hankel functions.10–13 In this study, only the Ez -wave is elaborated because mathematical procedures for dealing with the Hz -wave are almost identical.
Tangential electric and magnetic field components, expressed in terms of the cylindrical coordinate system inside the m t h layer, can be written as
Ez(m) =

n=∞





(m)
A(m)
n Jn (k m ρ) + Bn Yn (k m ρ) cos nφ

(1)

n=0

Hφ(m) = − jYm

n=∞





′
(m) ′
A(m)
n Jn (k m ρ) + Bn Yn (k m ρ) cos nφ

(2)

n=0

where k m and Ym are the propagation constant and intrinsic admittance in the m t h layer, respectively,
with electrical properties denoted as (µ m , ε m ).
Because of electromagnetic boundary conditions, Ez and Hφ must be continuous at the interface between two dielectric layers denoted as layer m and layer m + 1, respectively. As a result, we
obtain equations as follows:

A(nj)

Bn( j)

(m)
A(m+1)
= t 11 A(m)
n
n + t 12 Bn

(3)

Bn(m+1)

(4)

=

t 21 A(m)
n

+ t 22 Bn(m)

where
and
are the Fourier amplitudes of the nt h order in the j t h layer. Parameters t 11, t 12, t 21
and t 22 are related to the radius (r m ), propagation constants (k m and k m+1), and admittances (Ym and
Ym+1) in two adjacent layers.
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The parameters t 11, t 12, t 21, and t 22 are given as follows.


t 11 = τm Yn′(ζ m+1)Jn (ζ m ) − x mYn (ζ m+1)Jn′ (ζ m )


t 12 = τm Yn′(ζ m+1)Yn (ζ m ) − x mYn (ζ m+1)Yn′(ζ m )


t 21 = τm −Jn′ (ζ m+1)Jn (ζ m ) + x m Jn (ζ m+1)Jn′ (ζ m )


t 22 = τm −Jn′ (ζ m+1)Yn (ζ m ) − x m Jn (ζ m+1)Yn′(ζ m )

(5)
(6)
(7)
(8)

where parameters ζ m+1, ζ m , x m and τm are defined as follows.
ζ m+1 = k m+1r m

(9)

ζ m = k mr m

(10)

x m = Ym/Ym+1

(11)

τm = πk m+1r m/2

(12)

Here, Lommel’s formula Jv (x)Yv′(x) − Yv (x)Jv′(x) = π2x was employed to calculate the parameters t 11, t 12, t 21, and t 22.
The tangential electric field outside the synthetic dielectric cylinder (ρ >= b) can be written
as the superposition of the incident plane wave and scattering fields, both expressed in terms of
cylindrical harmonics, which are written as
Ez(out)

=

n=∞





en j −n Jn (k o ρ) + Cn Hn(2)(k o ρ) cos nφ

(13)

n=0

where en = 1 for n = 0 and en = 2 otherwise. The tangential electric field inside the core region can
be written as
Ez(c) =

n=∞


A(0)
n Jn (k c ρ) cos nφ

(14)

n=0

By successively multiplying the transfer matrix defined at each interface with the elements
given in (3) and (4) incorporated with the electromagnetic boundary conditions on the inner surface
at ρ = r c and on the outermost surface at ρ = b, we can determine the Fourier amplitudes (An (m) ,
Bn (m) , and Cn ) in each layer.

IV. NUMERICAL RESULTS

Consider the cylindrical metamaterial shown in Fig. 1. The core has radius a = 500nm and
the refractive index n = 3.475 (Silicon). There are ten periods in the radial direction. Each of the
unit cells contains two dielectric mediums with refractive indices n1 = 1.45 (Silica) and n2 = 3.475,
and thickness t 1 = 100nm and t 2 = 100nm, respectively. The radius of the metamaterial cylinder is
b = 2500nm.
To observe the scattering characteristics of the metamaterial cylinder, photons with energies of
1.2eV are incident on the structure and the normalized scattering echo width versus the observation
angle φ is calculated, as shown in Fig. 2. Here, two counterparts, cylinders made of PEC and Au,
which share the same dimensions as the metamaterial cylinder, are also subjected to the scattering
analysis. Interestingly, the three cases exhibit almost the same scattering properties from φ = 0◦ to
φ = 360◦. However, a discrepancy is observed in the forward scattering region around φ = 180◦, as
shown in the inset of Fig. 2. The echo widths of the PEC and the metamaterial are slightly larger
than that of the gold cylinder. That is due to loss by Au absorption. Figure 3 shows the dielectric
function, which is based on the Lorentz-Drude model,14 of gold, with a plasma frequency of 8.5eV
and a damping frequency of 0.048eV. The absorption is caused by the nonzero imaginary part ε i .
The photon energy is changed to 2.0eV and the bi-static echo width is recalculated. In Fig. 4,
we observe a totally different scattering scenario: the incident plane wave is scattered drastically by
the metamaterial. By contrast,the echo-width patterns of the gold and PEC cylinders stay the same,
as shown in Fig. 2. From these two distinct results, we understand that the scattering characteristics
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FIG. 2. Variation of the normalized echo width against φ at 1.2eV for the three materials, including a perfect electrical
conductor, Au and the metamaterial. They share the same diameter of 2500nm.

of the metamaterial are frequency dependent. Therefore, the scattering spectra should be studied in
detail in order to reveal the underlying physics of this class of metamaterials.
Figure 5 shows the total echo width σ(φ) normalized to the operation wavelength, where the
total normalized echo width is defined as the integration of σ(φ)/λ over the azimuthal angle (φ)
from 0 to 2π. The total echo widths of the two counterparts are also calculated. Notably, the relative
dielectric constant of Au is a complex number with negative ε r in the frequency range of operation. Therefore, the incident wave is reflected back into the air due to the electromagnetic fields
attenuation inside the gold.
Returning to Fig. 5, the scattering properties of the metamaterial are similar to those of the
PEC and Au cylinders when the incident photons have energies in the regions [1.2eV, 1.5eV] and
[2.2eV, 3eV]. The echo width of the Au cylinder is slightly smaller than those of the PEC and the
metamaterial owing to the obvious dielectric loss as mentioned previously. Outside these ranges the
echo width, generally, fluctuates strongly and deviates from those of the PEC and gold cylinders.

FIG. 3. The dielectric function of Au including the real and imaginary parts of the relative dielectric constant.
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FIG. 4. Variation of the normalized echo width versus φ for the three materials (PEC, Au and the metamaterial).

This figure indicates that the metamaterial cylinder can mimic the scattering characteristics of a
metallic one in certain frequency bands.
The contour map of the constant electric field is also plotted, in order to demonstrate the
scattering behavior of the metamaterial cylinder. Figure 6 shows the real part of Ez (x, y) over the
2D plane at a photon energy of 2eV(620nm). Due to the non uniform refractive index, the scattering
pattern is very different from that of a uniform dielectric cylinder. For example, although it is not
shown here, the corresponding dielectric cylinder with n = 1.455, at this frequency, will focus the
incident wave onto a point on the opposite side of the cylinder and re-radiate it, as from a point
source, into free space.
A second example is the case with photons of energy 1.2eV. As we know from Fig. 5, its total
echo width is almost equal to that of PEC and gold at this frequency. It appears that the electric field
penetrating the metamaterial exponentially decays to zero. A shadow region behind the cylinder
can be observed. Moreover, the z-component of the electric-field strength (|Ez (x, y = 0)|) along the
x-axis is plotted, and it is found that Ez does not vanish on the surface of the cylinder (the left-hand

FIG. 5. Variation of the normalized total echo width against the photon Energy (in eV) for the three materials.
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FIG. 6. The distribution of the real part z-component electric field along the 2D plane. Photons of energy 2.0eV are incident
on the structure.

side interface between the cylinder and air is highlighted by the red line). Unlike when a plane wave
impinges upon a metal surface, the reflected wave is not at all out-of-phase with the incident one.
Thus, the total Ez on the interface is not zero, as shown in Fig. 7(b). It may be conjectured that the
input impedance (from a transmission-line analogy) of the periodic concentric dielectric layers is
a purely imaginary reactive one, which may be inductive or capacitive. Consequently, the incident
power is reflected back into the air. Additionally, the exponential decay along the x-axis means that
the electromagnetic wave inside the metamaterial has a non-zero attenuation constant.
Returning to Eqs. (1) and (2), if the ρ-components in these two equations are denoted as vn (ρ)
and i n (ρ), the input and output relation of the voltage and current waves between the two interfaces
at ρ = ρo and ρ = ρo + t m can be written as follows, where t m is the thickness of dielectric layer m,
and ρo is the radius of the inner cylinder.
V (m)(ρ + t )
V (m)(ρ )
o
m 
o 
(m) 
 n
 n
=
T
 In(m)(ρo + t m ) 
 In(m)(ρo ) 
T(m) =

′
′
πk m ρ 0 * Yn (k m ρ 0)J n (k m ρ) − J n (k m ρ 0)Yn (k m ρ)
.
 ′

′
2
Y Y (k ρ )J (k ρ) − J n′ (k m ρ 0)Yn′ (k m ρ)
, m n m 0 n m

(15)

Z m [J n (k m ρ 0)Yn (k m ρ) − Yn (k m ρ 0)J n (k m ρ)]+
/
J n (k m ρ 0)Yn′ (k m ρ) − Yn (k m ρ 0)J n′ (k m ρ)
-

(16)
where the parameter T(m) is the transfer- (or ABCD-) matrix of dielectric layer m. It is a 2-by-2
matrix with each element related to the parameters m, n, ρo , t m , and k m . Therefore, the transfer
matrix of the unit cell consisting of two dielectric layers can be simply expressed as the product of
the two individual transfer matrices, written as
V (2)(ρ + t)
 (1)

o
 n
 = T(2) · T(1) Vn (ρo )
 In(2)(ρo + t) 
 In(1)(ρo ) 

(17)

where t(= t 1 + t 2) is the period of the unit cell along the radial direction.
According to the periodic boundary condition in a cylindrical coordinate system,15 the inputoutput relation of the voltage and current waves through a period along the ρ-direction satisfies the
following equation:
√

V (2)(ρ + t)
 (1)

o
n
 = λ √ ρo Vn (ρo )
ρo + t  (2)
(1)
 In (ρo + t) 
 In (ρo ) 

(18)
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FIG. 7. The distribution of the z-axis electric field component along the 2D plane. A plane wave with photon energies of
1.2eV is incident on the structure. (a) The real part of E z (x, y), and (b) the strength of E z (x, y = 0).

where λ is the eigenvalue equal to exp(±ik ρt), and k ρ is the effective propagation constant along the
ρ-direction. By substituting Eq. (17) into Eq. (18), we create the following eigenvalue problem.


V (1)(ρ )
 (1)
ρo Vn (ρo )
o 
n

=λ
(19)
T · T  (1)


(1)
ρo + t  In (ρo ) 
 In (ρo ) 


We can determine the two eigenvalues and the effective propagation constant including the
phase ( β ρ ) and attenuation (α ρ ) constants along the ρ-axis.
Figure 8 shows the dispersion relation of the wave propagation along the radial direction.
The effective phase ( β ρ )- and the attenuation (α ρ )-constants, which are individually shown on the
left-hand and right-hand sides, respectively, have been normalized in order to present them in terms
of the traditionally used Brillouin diagram.3 The regions from 1.0eV to 1.5eV and from 2.2eV to
2.9eV have non-zero attenuation constants. Inside these two regions, the wave decays exponentially
along the propagation direction. They are so-called stop-band (band-gap) regions. Regions outside
the stop bands are called pass-band ones, where the waves can propagate.
(2)

(1)
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FIG. 8. Brillouin diagram of the cylindrical periodic structure with a periodicity along the radial direction. The two dielectric
mediums have refractive indices n 1 = 1.455 and n 2 = 3.475, their thickness are both 100nm, and the 0-th order cylindrical
harmonic index is considered.

V. CONCLUSION

An annular metamaterial was developed using alternating silicon and silicon dioxide layers
along the radial direction. Due to the periodic boundary conditions, the wave propagation along
the radial direction was found to exhibit stop- and pass-bands, enabling total reflection in band-gap
regions. Significantly, the tangential component of the electric field was observed not to vanish on
the metamaterial surface during total reflection. This structure can mimic a PEC cylinder, but at the
same time, its non-zero tangential electric field near its surface has some additional applications in
optoelectronic device design.
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