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Abstract The derivation, verification, and implication of
the nonlinear dynamic and frequency response of elec-
trostatic actuator due to the double frequency effect
(DFE) were reported in this study. In particular, an
extra mode called half mode was observed and measured
in various studies. However, a complete in-depth dis-
cussion of the effect was not reported in the past. In the
present study, a second-order dynamical equation was
adapted firstly to model the dynamic and frequency
response of electrostatic actuator where typical har-
monic input signal with a dc bias was used. Secondly, by
solving the equation, complex waveform in dynamic
response and an extra half mode in frequency response
due to the double frequency effect can be observed and
discussed. To verify the simulated result, an electrostatic
driving device was fabricated using PolyMUMPS�

process. Note that in frequency response, when dc bias is
equal to the amplitude of ac signal, simulated and
experimental results indicated that the amplitude of half
mode was one-fourth of first mode.

1 Introduction

Microelectromechanical systems (MEMS) enable
suspended microstructures to be moved precisely and
integrated with microelectronic circuits monolithically
on a chip to perform or provide analog tuning or digital
switching of linear or angular motion (Mohamed et al.
2003). Various actuation mechanisms, such as thermal/
bimetallic bimorph (Mohamed et al. 2003; Popa et al.
2003; Tuantranont and Bright 2002), electromagnetic

(Chowdhury et al. 2000; Ji et al. 2000), piezoelectric
(Park et al. 2001; Haddab et al. 2000), and electrostatic
actuation (Hung and Senturia 1999; Mu et al. 2003),
have been established and applied fundamentally in
MEMS-based devices where mechanical actuation is
required.

Of the existing actuating methods for micro-actuator,
electrostatic actuation is thought to be the most popular
method to achieve fast-response-time and simple elec-
tronics (Rosa et al. 1998). In addition, the characteristic
of low power consumption in both resonant and quasi-
static operation is prompt to use in different harmonic
motion applications, such as projection display, confocal
laser scanning microscope, dynamic focusing lens, dif-
fraction grating scanner, and barcode reader. Recently,
various electrostatic actuator designs, such as the par-
allel plate, laterally comb-drive and vertical comb-drive
actuators, had been developed to achieve digital
switching or raster scanning applications.

In designing the aforementioned MEMS devices, its
corresponding dynamic characteristic such as frequency
response is an important ingredient in the design flow.
When a micro-actuator is driven by a harmonic electri-
cal input signal, the frequency response is obtained by
recording the vibration magnitude and the driving signal
from lower to highly frequencies. However, upon the
scanning frequencies are closed to the so-called half
mode, a smaller magnitude than that of natural mode
had been observed as the parts of experiments without
exclusive discussions (Ries and Smith 1998; Lee et al.
2004; Fleischmann et al. 2004). Wilfinger et al. pointed
out that the appearance of half mode is due to the fact
that electrostatic force is square proportional to the in-
put electrical signal (Wilfinger et al. 1968; Jin et al. 1995;
Kiang et al. 1998; Lin and Fang 2003).

By surveying other existing actuating technologies,
half mode was also observed. In magnetic levitation
application, the magnetic force varies as the square of
the current and varies inversely with the square of the
gap between the electromagnetic and the reaction sur-
face (Piyabongkarn et al. 2005). A piezoelectric actuator
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is used to excite a deformable array (Ries and Smith
1998), and the half mode is clear observed from its fre-
quency response. In conclusion, the half mode is existed
not only in electrostatic actuation but also in other
actuation principle such as electromagnetic, thermo, and
piezoelectric actuators.

In this investigation, the dynamic response of elec-
trostatic actuator with harmonic loading is presented
and used to verify the double frequency effect (DFE)
induced half mode. An actual device fabricated with
PolyMUMPS� process was measured and proof the
notable peak of half mode. The time domain response
was also measured and discussed the distortion of
waveform between the input and output. A parameter,
AR, was defined to estimate the amplitude ratio of the
half mode to the first mode.

2 Fabricated device, modeling, and derivation

As shown in Fig. 1, an electrostatic actuating micro-
resonator device was modeled and measured. The device
is fabricated using the commercial available PolyM-
UMPS� process (Koester et al. 1994). The process
consists of a nitride isolation layer, three polysilicon
structural layers (Poly0–2), two phosphosilicon glass
sacrificial layers (PSG1 and PSG2), and a gold metal
layer (Au) for optical reflection and electronic connec-
tion. After dicing process, Hydroflouric (HF) acid is
used to release the MEMS structures. The micro-reso-
nator consists of a composite beam (Rotor) is accom-
plished by deposit a 0.5 lm thick Au film on the surface
of the 1.5 lm thick polysilicon (Poly2) and fixed to an
anchor structure. Based on the tensile and compress
residual stress of Au and Poly2 layer, the composite
beam is exhibited a curved up out of plane behavior. An
external electrode (stator) was manufactured in the flank
of rotor to construct an electrostatic actuator. Note that,
the electrostatic force was dominated by fringe effect due

to the malposition design between rotor and stator.
Therefore, the variation of C is limited, and ¶C/¶z is
approximated to a constant in a larger operation region,
and the typical drawbacks in electrostatic actuation such
as pull-in and hysteresis phenomenon in the parallel
plate electrostatic actuator will not occur in the current
design (Rosa et al. 2004).

The applied electrostatic force of the device can be
expressed as

FE ¼
1

2

@C
@z

V 2; ð1Þ

where C is the equivalent capacitor between the rotor
and stator of electrostatic actuator, z is the displacement
of rotor, and V is the applied electrical driving signal.
When the actuator is driven in small signal and/or lateral
motion comb-drive, the partial differential of capacitor
with respect to displacement, ¶C/¶z, can be assumed to
be a constant.

By intuition, when a harmonic motion output is
required, an ac electrical input signal, fI1=2 sin(xI1t), is
always chosen, as illustrated in Fig. 2a. However, the
square nonlinear relationship between the V and FE

makes the electrostatic force, fO1=fI1
2 =2 � 2 cos (xO1t),

be always positive even when fI1 is negative. From the
schematic illustration in Fig. 2a, this nonlinear and
frequency distortion phenomenon of DFE can be clearly
observed. Consequently, a modified input signal,
fI2=1+sin(xI2 t), comprising of an ac harmonic with a
dc bias signals, was used to improve the frequency
distortion due to the DFE, as shown in Fig. 2b. This
modified electrostatic force, fO2 ¼ f 2

I2 ¼ 1:5þ
2 sinðxI2tÞ � 0:5 cosð2xI2tÞ, with equivalent frequency
was also shown in Fig. 2b. Note that, the frequency
distortion is improved, however, the distortion such as
dead zone appeared in the applied electrostatic force.

The micro-resonator is assumed to have a standard
second-order dynamic system and a modified harmonic
signal similar to the fI2 is used as the electrical excitation
signal. Therefore, the corresponding dynamic equation
can be expressed as

Fig. 1 Fabricated electrostatic actuating device Fig. 2 Applied signals in electrostatic actuator
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m€zþ c_zþ kz ¼ FE ¼
1

2

@C
@z
½a0 þ a1 sinðxtÞ�2

¼ bp a20 þ
a21
2
þ 2a0a1 sinðxtÞ � a2

1

2
cosð2xtÞ

� �

¼ f0 þ f1ðxtÞ � f2ð2xtÞ;
ð2Þ

where m is mass, c damping constant, k is equivalent
spring constant, bp=(1/2) (¶C/¶z) is the capacitor con-
stant of micro-resonator, and x is the excitation fre-
quency of electrical excitation signal. The coefficients a0
and a1 are denoted as the dc bias and the amplitude of ac
signal, respectively, where a0 ‡ a1 is assumed to ensure
no negative input signal. Furthermore, f0 ¼
bp a20 þ a2

1=2
� �

denotes as constant mechanical excitation
input, f1ðxtÞ ¼ bpð2a0a1 sinðxtÞÞ and f2ð2xtÞ ¼
bp a2

1=2
� �

cosð2xtÞ
� �

denote as two different periodic
mechanical excitation inputs. The solution of Eq. 2 can
be derived and expressed as

zðxtÞ ¼ zHðxtÞ þ zf0ðxtÞ þ zf1ðxtÞ � zf2ð2xtÞ; ð3Þ

where zH(x t) is the homogeneous solution of Eq. 2,
zf0ðxtÞ is the transient solution due to the f0, zf1ðxtÞ is
the periodic solution due to the f1 (x t), and zf2ð2xtÞ is
the periodic solution due to f2 (2x t). Thus, the steady
state solution of Eq. 3 can be obtained as follows:

lim
t!1

zðxtÞ ¼ z0 þ zf1ðxtÞ � zf2ð2xtÞ ¼ z0 þ zssðxtÞ; ð4Þ

where z0 is the constant displacement, and zss (x t) is the
periodic steady state solution. Since the periodic steady
state solution plays an important role in harmonic out-
put, it can be further derived and rewritten as

zssðxtÞ ¼ zf1ðxtÞ � zf2ð2xtÞ
¼ Z1 sinðxt � /1Þ � Z2 cosð2xt � /2Þ; ð5Þ

where

Z1 ¼ bp

K1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

1 þ D2
1

q ¼ bp

2a0a1=kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b2Þ2 þ ð2fbÞ2

q ; ð6Þ

/1 ¼ tan�1
D1

M1

� �
¼ tan�1

2fb

1� b2

� �
; ð7Þ

Z2 ¼ bp

K2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

2 þ D2
2

q ¼ bp

a21=2kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 4b2Þ2 þ ð4fbÞ2

q ; ð8Þ

/2 ¼ tan�1
D2

M2

� �
¼ tan�1

4fb

1� 4b2

� �
; ð9Þ

b ¼ x
xn

; xn ¼
ffiffiffiffi
k
m

r
; f ¼ c

2
ffiffiffiffiffiffi
km
p ; ð10Þ

and Z1 and Z2 are the amplitude of the zf1ðxtÞ and
zf2ð2xtÞ, /1 and /2 are the phase shift with respect to x t
and 2x t. beta is the ratio of the applied frequency to the
natural frequency, f is the damping ratio and xn is the
natural frequency of the system.

In Eq. 5, two resonant frequencies xn/2 and xn are
obtained due to the fact that zss(x t) is a linear combi-
nation of zf1ðxtÞ and zf2ð2xtÞ. In particular, when the
input signal is adjacent to xn/2, the response of zss(x t) is
dominated by zf2ð2xtÞ. This characteristic can be ob-
served as the input signal equals to xn/2, Z2 reaches its
maximum amplitude as M2 of Eq. 8 is closed to zero. As
defined previously, this phenomenon is called the ‘‘half
mode’’ of the system that is driven by V2 term of Eq. 1.
Likewise, as the input signal is closed to xn, namely the
first mode, zf1ðxtÞ dominates the response of zss(x t)
which can be observed from Eq. 6 as M1 is closed to
zero.

Furthermore, we can further estimate the amplitude
ratio of half and first mode, AR, by substituting indi-
vidual frequency into zf1ðxtÞ and zf2ð2xtÞ that yields:

AR ¼
zf2ð2xtÞ
�� ����

x¼xn=2

zf1ðxtÞ
�� ����

x¼xn

¼
Z2jb¼1=2
Z1jb¼1

¼ a1
4a0

: ð11Þ

When a0=a1, AR=1/4, the resonant amplitude of half
mode is approximately one-fourth of first mode. Note
that, as the scanning frequency is moving toward the
resonant frequencies of xn/2 and xn, the ratio of Z2 to
Z1 is getting larger and larger, whereas as the scanning
frequency is leaving the resonant frequencies of xn/2 and
xn, the ratio of Z2 to Z1 is getting smaller and smaller.
The higher ratio of Z2 to Z1 causes the complex com-
posite waveform. These phenomenons can be verified
from the following simulation and measurement results.

3 Dynamic response simulation

In the present simulations, FEM simulation software,
IntelliSuite�, was used to investigate the mode and ex-
tract the system parameters, xn=2p · 5,000 rad/s,
a0=a1=10, f=0.026, bp=0.0001, k=0.1. Figure 3
shows the zss(x t) of micro-resonator driven in various
frequencies. Note that, zss(x t) is plotted inversely in
order to match the measured data given in Sect. 5. As
shown in Fig. 3a, when the frequency is lower than
1,500 Hz, a dead zone is occurred due to the actually
mechanical excitation signal with distortion as shown in
Fig. 2b. From Eqs. 5, 6, 7, 8, 9, and 10, we notice that
when x is lower than x n/2, Z1, Z2, /1 and /2 will
increase as x increases. On the other hand, if x is higher
than xn/2, as x increases, Z1 and /1 will still increase
but the Z2 and /2 will start to decrease. These non-
synchronous increased of amplitude and phase resulted
in zss(x t) to have two local minimum and maximum, as
indicated in Fig. 3b–e. As x is over 4,000 Hz, a well
reciprocation output was obtained.

In order to obtain reliable reference data for the
following experimental measurements, two reference
frequencies at xn/2 and xn are simulated. Figure 4
shows the simulation results of zf1ðxtÞ, zf2ð2xtÞ, and
zss(x t). The period of zf2ð2xtÞ, defined as s2, is twice of
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the period of zf1ðxtÞ, defined as s1, and zss(x t), defined
as s3. Since Z1 is greatly larger than Z2, thus the final
amplitude and phase of zss(x t) are dominated by
zf1ðxtÞ.

In Fig. 5, when x is equal to xn/2, s3 is tracking
closely to s1. Nevertheless, since Z1 and Z2 are of the
same magnitude, thus in complex waveform of s3, two
local maximums, MX1 and MX2, and local minimums,
MI1 and MI2, are induced.

4 Frequency response simulation

Figure 6 shows the frequency response simulation of the
fabricated micro-resonator. Note that, the amplitude is
denoted as the difference between MI1 and MX2. To
match aforementioned analysis, a maximum peak of first
mode is occurred at x=xn=2p · 5,000 rad/s. A smaller
peak due to half mode and the AR = 1/4 are observed
in this simulation.

Fig. 3 The dynamic response of micro-resonator driven between 1.5 and 4 kHz

Fig. 4 The dynamic response of micro-resonator driven in x=xn
Fig. 5 The dynamic response of micro-resonator driven in x=xn/2
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5 Experiments and discussions

The released micro-resonator has been packaged using a
DIP package for the purpose of measurements. A laser

Doppler vibrometer (LDV) were used to measure the
dynamic characteristics of micro-resonator and the
measuring point was located close to the free end of
micro-resonator, as shown in Fig. 1. The velocity of the
free end of micro-resonator is measured with a LDV,
and the displacement of the free end of micro-resonator
is numerically integrated from the velocity.

5.1 Dynamic response measurement in harmonic
loading

In the presented experiment, the applied electrical signal
of the micro-resonator was biased by the sinusoidal
wave with voltages peak to peak, 0–20 V (e.g.,
a0=a1=10 V), and frequency range between 100 Hz
and 4 kHz, as shown in Fig. 7a–f. When the bias signal
is setting at the frequency range between 100 Hz and
1.5 kHz, the relative amplitude is fixed at 2.219 lm.
Note that, the dead zone discussed in Sect. 3 was

Fig. 6 The frequency response micro-resonator

Fig. 7 The dynamic response of
micro-resonator driven between
1.5 and 4 kHz (the upper curve
is the input signal and the lower
curve is the LDV output signal)
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observed in Fig. 7a. Nevertheless, when the bias signal is
over 1.5 kHz, the complex waveform due to DFE is
observed, as shown in Fig. 7b–e. As soon as the fre-
quency is over 3.9 kHz, the complex waveform is back
to monotone waveform, as shown in Fig. 7f. The mea-
sured dynamic response of micro-resonator in Fig. 7 was
match very well to the simulation results shown in
Fig. 3.

5.2 Frequency response

As shown in Fig. 8, the frequency response of micro-
resonator is obtained by using LDV. The applied elec-
trical signal of micro-resonator was biased by the sinu-
soidal wave with voltages peak to peak, 0–20 V (e.g.,
a0=a1=10 V), and frequency range from 100 Hz and
100 kHz. The half and first mode are measured at 2.5
and 5 kHz, which matched very well with the model
analysis and simulations given in Sects. 2 and 4. From
previous FEM simulations, second and fourth modes
matched well with third and fourth peaks of Fig. 8
which are measured at 31 and 84.03 kHz, respectively.
In the present experiment, AR = 1/4 is obtained due to
the fact that a0=a1=10 V.

Not that, the half modes of second and fourth mode
were not observed in the measurement process due to the
lower frequency sampling rate. Although not reported
herein, we have observed the half mode of second
mode in another resonator that was fabricated using
CMOS–MEMS process.

6 Conclusion

This work describes the nonlinearly and distortion
behavior in dynamic and frequency response of electro-
static actuator due to the DFE. A mathematical model
of second-order dynamic system was used to express
the dynamic and frequency response of electrostatic

actuator. By using this mathematical model, the complex
waveform in dynamic response and extra half mode in
frequency response due to the DFE were illustrated,
discussed, and simulated. To verify the simulated result,
an electrostatic driving device was fabricated using
PolyMUMPS� process. Note that, the simulation results
of dynamic and frequency response were match very well
with the measurement results. Furthermore, when the
dc bias is equal to the amplitude of ac signal, as derived
previously, the amplitude ratio of half mode was about
one-fourth of first mode.

In the present study, the value of ¶C/¶z in Eq. 1 is
assumed to be constant. However, in the other studies,
this assumption is not conformed to the MEMS devices
such as rotation mirror with parallel plate electrostatic
actuation. Thus, in the case of non-constant ¶C/¶z,
Eq. 11 can no longer be used to predict AR. By fully
understanding the present mathematical model and
measurement results of electrostatic actuator, control
algorithm will be developed in the future for novel
applications.
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