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Abstract

In previous works, ratios among four-point scattering amplitudes at the leading order in the high-energy
limit were derived for the bosonic open string theory. The derivation was based on Ward identities derived
from the decoupling of zero-norm states and was purely algebraic. The only assumption of the derivation
was that the momentum polarization can be approximated by the longitudinal polarization at high energies.
In this paper, using the decoupling of spurious states, we reduce this assumption to a much weaker one
which can be easily verified by simple power counting in most cases. For the special cases which are less
obvious, we verify the new assumption for an example by saddle-point approximation. We also provide
a new perspective to our previous results in terms of DDF states. In particular, we show that, by using DDF
states, one can easily see that there is only one independent high energy scattering amplitude for each fixed
mass level.
© 2006 Elsevier B.V. All rights reserved.

1. Introduction

One of the prominent characteristics of string theory is its huge spacetime gauge symmetry.
In the usual world-sheet approach, this gauge symmetry is represented by zero-norm states in the
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spectrum and string interactions preserve this structure. It is reasonable to believe that, at least
perturbatively, this huge gauge symmetry together with Lorentz symmetry govern the theory in
flat spacetime.

In [1], it was conjectured that string theory also possesses a huge hidden symmetry which
relates all string oscillation modes to one another, such that the S-matrix is determined by the
scattering amplitudes among, say, tachyons for bosonic strings or dilatons for superstrings. Un-
fortunately, not much of this hidden symmetry has been understood.

In general, it is plausible that a hidden symmetry becomes manifest in the high-energy
limit [2], where massive particles become effectively massless. The observation that only the
above-mentioned gauge symmetry governs the theory suggests that the hidden symmetry is in
some sense hidden in the gauge symmetry.1 If this is the case, taking the high-energy limit of
the gauge symmetry might be a proper approach in order to obtain useful information about the
conjectured hidden symmetry. Our previous works [3–5] were such efforts. For other attempts,
see [6,7].

In the papers [3,4], we derived some linear relations among high-energy 4-point scattering
amplitudes up to the third mass level by considering the high-energy limit of zero-norm states.
Furthermore, in the paper [5], we generalized previous results to all mass levels. The strategy
of our previous approach is the following. First, using the decoupling of zero-norm states from
amplitudes, one obtains some linear relations (stringy Ward identities) among the amplitudes
for unphysical states.2 Note that zero-norm states themselves do not relate physically inequiva-
lent particle states, therefore we cannot obtain any physically meaningful relations at this point.
However, after taking the high-energy limit of these relations, something special happens. Recall
that 1-string states are characterized by a choice of polarizations in 26 dimensions. In this limit,
momentum polarization and longitudinal polarization approach each other, and the transverse
directions can be neglected except for the direction parallel to the scattering plane under consid-
eration. Therefore, if we ignore the 1/E2 effects, the system looks effectively two-dimensional3

and the above stringy Ward identities can relate amplitudes which now only involve two polariza-
tions. Using these linear relations in the high-energy limit, one can obtain physically meaningful
results. Remarkably, all the high-energy leading amplitudes for relevant physical states are com-
pletely solved and can be related to that of four tachyons.

However, there is a loophole in the above argument. While we only focused on the leading
behavior of amplitudes, sometimes an amplitude vanishes accidentally at the presumed leading
order, and the true leading order is lower than the naive expectation. In this case, we cannot fully
justify the omission of the 1/E2 effects (which are actually at the true leading order), and the
replacement of the momentum polarization by the longitudinal polarization may not be a good
approximation. As a simple example, using the notation in Eq. (1), the difference between eP ·T
and eL · T is at the leading order if T ∝ eL or eP although the difference between eP and eL

is subleading in the high energy limit. Therefore, strictly speaking, our previous argument needs
further justification. Roughly speaking, it was based on an assumption on the smoothness of the
high-energy limit, as we explained in the paper [4]. Although this assumption is highly nontrivial
from the viewpoint of ordinary field theories, the final results have been verified independently by

1 A possible connection between these symmetries is that the hidden symmetry is needed for the self-consistency of
gauge-invariant interactions, as it is highly nontrivial for higher spin gauge theories to have self-consistent interactions.

2 Of course, “amplitude” for unphysical states is not well defined. They depend on the gauge-fixing prescription for
world-sheet symmetry.

3 This is for the case of 4-point function.
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direct computations of four-point functions. The main aim of this paper is to fill in this possible
loophole. Instead of starting with stringy Ward identities which are derived from the decoupling
of zero-norm states, we utilize the decoupling of spurious states here. With a much weaker as-
sumption, we can justify the omission of the 1/E2 effects on the way to showing the irrelevance
of other states, that is, the momentum polarization can be replaced by the longitudinal polariza-
tion at high energies. Besides this, the derivations of linear relations are quite similar to those
in [5] based on the decoupling of high-energy zero-norm states. Though the new assumption for
the proof of our results might seem always valid at first sight, if we consider multi-tensor scatter-
ing amplitudes, it is not always trivial, at least not until explicitly checked. For two-tensor cases,
we shall show one example, and check that the assumption is valid. Based on this example, we
argue that this assumption is valid for generic cases.

To summarize, we can now show with better rigor that the high-energy amplitudes of bosonic
open strings are linearly related. Furthermore, only one independent function for high-energy
amplitudes exists at each fixed mass level. This result suggests that effectively only one physical
state survives in this high-energy limit at every mass level. In principle, using our results, one can
always perform a change of the basis for physical states so that the ratios among the high-energy
amplitudes become 1 : 0 : · · · : 0. Moreover, by properly choosing the gauge, we can explicitly see
this remarkable fact. We shall also comment on this issue in this paper.

2. Rederivation of the general formula and justification of the replacement of P by L

2.1. The high-energy limit

Before detailing the proof of our result, we briefly summarize our procedure of taking the
high-energy limit. See [5] for more details. We only consider 4-point scattering amplitudes of
open strings in bosonic string theory for simplicity. These 4-point amplitudes depend on the
center-of-mass energy Ecm, the scattering angle φ and the choices of four oscillating modes of
strings. We take the limit4 of Ecm going to infinity with the scattering angle φ fixed. Three of
the particles are fixed and the mass level of the last particle is a fixed integer n. We will use the
terminology “family” to represents a class of particles which are at the same mass level n. Our
question is how the leading behavior of the amplitudes will change when we replace one of the
particles by another particle in the same family. Now we will focus on the string state of the last
particle. To specify the polarizations of this state, we use the following basis for 26 dimensions

eP = 1

m

(√
p2 + m2,p,0, . . . ,0

)
, eL = 1

m

(
p,

√
p2 + m2,0, . . . ,0

)
,

(1)eTi = (0,0, . . . ,1, . . .),

where m is the mass of the state at issue given by
√

2(n − 1). It will be convenient to introduce
two more vectors

eT = (0,0, . . . ,0,1),

(2)e(L−P) = p − √
p2 + m2

m
(1,1,0, . . . ,0) � − m

2p
(1,1,0, . . . ,0),

4 Namely, our arguments are valid only in the region where Ecm � 2(n− 1). We are using the convention of α′ = 1/2.



C.-T. Chan et al. / Nuclear Physics B 749 (2006) 266–279 269
where eT is the transverse vector which is parallel to the scattering plane.5 From now on, we
reserve the notation eTi for the transverse polarizations which are perpendicular to the scattering
plane. e(L−P) is a null vector which is defined by the difference between eP and eL. The inner
product of a vector V μ with these unit vectors eA

μ (A = P,L,T ,Ti or (L − P)) will be denoted
by V A.

2.2. Definitions and assumption

In the rest of this section, we give a better proof of our main result in [5]. This will be achieved
in several steps. First, we will assign naive energy dimensions to each oscillation modes based
on concrete calculation of scattering amplitudes. Second, we will have to make a minor assump-
tion about how 4-point functions really scale with energy E in the high-energy limit, namely, we
assume that, for some class of states, we can trust the power counting of the naive energy dimen-
sions. This assumption can sometimes be easily checked using the saddle-point approximation.
From the decoupling of spurious states and this assumption, we can tell which states should not
contribute to scattering amplitudes in the high-energy limit. This information will allow us to
freely replace the polarization P by L in the linear relations of 4-point functions obtained from
the decoupling of spurious states. The last step is to show that these linear relations lead to our
earlier result [5], which is the explicit expression of ratios among scattering amplitudes.

As we just mentioned, we use the decoupling of spurious states from physical states to rederive
our previous result in a rigorous manner. We only need two Virasoro operators

(3)L−1 = 1

2

∑
n∈Z

α−1+n · α−n = m̂αP−1 + α−2 · α1 + · · · ,

(4)L−2 = 1

2

∑
n∈Z

α−2+n · α−n = 1

2
α−1 · α−1 + m̂αP−2 + α−3 · α1 + · · · ,

to generate all spurious states. Each oscillator αA−m corresponds to a factor of 1
(m−1)!∂

mXA in the
vertex operator. The operator ∂mXμ can contract with the exponent ik ·X of another vertex oper-
ator in the correlation function to produce a factor of kμ. This is the leading order contribution of
the factor ∂mXμ to the correlation function, and it scales like E1 at high energies. So we assign
a dimension 1 to ∂mXμ. Similarly we assign dimensions to the polarization vectors. Combining
the dimensions of Xμ and eA

μ , we associate a naive dimension to every oscillator

(5)αP−m → 2, αL−m → 2, αT−m → 1, α
Ti−m → 0, α

(L−P)
−m → 0.

However, terms at the naive leading order may happen to cancel (this happens whenever ∂XP

or ∂XL is involved [3–5]) and the true leading order may be lower (but never higher).
Another notion that will be helpful is the naive dimension of a state, which is the sum of the

naive dimensions of all creation operators needed to create the state from vacuum. We symbol-
ically represent a generic state at level n (with mass m̂ = √

2(n − 1) ) and naive dimension d

as |n,d〉. As an example of using this notation, we have

(6)L−1|n − 1, d〉 = m̂αP−1|n − 1, d〉 + |n,d〉.
Let us now state our assumption.

5 In this paper, we set the scattering plane on the X0–X25 plane.



270 C.-T. Chan et al. / Nuclear Physics B 749 (2006) 266–279
Assumption. In the following we will assume that the true energy order of the amplitude for the
state

(7)|n〉 =
n︷ ︸︸ ︷

αT−1 · · ·αT−1 |0〉
(with other particles fixed) is greater than the amplitude for any state |n,d〉 whose naive dimen-
sion d is less than n.

Note that this is the only input of our derivation apart from the decoupling of spurious states.
Using the saddle-point method, one can immediately conclude that the assumption is correct
for 4-point functions when the prefactors of the other 3 vertices do not contain ∂XL. Therefore
the assumption only needs to be checked when ∂XL does appear in one or more of the other
3 vertices. We do not have a rigorous proof, but the assumption holds for all examples we have
checked. (See Section 4.)

In fact, our algebraic proof can be applied to generic N -point functions. For N -point func-
tions, we fix (N − 1) vertices such that the amplitude is not suppressed when the varying vertex
is chosen to be |n〉. The same procedure given below will allow us to find the ratios between the
N -point function for |n〉 and certain other choices of states at the same level. However, unique
solution for all possible choices of vertices can be derived only for 4-point functions because in
other cases we cannot ignore all other transverse polarizations.

2.3. Proof of irrelevance

The first step is to find those states which are subleading compared to |n〉, so that we can
ignore them later. We first show that a state is subleading if the total number of αP−m and αL−m is
odd.

2.3.1. Irrelevance of the states with only one αP−1
To begin, we prove that states involving a single factor of αP−1 are subleading. Consider a class

of spurious states generated by L−1

(8)L−1|n − 1, n − 1〉 = m̂αP−1|n − 1, n − 1〉 + |n,n − 1〉︸ ︷︷ ︸
irrelevant

.

Due to the assumption (7) above, the state |n,n−1〉 is not at the leading order and can be ignored.
The decoupling of the spurious state implies that

(9)αP−1|n − 1, n − 1〉 → irrelevant,

though the naive dimension of this state is n + 1.

2.3.2. Irrelevance of the states with three αP−1
The next set of spurious states we consider is

L−1α
P−1|n − 2, n − 3〉

(10)= m̂αP−1α
P−1|n − 2, n − 3〉 + αP−2|n − 2, n − 3〉︸ ︷︷ ︸

irrelevant

+ αP−1|n − 1, n − 3〉︸ ︷︷ ︸
irrelevant

.
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The last two terms are of naive leading order (n − 1), implying that the first term on the right-
hand side is decoupled in the high energy limit, despite the fact that it has a naive dimension
of (n + 1). Similarly, we have

L−1α
P−1α

P−1|n − 3, n − 3〉

(11)

= m̂αP−1α
P−1α

P−1|n − 3, n − 3〉 + 2αP−1α
P−2|n − 3, n − 3〉︸ ︷︷ ︸
irrelevant←(9)

+ αP−1α
P−1|n − 2, n − 3〉︸ ︷︷ ︸

irrelevant←(10)

,

and we conclude that both class of states are irrelevant at high energies

(12)αP−1α
P−1|n − 2, n − 3〉, and αP−1α

P−1α
P−1|n − 3, n − 3〉 → irrelevant.

2.3.3. Irrelevance of the states with odd numbers of αP−1 and αL−1
The previous result (12) allows us to use mathematical induction. We need to prove that if

both

2k−2︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k + 2, n − 2k + 1〉, and

(13)

2k−1︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k + 1, n − 2k + 1〉 → irrelevant,

then

2k︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k,n − 2k − 1〉, and

(14)

2k+1︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k − 1, n − 2k − 1〉 → irrelevant.

The proof is consisted of computing the following two types of spurious states:

L−1

2k−1︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k,n − 2k − 1〉

= m̂

2k︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k,n − 2k − 1〉 + (2k − 1)

2k−2︷ ︸︸ ︷
αP−1 · · ·αP−1 αP−2|n − 2k,n − 2k − 1〉︸ ︷︷ ︸

irrelevant←(13)

(15)+
2k−1︷ ︸︸ ︷

αP−1 · · ·αP−1 |n − 2k + 1, n − 2k − 1〉︸ ︷︷ ︸
irrelevant←(13)

,

and

L−1

2k︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k − 1, n − 2k − 1〉

= m̂

2k+1︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k − 1, n − 2k − 1〉
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+ 2k

2k−1︷ ︸︸ ︷
αP−1 · · ·αP−1 αP−2|n − 2k − 1, n − 2k − 1〉︸ ︷︷ ︸

irrelevant←(13)

(16)+
2k︷ ︸︸ ︷

αP−1 · · ·αP−1 |n − 2k,n − 2k − 1〉︸ ︷︷ ︸
irrelevant←(15)

.

Therefore, both type of states

(17)

2k︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k,n − 2k − 1〉, and

2k+1︷ ︸︸ ︷
αP−1 · · ·αP−1 |n − 2k − 1, n − 2k − 1〉,

can be ignored. Using the identity

(18)αL−1 = αP−1 + α
(L−P)
−1 ,

we conclude that
2k︷ ︸︸ ︷

αP−1 · · ·αP−1α
L−1 · · ·αL−1 |n − 2k,n − 2k − 1〉, and

(19)

2k+1︷ ︸︸ ︷
αP−1 · · ·αP−1α

L−1 · · ·αL−1 |n − 2k − 1, n − 2k − 1〉,
are also irrelevant, because the naive dimension of α

(L−P)
−1 is zero.

2.4. Linear relations

In this section we rederive the linear relations among 4-point functions obtained in [5].
So far, we have shown that if a state is not of this form,

(20)

2k︷ ︸︸ ︷
αP−1 · · ·αP−1α

L−1 · · ·αL−1 |n − 2k,n − 2k〉,
then the state is irrelevant. Furthermore, it indicates that a combination

(
αL−1α

L−1 − αP−1α
P−1

) 2k︷ ︸︸ ︷
αP−1 · · ·αP−1α

L−1 · · ·αL−1 |n − 2k − 2, n − 2k − 2〉

(21)
= (

2αP−1α
(L−P)
−1 + α

(L−P)
−1 α

(L−P)
−1

) 2k︷ ︸︸ ︷
αP−1 · · ·αP−1α

L−1 · · ·αL−1 |n − 2k − 2, n − 2k − 2〉,

is also irrelevant. By definition,

n︷ ︸︸ ︷
αT−1 · · ·αT−1 |0〉 is relevant. Now we derive relations among the

above type of states and see that all of them are relevant. Hereafter, we use the notation

(22)T (n,2m,q),

to represent scattering amplitudes corresponding to the states

(23)|n,2m,q〉 ≡ (
αT−1

)n−2m−2q(
αP−1

)2m(
αP−2

)q |0; k〉.
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2.4.1. Relation 1
Consider the spurious state

L−2

n−2︷ ︸︸ ︷
αT−1 · · ·αT−1 |0〉

(24)

=
(

1

2

(
αT−1α

T−1︸ ︷︷ ︸
relevant

+αL−1α
L−1 − αP−1α

P−1︸ ︷︷ ︸
irrelevant

) + m̂αP−2 + α−3 · α1 + · · ·︸ ︷︷ ︸
irrelevant

) n−2︷ ︸︸ ︷
αT−1 · · ·αT−1 |0〉.

We see that

n−2︷ ︸︸ ︷
αT−1 · · ·αT−1 αP−2|0〉 is relevant and

(25)T (n,0,1) = − 1

2m̂
T (n,0,0).

Using mathematical induction, we find that

n−2q︷ ︸︸ ︷
αT−1 · · ·αT−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉 are relevant and

(26)T (n,0,q) =
(−1

2m̂

)q

T (n,0,0).

2.4.2. Relation 2
Consider another class of spurious states

L−1

n−2q−2︷ ︸︸ ︷
αT−1 · · ·αT−1 αP−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉

= (
m̂αP−1 + α−2 · α1 + α−3 · α2 + · · ·︸ ︷︷ ︸

irrelevant

) n−2q−2︷ ︸︸ ︷
αT−1 · · ·αT−1 αP−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉

(27)

= m̂

n−2q−2︷ ︸︸ ︷
αT−1 · · ·αT−1 αP−1α

P−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉 +

n−2q−2︷ ︸︸ ︷
αT−1 · · ·αT−1

q+1︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉︸ ︷︷ ︸

relevant

+ irrelevant.

It shows that

n−2q−2︷ ︸︸ ︷
αT−1 · · ·αT−1 αP−1α

P−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉 is relevant and

(28)T (n,2,q) = − 1

m̂
T (n,0,q+1).

Using mathematical induction again, we find that

n−2m−2q︷ ︸︸ ︷
αT−1 · · ·αT−1

2m︷ ︸︸ ︷
αP−1 · · ·αP−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2 |0〉 are rel-

evant and

(29)T (n,2m,q) =
(−(2m − 1)

m̂

)
· · ·

(−3

m̂

)(−1

m̂

)
T (n,0,q+m).
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2.5. Final result

Because we know the irrelevance of other states, the flipping of P to L is justified for relevant
states. Therefore all relevant states take the form

(30)

n−2m−2q︷ ︸︸ ︷
αT−1 · · ·αT−1

2m︷ ︸︸ ︷
αP−1 · · ·αP−1α

L−1 · · ·αL−1

q︷ ︸︸ ︷
αP−2 · · ·αP−2α

L−2 · · ·αL−2 |0〉,

and their amplitudes are related to that of the reference state |n〉 =
n︷ ︸︸ ︷

αT−1 · · ·αT−1 |0〉 by

(31)T (n,2m,q) =
(−(2m − 1)

m̂

)
· · ·

(−3

m̂

)(−1

m̂

)(−1

2m̂

)m+q

T (n,0,0).

This is finally our main result of the previous paper [5].

3. Choice of gauge

In the last section, we have proved, under the assumption (7), that, in the high energy limit,
all 4-point correlation functions are linearly related and remarkably there is a unique function
for every family. It suggests that there exists such a choice of basis for physical particles, where
only one particle in the same family gives a non-zero scattering amplitude. Though such a basis
could in principle be given in any gauge, we found that there exists a suitable gauge where one
immediately realizes that only one physical particle survives in the high energy limit for every
mass level.

This gauge is naturally spanned by DDF positive norm states [8]. DDF positive norm states
are created by acting DDF operators

(32)Ai
n = 1

2π

2π∫
0

Ẋi(τ )einX+(τ ) dτ, i = 1, . . . ,24,

on the tachyonic ground state |0,p0〉, where the tachyonic momentum is chosen as p
μ
0 =

(0, . . . ,0,
√

2). It is well known that such states span the whole spectrum of physical positive
norm states

(33)A
i1−n1

A
i2−n2

· · ·Aim−nm
|0,p0〉

in a frame where the momentum of these states takes the form of pμ = p
μ
0 − Nk

μ
0 , with k0 =

(−1,0, . . . ,0,1)/
√

2 and N representing the level of states. Since this construction of physical
positive norm states naturally picks up a gauge, we simply call this gauge the DDF gauge. This
gauge is characterized by the condition

(34)k0 · αn|physical state〉 = 0,

for n > 0. This condition guarantees that, in this gauge, physical states contain only oscillators
whose polarizations are perpendicular to k0. (Note that k0 is perpendicular to itself because it is
a null vector.)
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After short calculation, we can rewrite the DDF states in terms of the usual Fock space repre-
sentation in any Lorentz flame. For example, for the 1st massive particles (m2 = 2), we have

(35)Ai
−1A

j

−1|0,p0〉 →
(

αi
−1α

j

−1 + δij

(
− 1

2
√

2
α

(L−P)
−2 + 1

4
α

(L−P)
−1 α

(L−P)
−1

))
|0,p〉,

(36)Ai
−2|0,p0〉 → (

αi
−2 − √

2αi
−1α

(L−P)
−1

)|0,p〉,
and for the 2nd massive particles (m2 = 4)

Ai
−1A

j

−1A
k
−1|0,p0〉

→
(

αi
−1α

j

−1α
k
−1

(37)+
(

δijαk
−1 + δkiα

j

−1 + δjkαi
−1

)(
−1

4
α

(L−P)
−2 + 1

8
α

(L−P)
−1 α

(L−P)
−1

))
|0,p〉,

Ai
−2A

j

−1|0,p0〉
→

(
αi

−2α
j

−1 − αi
−1α

j

−1α
(L−P)
−1

(38)+ δij

(
−1

3
α

(L−P)
−3 + 1

2
α

(L−P)
−2 α

(L−P)
−1 − 1

6
α

(L−P)
−1 α

(L−P)
−1 α

(L−P)
−1

))
|0,p〉,

Ai
−3|0,p0〉

(39)→
(

αi
−3 − 3

2
αi

−2α
(L−P)
−1 + αi

−1

(
−3

4
α

(L−P)
−2 − 9

8
α

(L−P)
−1 α

(L−P)
−1

))
|0,p〉.

The polarization e(L−P) of oscillator α
(L−P)
−n emerges as a covariantized version of the null vec-

tor k0. This explicit expressions of the physical positive norm states and our previous counting
rules of naive dimension (5) imply that only the particles (35) and (37) with i, j, k = T are rele-
vant in the family at mass levels m2 = 2 and m2 = 4, respectively. Actually, this kind of structure
is generic in this gauge. Noticing that the DDF operator (32) is at most linear in oscillators αi−n,

and the naive dimension of α
(L−P)
−n is 0, we should assign naive dimension 1 to AT−n and 0 to

others. Therefore, we can conclude that the unique state

(40)AT−1 · · ·AT−1|0,p0〉,
constructed by only one operator, AT−1, survives in the high energy limit, under the same assump-
tion as we have made in the previous section.

The existence of the DDF gauge where only the transverse and the (L − P)-polarization are
needed is a direct implication of the fact that DDF states include all inequivalent physical states
(up to Lorentz transformations). In this gauge we can easily see that the ratio of high energy
amplitude is simply 1 : 0 : · · · : 0, while in other choices of gauge (and thus different choices of
basis), they might be different. For instance, in the gauge where we use only the transverse and
longitudinal polarizations, the ratio is 8 : 1 :−1 :−1 for m2 = 4 (for the basis chosen in [3]).

4. Validity of the assumption

In the previous sections, we have studied behaviors of stringy amplitudes in the high-energy
limit, based on the assumption made in Section 2. In this section, we shall check the valid-
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ity of the assumption (7). At first sight, one might think that the validity of the assumption is
rather trivial. If there is no suppression of the energy orders of the high-energy amplitudes with
the particle |n〉, we can regard their naive dimensions as the true ones, hence the assumption
is valid. But we know that, in some situations, the high-energy amplitudes are suppressed and
their true energy orders become less than the naive ones. Typically, such a suppression occurs
when the other vertices contain αP−1 or αL−1. Originally, Wick-contracted terms between tensor
parts of different vertex operators give subleading contributions compared to those from Wick-
contracted terms between tensors and exponents. However, if the (naive) leading contributions
turn out to cancel and the amplitudes are suppressed, it is very likely that the true leading con-
tributions to a multi-tensor amplitude will be given by these tensor-tensor contraction terms. In
that situation, the naive energy orders of amplitudes by dimensional analysis, which is based on
Wick-contractions between tensors and exponents, might fail. Therefore, we need to check the
validity of our assumption in order to confirm the main results (20), (31) and (40).

To be specific, we shall explicitly check the assumption in a representative example, where
the four-point function consists of two spin-two tensors (at mass level m2 = 2) and two tachyons.
In particular, we shall fix V1 as a physical state which consists αL−1, and we can expect that the
amplitude gets suppressed. We shall calculate the following amplitude

T =
∫ 4∏

i=1

dxi 〈V1V2V3V4〉,

where

V1 ≡ ∂XT1∂XL1eik1X,

and V3,V4 are tachyon vertices. For V2, we consider the following three cases:

(41)Case 1: V2 = ∂XT2∂XT2eik2X,

(42)Case 2: V2 = ∂XT2∂X(L2−P2)eik2X,

(43)Case 3: V2 = ∂X(L2−P2)∂X(L2−P2)eik2X.

Notice that by our energy-counting rule (5), the four-point amplitudes associated with the three
cases should have naive dimensions five, four and three, respectively. While it is conceivable that
the true leading energy order for the first case, due to the presence of ∂XL1 , should be no greater
than three; it is not trivial to see whether the true leading orders of the second and the third cases
are really less than that of the first case such that our assumption (7) can be justified. For this
reason, we need to perform a sample calculation, based on the saddle-point method.6

The amplitude with two spin-two tensors and two tachyons is given by7

∞∫
−∞

dx u(x)e−Kf (x),

where

(44)K = −k1 · k2, τ = −k2 · k3

k1 · k2
,

6 For details of the saddle-point method, see Section 5 of [5].
7 We have employed the standard SL(2,R) gauge fixing, x1 = 0, x3 = 1, x4 = ∞, such that k14,k24 and k34 do not

appear in this discussion.
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(45)f (x) = lnx − τ ln(1 − x),

and the function u(x) consists of three contributions with different energy orders. It is convenient
to make the following decomposition,

(46)u(x) ≡ uI(x) + uII(x) + uIII(x),

and

(47)uI(x) ≡ (
eT1 · k23

)(
eL1 · k23

)(
eA · k13

)(
eB · k13

)
,

uII(x) ≡ − 1

x2

[(
eT1 · eA

)(
eL1 · k23

)(
eB · k13

) + (
eT1 · eB

)(
eL1 · k23

)(
eA · k13

)
(48)+ (

eL1 · eA
)(

eT1 · k23
)(

eB · k13
) + (

eL1 · eB
)(

eT1 · k23
)(

eA · k13
)]

,

(49)uIII(x) ≡ 1

x4

[(
eT1 · eA

)(
eL1 · eB

) + (
eT1 · eB

)(
eL1 · eA

)]
,

where eA
μeB

ν is the polarization tensor of the second particle and

(50)k23 ≡ k2

x
+ k3,

(51)k13 ≡ k1

x
− k3

1 − x
,

are linear combinations of the momenta, which come from the Wick-contraction with eik·Xs.
The function uI(x) is the part of u(x) which does not contain terms from tensor-tensor con-
traction. uII(x) and uIII come from the terms with one tensor-tensor contraction and with two
tensor–tensor contractions, respectively. Note that, when we use the saddle-point approximation
and substitute its saddle-point value x0 = 1/(1 − τ) for moduli parameter x, the inner products
eL1 · k23 and eL2 · k13 get suppressed and their true energy orders become one. In case 1, in the
zeroth-order contribution of the saddle-point approximation, we can see the expected suppres-
sion for both uI(x0) and uII(x0), and uIII(x0) is identically zero because the polarizations are
orthogonal to eL1 . Then, we conclude that the true energy order of the amplitude is really three,
after checking that there is no further suppression between the zeroth-order contribution of uI(x)

and the first-order contribution of uI(x) in the saddle-point approximation. In view of this, for
the validity of the assumption, we need to make sure that the true energy orders of cases 2 and 3
are really less than three. Indeed, due to the existence of eL1 in V1, uI(x) for both cases 2 and 3
also get suppressed and have energy order two and one, respectively. In general, uI(x) always
shares a common pattern of suppression for different choices of V2, because it is of a factorized
form. Furthermore, for cases 2 and 3, naive energy orders (hence, true energy orders) of uII(x)

and uIII(x) are no greater than two.8 Thus, in this example, our assumption is valid.
Now we can apply our results to this example and check one of their consequences. For

example, if we consider the vertex

(52)Case 4: V2 = ∂XT2∂XL2eik2X,

according to our results, this amplitude should have true energy order less than that of case 1,
namely, three. At first sight, it does not seem to happen because the true energy order of uII(x0)

8 Actually, they do not get suppressed in this example.
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Table 1

uI(x) uII(x) uIII(x)

Case 1 E5 → E3 E3 → E1 0
Case 2 E4 → E2 E2 E0

Case 3 E3 → E1 E1 E−1

Case 4 E6 → E4 E4 E2

E4 + E4 → E2

is actually four. However, explicit calculation shows that the first-order contribution of uI(x) in
the saddle-point approximation (miraculously) cancels the leading contribution of uII(x0). Then,
the true energy order of case 4 is two as we have predicted. Table 1 summarizes the energy orders
of the u’s for all four cases. The right arrow stands for suppressions or cancellations.

We can generalize the above argument to any other multi-tensor amplitudes as far as no other
particle contains polarizations eTi . In order to make discussion simple, we choose the physical
states for V1, V3 and V4 in the DDF gauge. In this gauge, the polarizations of positive-norm states
will consist of eT and e(L−P) only (e.g., Eqs. (35)–(39)). Consequently, suppressions which we
have seen in the previous example do not happen and true leading amplitudes are simply given
by the zeroth-order saddle-point approximation. In particular, we expect that uI(x0), analogously
defined as in Eq. (47), should give the leading contribution to the high-energy amplitudes. Be-
cause uI(x0) depends on the polarization of V2 only through factors of eA · k13, its true energy
order is exactly same as what we expect from the naive dimension of V2. The only exception
might happen if we consider amplitudes with subleading particles. For subleading particles in
the DDF gauge, there are several terms which make the leading contributions to uI(x0), for ex-
ample, αT−2|0,p〉 and

√
2αT−1α

(L−P)
−1 |0,p〉 in Eq. (36). If there is an unexpected cancellation

among these terms, we cannot rely on the above argument and must judge the assumption on
a case-by-case basis. However, cancellation itself is easily checked by calculating one factor
of uI(x0), which is related to the polarization of the subleading particle. Therefore, as we did in
the previous example, after checking that there is no such a cancellation, we can conclude that
the assumption is valid. Thus, we can expect that our assumption is widely valid as far as the
other particles do not contain polarizations of eTi .

On the other hand, if we consider amplitudes with eTi , our assumption easily breaks down. For
example, if an amplitude contains one photon with the polarization eTi , the amplitude vanishes
unless it has another particle with polarization eTi . Therefore, the leading particle should be
∂XTi (∂XT )n−1eik·X , not (∂XT )neik·X . Thus, our assumption (7) is not valid. However, if we
replace the state |n〉 by |n − 1〉′ ≡ α

Ti

−1(α
T−1)

n−1|0〉 and repeat the same argument in Section 2,
one should be able to derive similar results based on this reference state.
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