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Abstract 

Extracting useful and robust feature points from a cylinder image for 3D pose determination is a relatively difficult task, 
since there are no feature points or lines on the cylinder. In this study, a key vector from a cylinder image is found to yield a 
transformation. The cylinder is then "reprojected" from the original image to obtain a new image using the transformation. 
The new image reveals some important features capable of determining the 3D cylinder position robustly. The proposed 
method can yield an exact and analytical solution without the requirement of using any special marks, extra equipment or 
assumptions. Additionally, a problem in which both circles on the cylinder are not completely visible due to the viewing 
angle can be resolved by this method. Finally, experimental results are provided to verify the theory and show the robustness 
of our method. 
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1. Introduction 

Monocular computer vision is one of the challeng- 
ing techniques for 3D scene analysis. Among the 
methodologies of  monocular computer vision, per- 
spective inversion is capable of  determining 3D in- 
formation for a desired object from its single per- 
spective image based on the model knowledge. For 
industrial robots, tasks such as automatic manipula- 
tion are good applications in which a lot of  object 
information is available. A cylinder is a primitive 
object of industrial products. There exist cylindrical 
objects, e.g., food cans, missiles, cylindrical contain- 
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ers, pipes, circular pillars, and wheels. Therefore, 
performing the pose determination of a cylinder is 
deemed necessary. In this study, an image transfor- 
mation technique is used to develop a novel method 
capable of  determining the 3D orientation and posi- 
tion of a right cylinder with known radius from a 
single image. 

In the literature, approaches  having used 
point / l ine  correspondences or stereo vision (e.g., 
Liu et al., 1990 or Horaud et al., 1989) cannot be 
applied since there are no feature lines or points on a 
right cylinder. Also, extracting useful feature points 
from a right cylinder image is also relatively difficult 
under perspective projection. Some approaches hav- 
ing used the shape from shading (for instance, 
Woodham, 1978) could be employed to estimate the 
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orientations of the cylindrical curved surface and the 
cylinder axis. However, these methods assumed that 
the illumination was simple and the surface re- 
flectance was known. These assumptions are imprac- 
tical (see Torras, 1992). Other investigators have 
labeled some special marks on the right cylinder to 
obtain extra constraints from their images. For in- 
stance, Lee et al. (1994) pasted a square label with 
known height on the cylinder to determine the pose 
parameters. Sai and Okawa (1993) marked the cylin- 
der with four slits (two of them are parallel and the 
other two are angled) to solve this problem. These 
methods can simplify the mathematical deduction. 
However, in general there are no such special marks 
on the cylinder and their methods will be limited. 
The other investigators have used grid encoding 
techniques to determine the location and shape pa- 
rameters (e.g., Chen et al., 1994; Wang, 1991) with- 
out a priori information of the object. However, extra 
lighting equipment is required. Shiu and Huang 
(1991) proposed a method using the endpoints of the 
projected line segments of the cylindrical curved 
surface (i.e., silhouette edges) to obtain simple equa- 
tions for pose determination. However, the connec- 
tion between the projected line segment and the 
projected circular curve is generally smooth. Thus, 
the exact connection points (i.e., ends of the pro- 
jected lines) in the image are difficult to distinguish 
and extract; they are not robust features. 

Some approaches (e.g., Safaee-Rad et al., 1990, 
1992) could be used to estimate the 3D circle center 
and orientation from the projection of a circle on the 
cylinder by ellipse fitting first. However, the pose 
parameters of the lower partial circle image cannot 
be determined by those methods, since ellipse fitting 
generally becomes less accurate in such condition. 
Furthermore, as mentioned above, the exact connec- 
tion points between the projected lines and projected 
curves are difficult to distinguish and extract; then 
the ellipse fitting becomes inaccurate. Besides, when 
the location of the camera center (i.e., the center of 
projection) is between the two circle planes of the 
cylinder, both circles on the cylinder are not com- 
pletely visible (see Fig. 1). Consequently, the above 
methods based on circular features cannot be 
applied. 

In this study, a novel approach is proposed to 
solve these problems encountered. First, we find a 

key vector from a cylinder image to yield a transfor- 
mation. The transformation is then applied on the 
cylinder image to obtain a new image as if "repro- 
jecting" the cylinder when the camera optical axis 
perpendicularly intersects the cylinder axis and the 
camera center remains fixed. As a result, some im- 
portant features can be found to determine the pose 
parameters of the cylinder. 

The merits of our method are summarized as 
follows. 

(1) It provides an exact and analytical solution. 
(2) In addition, our method does not require any 

extra marks or equipment. Therefore, it can be used 
in more extensive applications. 

(3) Our method can clearly extract the key fea- 
tures on the symmetrical axis of the reprojected 
pattern. This scheme is helpful for the accurate pose 
determination. (The features used in Shiu and 
Huang's method (1991) are often ambiguous as men- 
tioned above.) 

(4) Our method is robust. A noise would gener- 
ally cause a larger effect on the marks such as that 
used by Lee et al. (1994) and Sai and Okawa (1993) 
than on the longer line projections of the cylindrical 
curved surface used in our method, since a mark on a 
cylinder is always smaller than the cylinder itself. 

(5) Besides, our method can solve the problem in 
which both circles on the cylinder are not completely 
visible due to the viewing angle. 

2. Problem formulation 

Fig. 1 illustrates the perspective projection geom- 
etry of a cylinder. Under the assumption that the 
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Fig. 1. The projection of a cylinder. 
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Fig. 2. The top view of the cylinder projection. 

camera center is above the upper circle plane or 
below the lower circle plane, a projection of a com- 
plete circle would exist. On the other hand, a com- 
plete circle cannot be observed if the camera center 
is between the two circle planes on the cylinder (see 
Fig. 1). Our approach can solve both of these cases 
since it does not need a completely visible circle. In 
order to ensure an image is the projection of a 
cylinder, the cylindrical curved surface is assumed 
here to be visible in the image. From the image, the 
3D positions of the upper and lower circle centers 
can be estimated as well as the direction of the 
cylinder axis with respect to the viewing (camera) 
coordinate system. 

Let the horizontal axis of the image plane be the 
x axis and the vertical axis be the y axis. The 
viewing (camera) coordinate system consists of the 
X, Y and Z axes. The X and Y axes are parallel to 
the x and y axes. The Z axis coincides with the 
camera optical axis. Point G is the camera center. As 
shown in Fig. 1, vector n is the orientation of the 
cylinder axis. Planes GPx P2 and GQ~ Q2 are tangent 
to the cylinder. Points S and T are the upper and 
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Fig. 3. The canonical image of a cylinder. 

lower circle centers. Lines I l and l 2 are the projec- 
tions of lines P1P2 and QIQ2" Fig. 2 shows the top 
view of Fig. 1. Points P, Q, N, W and O are the 
orthographic projections of the lines PIPE, QIQ2, 
AB, CD and the cylinder axis, respectively. Also, 
allow vectors np and n o to be the surface normals of 
the planes GP t P 2 and GQ I Q2 , respectively. 

3. Finding key vector for reprojection transfor- 
mation 

We shall estimate a transformation (that is, the 
reprojection transformation) and then perform the 
transformation on the cylinder image to obtain a new 
image (the canonical image, see Fig. 3) and the key 
features for pose determination later. First, a key 
vector has to be found to solve the reprojection 
transformation. Let the equation of line l I be apx + 
bpy + cp = 0 in the image coordinate system. The 
parameters ap, bp and cp can be obtained from the 
image plane. Line l I and the camera center G define 
the plane GP 1P2. Since the equation of the image 
plane is Z = f ,  where f is the effective focal length, 
the equation of the plane GP~P 2 is a e X + b p Y +  
ce/ fZ = 0 in the viewing coordinate system. Thus, 
the normal vector np of the plane GPIP 2 is 
(ap, bp, cp/ f ) .  

In the same manner, we can obtain the normal 
vector nq of the plane GQ~Q2. Once the vectors np 
a n d  nq are obtained, the direction of the cylinder 
axis in the viewing coordinate system is 

n ~ n p X n q .  

Let the plane GST, passing through both the 
cylinder axis and point G, bisect the cylinder at the 
four comer points A, B, C and D. Since the plane 
GST is the bisector of the planes GP 1 P2 and GQ1Q2, 
the normal vector n,, of the plane GST is given by 

n m ~-- n p  --[- n q .  

Let 0 be the angle between n,, and np (or nq) .  
Since the plane GST is the bisector of the planes 
GPxP 2 and GQIQ2, both Z_PGO and /_QGO are 
equal to 0. Also, let k be a vector (similar to G())  
which perpendicularly intersects the cylinder axis. 
After the direction of the cylinder axis and the 
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surface normal of the plane GST are obtained, vector 
k can be calculated which perpendicularly intersects 
the cylinder axis as follows: 

k = (n  m X n)/ll nm X n II. 

Vector k is used in the next section to solve the 
reprojection transformation. After the reprojection 
transformation, the camera optical axis is realigned 
to vector k. 
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Fig. 5. Reprojection geometry. 

4. Obtaining the canonical image by reprojeetion 
transformation 

As mentioned above, extracting useful or robust 
features from a cylinder image is relatively difficult. 
In our approach, based on vector k, a transformation 
is applied on the original cylinder image to obtain a 
new image as if the new cylinder image is taken 
when the camera optical axis perpendicularly inter- 
sects the cylinder axis, and the cylinder axis is on the 
new Y'Z' plane (Fig. 4 presents the preliminary 
concept and Fig. 5 is the reprojection geometry). 
This transformation is referred to as reprojection 
transformation and the new image is referred to as 
canonical image. The objective includes locating 
useful and robust features as well as simplifying the 
mathematical deduction to perform pose determina- 
tion from the canonical image. The following scheme 
illustrates the procedure. 

First, we construct a new camera (X' Y'Z') coor- 
dinate system such that the new optical axis (the new 
Z' axis) coincides with the vector k and the Y'Z' 
plane with the plane GST (thus the cylinder axis is 

Reprojection ] / / 
transformati°n/o/(: / 

' ~ / q ~  Imageplane 
~P / ~'~.. New image 

Optical /p'/q" ' . p l a n e  
a x i s  ": "-. 

G ~/)~ k ":" 

Fig. 4. The preliminary concept of the reprojection transformation. 

parallel to the Y' axis). The new image (x'y') plane 
is at Z' = f  and the x' and y' axes are parallel to the 
X' and Y' axes. Let i, j and k be the unit vectors in 
X', Y' and Z' direction with respect to the original 
camera coordinate system, respectively. Also let 
M = (X M , YM, ZM) be a point in the original camera 
coordinate system and its image be (x, y). A rota- 
tion R can be made to transform point M to 
(X~,  Y~t, Z~t) in the new X'Y'Z' coordinate system 
by (X~t, YM, Z'M )T_~_ R(X M, YM, ZM )X, where R = 
( i l j l k )  T and " 1 "  denotes the matrix partitioning. 
Point M is then reprojected to point (x', y') on the 
new image plane, where x '=fX' /Z '  and y ' =  
fY'/Z'.  Thus for a point (x,  y) on the original image 
plane, the new image coordinates after the reprojec- 
tion can be expressed as follows: 

(XM' YM, ZM) T "i (X, y, f )T  "i 

x ' = f  (XM, YM, ZM) T 'k  =f ' (x ,  y, f ) T ' k  

and 

(XM,YM, ZM)T'j (X, y , f ) T . j  

Y '= f  (xM' YM" ZM) T 'k  = f  (x,  y , f ) T ' k "  

Therefore, we can obtain the new image of point M 
in the new x' y' image plane as long as the original 
image point M is known. After applying the repro- 
jection transformation to the original cylinder image, 
we can subsequently obtain a new image (the canon- 
ical image). In the X'Y'Z' coordinate system, the 
camera optical axis intersects the cylinder axis per- 
pendicularly. The cylinder axis is parallel to the 
image plane. Thus the new image obtained is a 
symmetrical pattern with respect to the y' axis (see 
Fig. 3) since the Y'Z' plane (i.e., the plane GST) 
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cuts the cylinder into two symmetrical halves. Fur- 
thermore, the new image lines l' l and l~ of the lines 
PIP2 and QIQ2 are parallel to each other and paral- 
lel to the y' axis, too. 

In Fig. 3, points a' and b' (i.e., the projections of 
points A and B) appear on the y' axis. If the camera 
center is not between the two cylinder circle planes, 
the projected points c' (or d') of points C (or D) 
would also be on the y' axis. These special geomet- 
rical properties contain useful and important infor- 
mation for the pose determination of the cylinder. In 
the following section, the contour points on the y' 
axis are used as the key features to obtain the pose 
parameters. 

5. Solving the pose parameters from the canonical 
image 

Fig. 6 illustrates the side view of the reprojection 
of a cylinder (that is on the Y'Z' plane) for the 
canonical image. In the situation in which the camera 
center is not between the upper and lower circle 
planes, the camera optical axis does not intersect the 
cylinder under a canonical image (since the new 
camera optical axis perpendicularly intersects the 
cylinder axis). Without loss of generality, an exten- 
sion cylinder of infinite length is constructed here 
and points N and W are allowed to be the intersec- 
tion points between the extension cylindrical curved 
surface and the camera optical axis. Let point M be 
the intersection point between the optical axis and 
the plane PIPEQ1Q2. Point m is the corresponding 
image of point M. Point O is the intersection point 
between the new camera optical axis and the cylin- 
der axis. Let Rc be the cylinder radius. The pose 

A is c 
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Fig. 6. The side view for a canonical image. 

determination of a cylinder can be deduced from the 
canonical image as follows. 

From Fig. 4, 0 is given by 

O=tan- l ( I - f f -~ l / f )  and IP'-MI -- Rc cos 0. 

By the similarity of the triangles A GPM and 
g Gprn, 

and then 

G---M = (0, 0, f IV-~I/1~-~1) T. 

Thus, GM can be calculated from the canonical 
image in the X' Y'Z' coordinate system. In addition, 
in Fig. 6 

= (0, 0, - (Re - R c sin 0))T 

and 

MB) = ( 0 ,  0, (R~ + R c sin 0 ) )  T. 

Let Ya, Yb and y~ represent the y' coordinates of the 
points a', b' and d. (If a complete circle is visible, 
we assume that point C is visible in the following. 
On the other hand, if point D is visible, its image 
point d' can be used to solve the pose parameter in a 
similar way). From Fig. 6, we have 

GIg=G=='M + MN and GI~=G=-M-F MW.  

N/~, N/~ and W--'~ then can be expressed as 

NA = (0,  s I N--'AI, 0) T 

M -- (0, s I l, 0) T 

w 6  = (0, s Iw-cl, 0) T 

where s = 1 if Ya >~ 0, 

s = - 1 otherwise; 

where s = l  if Yb>~0, 

s = - 1 otherwise; 

where s = l  if Yc>t0, 

s = - 1 otherwise. 

G"~ Since GM, and are readily known, 
and GW can be yielded. Furthermore, based on the 
similarity of the triangles A GNA and A Grrtd (or of 
A GWC and A Gm'c') as well as of AGNB and 
A Gm'b', the following equations are used to solve 
NA (or WC ) and NB : 

IN'AI = IG-NI Im--'rTll/f (or  IW-CI = IG-WI I ~ ' b ' I / f )  

and 

I~-~l = ID-~l Im-WI/f. 
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Once N,4 (or WC) and NB are available, G--~ (or 
GC) and G/~ can be obtained as follows: 

GA = G""N + N,4 ( or G"'~ = G W  + WC)  

and 

+ 

Therefore, the two circle centers (position vectors) 
on the cylinder can be obtained by 

GS = ~ -~ (0, O, Rc) T 

(or G:~ = G] - (0,  O, Re)T) ,  

and 

G] ~ = ~ + (0, O, Rc) T, 

and the height of the cylinder H is 

H =  I GT" - G S I o r I G / 3 - G ' A I .  

6. Pose determination via inverse transformation 

Let GS and GT * be the vectors of the cylin- 
der's upper and lower circle centers in the original 
coordinate system. The difference between the 
canonical image and the original image is only the 
rotation R (in the reprojection transformation). The 
transformation matrix and the vectors of the circle 
centers in the canonical image have been mentioned 
above. Therefore, the position vectors of the two 
circle centers on the cylinder in the original coordi- 
nate system can be obtained by inverse transforma- 
tion as follows: 

GS = R T G and GT = R T G T .  

Finally, the 3D position (including the two circle 
centers) and the orientation of the cylinder have so 
far been solved. 

7. Experiment results 

In this section, we evaluate the performance of 
our method. In the first experiment, different cylin- 
ders are used to verify whether our method can 
effectively determine the pose parameters. Also, both 
cases with/without the projection of a complete 
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circle due to the viewing angle are examined. Here 
the accuracy of our method is reported on the cylin- 
der height. In the second experiment, experimental 
comparisons between our method and Safaee-Rad's 
method are given. In the third experiment, the noise 
sensitivity is examined by adding random noise with 
a Gaussian distribution to the cylinder image. 

In the experiments, an ELMO SE320 CCD cam- 
era is used to capture the images. The intrinsic 
parameters of the camera have been calibrated. An 
NTSC signal output from the camera is digitized into 
an array of 512 × 480 pixels by a VFG-512 digitizer 
card. Moreover, the digitizer is added on a 486 PC 
which executes our program in C language. The 
cylinders are then put on a homogeneous back- 
ground. The pose determination procedure is summa- 
rized as follows. 

Step 1. Fit  the line equations o f  the projected 
lines l I and l 2 in the cylinder image. A line fitting 
algorithm (Haralick and Shapiro, 1992) is used to 
obtain the equations of lines 11 and 12. 

Step 2. Calculate the key vector k for  estimating 
the reprojection transformation. The normal vectors 
n e, nq and nm of the planes GP lP2, GQ1Q2, GST, 
and the direction vector n of the cylinder axis are 
calculated by vector operations. As a result, the 
vector k can be found by a vector cross product (i.e. 
k -- n,, × n) to perpendicularly intersect the cylinder 
axis. 

Step 3. Obtain the reprojection transformation 
matrix and then the canonical image. Once key 
vector k is obtained, directly use the formulas in 
Section 4 to determine the transformation matrix for 
the reprojection transformation. Then apply the re- 
projection transformation to obtain the new canoni- 
cal cylinder image. 

Step 4. Extract the key features to determine the 
pose parameters in the canonical image. The key 
features are located on the y' axis. Find the point 
right on the y' axis (or the plane GST)  from the 
projected curves. (Here interpolation between points 
on the reprojected curves is used to__~find the key 
features.) Thus, the pose parameters GS and GT of 
the cylinder in the canonical image can be deter- 
mined by vector operations as mentioned in Section 
5. 
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Fig. 7. Cylinder height estimation in Experiment 1. (a) Original image. (b) Contours extracted. 

Step 5. Pose determination of the cylinder via 
inv____erse tran_sformation. Transforming the vectors 
GS and GT obtained in Step 4 back to the original 

coordinate system by R a', we can obtain the posi- 
tions of both circle centers on the cylinder. 

7.1. Experiment 1 

In this test, an image with four cylinders (as 
shown in Fig. 7) with/without the projection of a 
complete circle is dealt with. Also, the height param- 
eter of a cylinder is estimated. The cylinder images 
are taken under the assumption that the radius of 
each cylinder is known. We estimate the positions of 
the two cylinder circle centers and the orientations of 
the cylinder axis from the image, then the cylinder 
height. The accuracy is reported on the error of the 
height as indicated in Table 1. The height error rate 
is around 3%. The results indicate that our method 
functions well with cylinders of different size and 

operates properly no matter whether a complete cir- 
cle is visible. 

7.2. Experiment 2 

In this test, cylinder 1 (with a height of 124.8 
mm) is placed on a rotating table. Different rotation 
angles are selected to capture some images as shown 
in Figs. 8(a)-(d), so that the angles from Fig. 8(a) to 
Figs. 8(b), (c) and (d) are 50, - 1 0 0 ,  - 4 0  degrees, 
respectively, and the distances for the upper circle 
center from Fig. 8(a) to Figs. 8(b), (c) and (d) are 
105.5, 191.2 and 85.4 mm, respectively. The visible 
circle center is kept unchanged. The 3D pose param- 
eters of the cylinder are then estimated for each 
image by both Safaee-Rad's method and our method. 
In our method, a threshold value is used to segment 
the cylinder image then contour following is applied 
to obtain the contour as depicted in Figs. 8(e)-(h). In 
the implementation of Safaee-Rad's method, we use 

Table 1 
The estimated position, orientation and height of cylinders in Experiment 1 

Cylinder Height Upper circle center Lower circle center Estimated Error 
number (mm) height (ram) (%) 

1 124.8 (6.33, -69 .38,  1061.27) (4.83, 35.00, 1135.89) 128.32 2.82 
2 100.6 ( -  89.72, - 38.87, 1041.49) ( - 92.02, 44.39, 1102.43) 103.21 2.59 
3 49.2 (74.03, 22.71, 1056.25) (74.02, 63.99, 1087.39) 51.70 5.09 
4 79.3 ( -84 .34 ,  75.46, 1006.99) ( - 7 . 51 ,  73.26, 1020.29) 78.00 1.63 

Note: The diameters (in mm) of circles 1, 2, 3 and 4 are 69.0, 50.5, 70.5 and 29.5, respectively. 
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m m 1~1 i L 

Fig. 8. Rotation and translation estimation in Experiment 2. (a), (e) Original configuration and its contour. (b), (19 Rotated 50 degs. and 
translated 105.5 mm. (c), (g) Rotated - 100 degs. and translated 191.2 mm. (d), (h) Rotated -40  degs. and translated 85.4 mm. 

the Laplacian operator then contour following to 
obtain the elliptic curve contour for ellipse fitting. 

After pose determination, a verification is made 
as to whether the estimated rotation angle and the 
translational distance (between two images) are equal 
to the specified values. (In Safaee-Rad's method, 
both the top circle (i.e., the partially visible circle) 
contour and the base circle (i.e., the completely 
visible circle) contour can be used to estimate the 3D 
cylinder axis orientation. Here the base circle yields 
a better axis orientation.) The accuracy is reported on 

the errors of  the translational distances, rotation an- 
gles, and the cylinder height. These results are sum- 
marized in Tables 2 and 3. The rotation angles and 
the location of  the base circle center are almost the 
same for both Safaee-Rad's method and our method. 
However, the translational distance derived from the 
location of  the partially visible circle has a large 
difference between these two methods. The distance 
error rate (translational distance error/reference dis- 
tance * 100%) for the top circle center is below 
2.0% for our method while up to 31.3% for Safaee- 
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Table 3 
The cylinder height estimation in Experiment 2 

Image (a) Image (b) Image (c) Image (d) 
Method Height (error) Height (error) Height (error) Height (error) 

Our method 130.28 mm (4.39%) 124.65 mm (0.12%) 123.55 mm (1.00%) 123.25 mm (1.24%) 
Safaee-Rad's method 199.90 mm (60.18%) 214.74 mm (72.07%) 279.30 mm (123.80%) 139.98 mm (12.16%) 

Reference cylinder height = 124.8 mm. 

Rad's method. Furthermore, the cylinder height error 
rate (height error/cylinder height * 100%) is below 
5.0% in our method and up to 139.9% in Safaee- 
Rad's method. 

These results in Tables 2 and 3 illustrate that if 
the entire circular surface of the cylinder is visible 
and if the ellipse fitting is accurate, both methods 
functions equally well. However, in the case of 
partial elliptic contour fitting, the length of the par- 
tial ellipse in a cylinder image is generally less than 
one half of the ellipse and two ends of the major axis 
are not fully available. The ellipse fitting becomes 
imprecise and unreliable. So the translational dis- 
tance and cylinder height estimated by Safaee-Rad's 
method have larger errors. Furthermore, the connec- 
tion between the partial ellipse and the lateral 
(silhouette) edges in the cylinder image is generally 
smooth, thus, the connection point is difficult to 
extract (even impossible by human eyes usually). 
This leads to an additional error. Thus, Safaee-Rad's 
method is less accurate in the partially visible circle 
of a cylinder. In addition, if both circles on the 
cylinder are not completely visible, Safaee-Rad's 
method cannot be applied. 

7.3. Experiment 3 

To test the robustness of our method against 
noise, the x and y coordinates of the contour points 

in Fig. 8(c) are added with random noise which is a 
Gaussian distribution with zero mean and standard 
deviation (sd) of 1, 2 and 3 pixels, respectively. 
Cylinder pose determination is then performed to 
obtain the circle centers of the cylinder and the 
cylinder height. We repeat this test 1000 times. The 
sensitivity is estimated by the mean deviation (MD) 
and the standard deviation (SD) (defined as follows) 
of the cylinder height and position. Those results are 
summarized in Table 4. The symbols dX, dY anddZ 
represent the errors in the X, Y and Z coordinates, 
and dS represents the mean distance error. Also, dH 
is the error of the cylinder height. The mean devia- 
tion of the position ranges from 1.90 to 5.91 mm and 
the range of the cylinder height mean deviation is 
between 0.94 and 2.86 mm. The results demonstrate 
that the noise effect is slight in our method even in a 
noisy condition withsd = 3 pixels. 

MD = -- Ix  i - 2 1  
n i= l  

and 

SD = ~ - 1  E ( x i -  . ~ ) 2  
i = I  

where ~ is the value (position or height) without 
noise. 

Table 4 
The statistical errors for the sensitivity analysis (1000 samples) 

Noise dX (mm) dY (mm) 

level MD SD MD SD 

dZ (mm) dS (mm) dH (mm) 
MD MD MD SD 

sd= 1 0.78 0.99 0.16 0.21 
sd = 2 1.65 2.05 0.34 0.42 
sd = 3 2.40 3.03 0.50 0.63 

1.58 2.01 1.90 0.94 
3.24 4.02 3.90 1.95 
4.97 6.21 5.91 2.86 
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